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Review - Continuous RVs

__________________________________________________________________________________________________________________________________________________________________

Probability Density Function (PDF). Cumulative Density Function (CDF).
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Expectation of a Continuous RV

_____________________________________________________________________________________________________________________________________________________________________

Definition. The expected value of a continuous RV X is defined as

B0 = [ ful) - xdx

_____________________________________________________________________________________________________________________________________________________________________

Definition. The variance of a continuous RV X is defined as

Var(X) = f+oofx(x) (x = EQ0))” dx = E(X?) — E(X)?



Uniform Distribution

X ~ Unif(a, b)

We also say that X
follows the uniform
distribution / is
uniformly distributed

fx(xX) =4{p—a * € [a,b]
’ 0 else
>




Uniform Density - Expectation {

X ~ Unif(a, b)

E(X) = f oofx(x) - x dx
’ 1 [b?—a?
:b—a< 2 )
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Uniform Density - Variance

X ~ Unif(a, b) ”

E(X?) = f OofX(x) - x? dx
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Uniform Density — Variance b2 & ab + g2

E(X?) = 3

X ~ Unif(a, b)

Var(X) = E(X?) — E(X)?
_b2+ab+a2 a’ + 2ab + b?
- 3 a 4

4b% + 4ab + 4a* 3a’ + 6ab + 3b?
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Uniform Distribution 1

| x € la,b
X ~ Unif(a b We also say that X fx(&x)=9b-a [, b]
~ Unif(a, b) follows the uniform 0 else |
distribution / is
A uniformly distributed fO """"""" x <a """"""
’ x—a
: FX(y): h—a XE[a,b]
/b-a == 1 x>b
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Exponential Density

Assume expected # of occurrences of an event per unit of time is 1

* (Cars going through intersection
* Number of lightning strikes

* Requests to web server

* Patients admitted to ER

Numbers of occurrences of event: Poisson distribution

/11'
PX =1i) = e"lﬁ (Discrete)

How long to wait until next event? Exponential density!

Let’s define it and then derive it!



The Exponential PDF/CDF

Assume expected # of occurrences of an event per unit of time is 4
Numbers of occurrences of event: Poisson distribution

How long to wait until next event? Exponential density!

* The exponential RV has range [0, o], unlike Poisson with range {0,1,2,... }

* LetY~Exp(A) be the time till the first event. We will compute Fy(t) and fy (t)



The Exponential PDF/CDF

Assume expected # of occurrences of an event per unit of time is 4
Numbers of occurrences of event: Poisson distribution

How long to wait until next event? Exponential density!

The exponential RV has range [0, o], unlike Poisson with range {o,1,2,... }

* LetY~Exp(A) be the time till the first event. We will compute Fy(t) and fy (t)
 Let X~Poi(tA) be the # of events in the first t units of time, fort > 0.

« P(Y >t) = P(no event in the first t units) = P(X =0) = e‘t’l%o = g t4

¢« Fy)=1-P¥ >t)=1—et

d —
+ (O = Fr(®) = 2e™



Exponential Distribution

_____________________________________________________________________________________________________________________________________________________________________

Definition. An exponential random variable X with parameter 1 = 0O is
~ follows the exponential density

le™ x>0
xX) = =
) { o x20

We write X ~ Exp(4) and say X that follows the exponential distribution.

A=2
 CDF:Fory >0, o= s
Fy()=1—e" |
B k




| )
Expectation () = {)Le R

_______________

E(X) = f )zl
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Expectation e (x) = {Ae‘ﬂx x=0

0 x <0
ey e
BOO = [ fuC)-xdx
=j le ™ . x dx
0
(4 _AX)“’ _1 Var(X) = -
< (-G epe)| =3 i

__________________________________________________________________

'Somewhat complex calculation
“use integral by parts '
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Memorylessness

_____________________________________________________________________________________________________________________________________________________________________

Definition. A random variable is memoryless if for all s,t > 0,
PX>s+t|X>s)=PX>t).

Assuming exp distr, if you’ve waited s minutes,
prob of waiting t more is exactly sameass = 0
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Assuming exp distr, if you’ve waited s minutes,

Memorylessness Of EXponentiaI prob of waiting t more is exactly sameass = 0

___________________________________________________________________________________________

PX>s+t|X>5)
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Assuming exp distr, if you’ve waited s minutes,

Memorylessness Of EXponentiaI prob of waiting t more is exactly sameass = 0

___________________________________________________________________________________________

PH{X >s+t}n{X >s})
P(X > s)
P(X >s+t)
T PX > s)
e—)l(s+t)

_ _ At _
= =e M =PX>1t)

PX>s+t|X>s) =

The only memoryless RVs are the geometric RV (discrete) and Exp RV (continuous)
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example

Time it takes to check someone out at a grocery store is exponential
with an expected value of 10 mins.

