CSE 312
Foundations of Computing I

Lecture 23: Maximum Likelihood Estimation (cont.)
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Slide Credit: Based on Stefano Tessaro’s slides for 312 19au
incorporating ideas from Alex Tsun, Rachel Lin, Hunter Schafer & myself ©
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Agenda

e Maximum Likelihood Estimation
e Continuous random variables
* Properties of estimators



Parameter Estimation - Workflow

%i’\"(e)éa Parameter
MP kgf\ estimate
Independent

— samples x;, ..., x, —| Algorithm
from P(x|60) ~

Distribution
P(x|6)

D

6 = unknown parameter

Maximum Likelihood Estimation (MLE). Given data x4, ...., x,,, find ;
0 =0(xy, ..., x,) (“the MLE”) such that L(xy, ..., x,|0) is maximized!



Likelihood of Different Observations (Discrete case)

 Definition. The likelihood of independent observations xy, ..., x,, is

n
L(X1, .., Xn|0) = 1_[ P(x;;0)
i=1

Maximum Likelihood Estimation (MLE). Given data x4, ...., x,, find
0 (“the MLE”) of model such that L(x, ..., x,|6) is maximized!
‘ 6 = ‘argmax L(xq, ...., x,|0)




My x| €)= Ruje)l)0) - Pl
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o Ban (6)
Example - Coin Flips /“\

[WhTe. )
Observe: Coin-flip outcomes x4, ..., x,,, with ny heads, n; tails

—le,ny+ny=n
= ‘_=

Goal: estimate 6 = prob. heads.

L(Xq, ..., x,|0) = 0™H(1 — 6)"T
"”

39 L(xq, ..., x,|0) =227

While this derivative is not hard to compute, we make our lives easier by
observing that we are always taking a derivative of a product.... And
logs turn products into sums... 5



Log-Likelihood
Save some work using log-likelihood instead of the likelihood directly.

 Definition. The log-likelihood of independent observations
X Xy IS
1y ey An

LL(Xq, oo, X |0) = 1In L(Xq, ..., x,|0)
n n

- lnl_[ P(x;; 0) = z InP(x;; 0)
i=1 i=1

6 = argmax L(xy, ...., x,|0) = argmax LL(x, ....,X,|6)
| 6




Example - Coin Flips

Observe: Coin-flip outcomes x4, ..., x,,, with ng heads, nr tails

l.e., ng+nr=n
Goal: estimate 6 = prob. heads.

YD D B CD I (P

Useful log properties. log(ab) = lo los(h e T _o
log(a/b) =blog(a) —log(b) é_ =
TA‘E LL(& ?-Q 108561 : = blog(a) = U :



Example - Coin Flips

Observe: Coin-flip outcomes x4, ..., x,,, with ny heads, n; tails

—le,ny +nr=n Goal: estimate 0 = prob. heads.
L(x{, ..., x,|0) = 8™H(1 — G)"T

In L(xq,....,x,|0) = nyInb + nyIn(1 — )
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Brain Break




Agenda

* Maximum Likelihood Estimation (Recap + LogLikelihood)
* Continuous random variables &
* Properties of estimators
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The Continuous Case \

! \c-'ésk i
Givenn samples]xl, ..., X, from an exponential distribution with
unknown parameter 6

Deflnltlon The likelihood of lndependent observations x4, ...., x,, is
A

LGty o) %n]0) = ]_[ﬂxl, 0)

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Density function! (Why?)
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Why density?

* Density # probability, but:

— For maximizing likelihood, we really only care about relative
likelihoods, and density captures that

— Estimates probability of seeing samples close to x4, ..., x,

PCKX; S Eﬁ;sm;v&n;x)rj:. f&)@
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A M‘W‘) ¢ (‘L) = 'A_QSM * >0

MLE for exponential distribution

Given n samples x4, ..., x,, from an Exponential distribution
with unknown parameter 6
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7
‘ log(ab) = logEaE i loé‘iéb
log(a/b) = log(a) —Tog(Dd)

9 N log(a®) = blog(a)
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General Recipe

1. Input Given n iid samples x4, ..., x,, from parametric model with
parameters 6.

2. Likelihood Define your likelihood L(x4, ..., x,,|0).
— Fordiscrete  L(xq,....,x,|0) = [I}2; Pr(x; ; 6)
— For continuous L(xq, ....,x,|0) =[liz, f(x; ;0)
3.Log Compute In L(x4, ....,x,|0)
4. Differentiate Compute a% In L(xq,....,%,|0)

5. Solve for A by setting derivative to 0 and solving for max.

Generally, you need to do a second derivative test to verify it is a
maximum, but we won’t ask you to do that in CSE 312.
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Next: n samples xl, .
Most likely u and 022

——

onlwen

(L

, X, € R from Gaussian N(u,
—
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- f\(x\ v X

Two-parameter optimization

Normal outcomes x4, ...