Independent for different customers

If you are the second person in line, what is the probability that you
will have to wait between 10 and 20 mins.



example

Time it takes to check someone out at a grocery store is exponential
with an expected value of 10 mins.

Independent for different customers

If you are the second person in line, what is the probability that you
will have to wait between 10 and 20 mins.

1
T ~ Exp(—
XP(lo)
20 X
P(lOSTSZO)zf — e 10 dx
o 10
X ] _dx
Y =100 T 10

2
P(10<T <20) = f e Vdy=—eY| =el—e?
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The Normal Distribution

_______________________________________________________________________________________________________________________________________________

Definition. A Gaussian (or normal) random variable with

 parameters 1 € R and ¢ > 0 has density
| Carl Friedrich

1 _(x—p)? Gauss
fX(X)=\/Zwe 202 |

(We say that X follows the Normal Distribution, and write X ~ N (u,c?%))
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The Normal Distribution

_______________________________________________________________________________________________________________________________________________

Definition. A Gaussian (or normal) random variable with
parameters 1 € Rand ¢ > 0 has density

Carl Friedrich

1 _(x—p)? Gauss
fX(X)=\/Zwe 202 |

-----------------------------------------------------------------------------------------------------------------------------------------------------

Expectation follows from density being symmetric around p, fy (1 — x) = fx(u + x)

We will see next time why the normal distribution is (in some sense) the most
important distribution. =



[ ] [ ] [ ] Ak “B Il ’, i 1
The Normal Distribution aaBellCanES NSRRI
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Shifting and Scaling the Normal Distribution

What is E(Y) =
Var(Y) =
. . X—u
What is mean and variance of ?
0)
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Closure of normal distribution -
Under Shifting and Scaling

Weknow: E(Y)=aEX)+b=au+b
Var(Y) = a? Var(X) = ac?

Note: ’%“ ~ N(0,1)
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Closure of the normal -- under addition

Note: The special thing is that the sum of normal RVs is still a normal RV.
The values of the expectation and variance is not surprising.



CDF of normal distribution

CDF. d(z) =P(Z < z) = %f_zooe_xz/zdx forZ ~N(0,1)

Note: ®(z) has no closed form - generally given via tables
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Table of Standard Cumulative Normal Density