/6,?63) -

ﬁlog(a ) = blog(aﬁ

.Qm(e)- §

Goal: estlmat% 6, = ul expectation andL I— variance

l L(x{, ..., x,|01,6,)
phit.
InL(xq, ..., X|01,65) =
N
e,

17
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Two-parameter optimization

Normal outcomes x4, ..., x,

Goal: estimate 0, = 1 = expectation and 8, = ¢ = variance

n o (x—6,)2

1
L(xl,....,xn|91,92) = | —— 1_[6 20,

277:82 i=1
InL(xq, ..., X, |01, 60,) =

In(27 6,) i (x; — 0,)?
" 20,
=1
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Two-parameter estimation

In(2m 6,) S (x; — 6,)°
InL(xq, ..., x,101,65) = n——— z N
2 — 20,
1=

We need to find a solution 6, 6, to

d
a_glln L(xl, .,xnlel, 82) =0

0
6—6?2 InL(xq, ..., %,1601,02) =0

NN
S, &,
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. n — 2
MLE for Expectation L, 2|61, 65) = — In(2%8,) 2 (x; — 0;) !
L_7 2 L 26,

'8
ilnL(xl,....,xn|t91,92) = — \ﬂ D\(X:’GDQ‘\)

aﬁi '3»6'* HEng
A a A
A=(e)= 0O /ea.
e,
o~

% (x; —3\) — Q

Ly
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i In(2m 6,) < (x; — 6;)2
MLE for Expectation (s, s 2| s, B2) = — n2r6;) " (i —61)

d
lnL(xlt xnlel; 92) — Z(xl o 61) =0
1 62

06

_______________________________ M

3 n. - Inotherwords, MLE of expectation is
6, = —— the sample mean of the data,

3 n

regardless of 6,

—_—

...............................

What about the variance? 21



QM(aTea) = ,Qm(&")-)-\' su{&,_)

MLE for Variance /
2 L <)
o (- 6,)° =i ‘
20,

R In(27 6
InL(xq, ..., %,|01,0,) = —nw B z

i=1 - .
1n/z{ Ing, 1 "6':‘

~ \2
= —n 2 —Nn 2 ;Zezi_l(xi_el) o~
, —
n A N2
ﬁlnl’(xli ;xnleliel) - _292 +2922;(xl 1) =0
"""""""""""""" S
b, — lz(x 5 )2 ~ In other words, MLE of variance is what’s
27 n Lot . called the population variance of the data.
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Likelihood - Continuous Case

Def|n|t|on The likelihood of mdependent observations x4, ...., x, is

L(xy, o) Xy 0) = Hf(er)

Normal outcomes x4, ..., X, A

9, (""e*‘ """"""""""""""""""""""""" ;
! Zn 1 - 2 :
LA Xi § A A ‘
0 L - 0,2 =—Z(xi—9u) |
S ———— ——unbicasd ] =1t
MLE estimator for ,QIJ“MM WIS estfirraris e

expectation

= ( 2Kt SN
KX

variance 23



Agenda

* Maximum Likelihood Estimation (Recap + LogLikelihood)
* Continuous random variables
* Properties of estimators @
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When is an estimator good? Parameter

estimate
“The model”
-~

Distribution samples X4, ..., X,

p(x]8) from p(x|0) Algorithm —— @

n

6 = unknown parameter




Bon

Example - Coin Flips

i.e., E(0,) = p, where p is the probability that the coin turns out heads.

)
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Consistent Estimators & MLE

Distribution
P(x|6)

6 = unknown parameter

samples X, ...

from P(x|60)

 Xn

Parameter
estimate

Algorithm

.........................................................................................................................................................

.......................................................................................................................................

(But not necessarily
unbiased)

27



Example - Consistency

Normal outcomes X, ..., X,, iid according to V' (u,0%)  Assume: g > 0

MLE - Biased!

0,2 converges to g, asn — .

0,2 is “consistent”

28



This Photo by


https://en.wikipedia.org/wiki/Sword-billed_hummingbird
https://creativecommons.org/licenses/by-sa/3.0/

Why is the estimator consistent, but biased?

linearity

n

w118 sl a2 (n-250n)

i=1 i=1 j=1

Slr—\

n

n n n
1 , 2 1
B N
]:

i=1 ]=1 k=1




Why is the estimator consistent, but biased?

linearity

n

E(@JZ)éii E[(X:—8,)] %ZIE

i=1

n
ZXJ

j=1

3|r—x
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Why is the estimator consistent, but biased?
linearity
/ 15 & | &)
IE(G)O'Z) zﬁz [(X _@1) ;z[E Xi——ZXj

n
i=1 j=1

1 — il
=(1——)O‘2=n 0‘2 —)O'szrn_)Oo

Therefore: ﬂ Y, E [(X 0,) ] (@ 2) = 0?2

Bessel’s correction



Example - Consistency

Normal outcomes X, ..., X,, iid according to V' (u,0%)  Assume: g > 0

..........................................................................................................................................

n n
1 2 1 N2
_ 2 _
6. =23 (45, Y
=1 1=1
MLE — Biased! Sample variance - Unbiased!

0,2 converges to 02, asn — .

0,2 is “consistent”
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