z || 0.00 0.01 0.02 | 0.03 0.04 | 0.05 0.06 | 0.07 0.08 0.09 |
-3.4 [[ 0.0003 0.0003 0.0003 | 0.0003 0.0003 | 0.0003 0.0003 | 0.0003 0.0003  0.0002
-3.3 || 0.0005 0.0005 0.0005 | 0.0004 0.0004 | 0.0004 0.0004 | 0.0004 0.0004 0.0003
-3.2 || 0.0007 0.0007 0.0006 | 0.0006 0.0006 | 0.0006 0.0006 | 0.0005 0.0005  0.0005
-3.1 || 0.0010 0.0009 0.0009 | 0.0009 0.0008 | 0.0008 0.0008 | 0.0008 0.0007 0.0007
-3.0 || 0.0013 0.0013 0.0013 | 0.0012 0.0012 | 0.0011 0.0011 | 0.0011  0.0010  0.0010
-2.9 ([ 0.0019 0.0018 0.0018 | 0.0017 0.0016 | 0.0016 0.0015 | 0.0015 0.0014  0.0014
-2.8 || 0.0026 0.0025 0.0024 | 0.0023 0.0023 | 0.0022 0.0021 | 0.0021 0.0020  0.0019
-2.7 || 0.0035 0.0034 0.0033 | 0.0032 0.0031 | 0.0030 0.0029 | 0.0028 0.0027  0.0026
-2.6 || 0.0047 0.0045 0.0044 | 0.0043 0.0041 | 0.0040 0.0039 | 0.0038 0.0037  0.0036
-2.5 || 0.0062 0.0060 0.0059 | 0.0057 0.0055 | 0.0054 0.0052 | 0.0051 0.0049  0.0048
-2.4 || 0.0082 0.0080 0.0078 | 0.0075 0.0073 | 0.0071 0.0069 | 0.0068 0.0066  0.0064
-2.3 || 0.0107 0.0104 0.0102 | 0.0099 0.0096 | 0.0094 0.0091 | 0.0089  0.0087  0.0084
-2.2 || 0.0139 0.0136 0.0132 | 0.0129 0.0125 | 0.0122 0.0119 | 0.0116 0.0113  0.0110
-2.1 || 0.0179 0.0174 0.0170 | 0.0166 0.0162 | 0.0158 0.0154 | 0.0150 0.0146  0.0143
-2.0 || 0.0228 0.0222 0.0217 | 0.0212 0.0207 | 0.0202 0.0197 | 0.0192 0.0188  0.0183
-1.9 || 0.0287 0.0281 0.0274 | 0.0268 0.0262 | 0.0256  0.0250 | 0.0244 0.0239  0.0233
-1.8 || 0.0359 0.0351 0.0344 | 0.0336 0.0329 | 0.0322 0.0314 | 0.0307 0.0301  0.0294
-1.7 || 0.0446 0.0436 0.0427 | 0.0418 0.0409 | 0.0401 0.0392 | 0.0384 0.0375  0.0367
-1.6 || 0.0548 0.0537 0.0526 | 0.0516 0.0505 | 0.0495 0.0485 | 0.0475 0.0465  0.0455
-1.5 || 0.0668 0.0655 0.0643 | 0.0630 0.0618 | 0.0606 0.0594 | 0.0582 0.0571  0.0559
-1.4 || 0.0808 0.0793 0.0778 | 0.0764 0.0749 | 0.0735 0.0721 | 0.0708 0.0694  0.0681
-1.3 || 0.0968 0.0951 0.0934 | 0.0918 0.0901 | 0.0885 0.0869 | 0.0853 0.0838  0.0823
-1.2 || 0.1151  0.1131  0.1112 | 0.1093 0.1075 | 0.1056 0.1038 | 0.1020 0.1003  0.0985
-1.1 || 0.1357 0.1335 0.1314 | 0.1292 0.1271 | 0.1251  0.1230 | 0.1210 0.1190  0.1170
-1.0 || 0.1587 0.1562 0.1539 | 0.1515 0.1492 | 0.1469 0.1446 | 0.1423 0.1401  0.1379
-0.9 || 0.1841 0.1814 0.1788 | 0.1762 0.1736 | 0.1711  0.1685 | 0.1660 0.1635  0.1611
-0.8 || 0.2119 0.2090 0.2061 | 0.2033  0.2005 | 0.1977 0.1949 | 0.1922 0.1894  0.1867
-0.7 || 0.2420 0.2389  0.2358 | 0.2327 0.2296 | 0.2266  0.2236 | 0.2206 0.2177  0.2148
-0.6 || 0.2743 0.2709 0.2676 | 0.2643 0.2611 | 0.2578  0.2546 | 0.2514 0.2483  0.2451
-0.5 || 0.3085 0.3050 0.3015 | 0.2981  0.2946 | 0.2912  0.2877 | 0.2843  0.2810  0.2776
-0.4 || 0.3246 0.3409 0.3372 | 0.3336  0.3300 | 0.3264  0.3228 | 0.3192 0.3156  0.3121
-0.3 || 0.3821 0.3783 0.3745 | 0.3707 0.3669 | 0.3632 0.3594 | 0.3557 0.3520  0.3483
-0.2 || 0.4207 0.4168 0.4129 | 0.4090 0.4052 | 0.4013  0.3974 | 0.3936 0.3897  0.3859
-0.1 || 0.4602 0.4562 0.4522 | 0.4483  0.4443 | 0.4404 0.4364 | 0.4325 0.4286  0.4247

nn n xnnn n AQan n Aaon n AQQn n AQAN n AQn1 n A7a1 n A791 n AR/Q1 n ARfA1

Table entry
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The Standard Normal CDF

Table entry

),

Z




CDF of normal distribution

CDF. d(z) =P(Z < z) = %f_zooe_xz/zdx forZ ~N(0,1)

Note: ®(z) has no closed form - generally given via tables

If X ~ N (u,0%),then Fx(z) = P(X < z) = P(ﬂ‘ <ﬂ) = pEH
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Example

Let X ~ NV (0.4,4).

P(X < 1.2)

32



Example

Let X ~ NV (0.4,4 = 22).

X—04 12— 0.4)

PXSLZzP( <
( ) 2 5

i< 0.4) = ®(0.4) ~ 0.6554

______ 4 P U.08YS U.0448%
0.2 || 0.5793 0.5832

~N(0,1) 0.3 || ro-8179— 0.6217
0.4 |||0.6554 | 0.6591

0.5 | 6-69i5— 0.6950

0.6 || 0.7257 0.7291

0.7 || 0.7580 0.7611




Example - Off by Standard Deviations

Let X ~ NV (u, 02).

P(X —ul <ko) =
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Example - Off by Standard Deviations

Let X ~ NV (u, 02).

X_
P(lX—,u|<k0)=[P>(| G'u|<k>=

X—u
o

_p (—k < < k) = o(k) — ®(—k)

eg. k =1:68% k = 2:95%, k = 3: 99%
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Gaussian in Nature

Empirical distribution of collected data often resembles a Gaussian ...

Frequency
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n
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Male Height in Inches

|
78

e.g. Height distribution resembles
Gaussian.

R.A.Fisher (1918) observed that the
height is likely the outcome of the
sum of many independent random
parameters, i.e., can written as
X=X+ +X,

The Central Limit Theorem!
Sum of independent and identical RVs is
close to the normal distribution! 36



