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Agenda

e Continuous Random Variables a
* Probability Density Function

 Cumulative Distribution Function

Often we want to model experiments where the outcome is
not discrete.



Example - Lightning Strike

Lightning strikes a pole within a one-minute time frame
* T =time of lightning strike
 Every time within [0,1] is equally likely

— Time measured with infinitesimal precision.

o) T =0.71237131931129576 ...
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Lightning strikes a pole within a one-minute time frame
* T =time of lightning strike
* Every point in time within [0,1] is equally likely

P(T >05) = 5
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Lightning strikes a pole within a one-minute time frame
* T =time of lightning strike
* Every point in time within [0,1] is equally likely

| ——
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P02<T <05 = 0>



Lightning strikes a pole within a one-minute time frame
* T =time of lightning strike
* Every point in time within [0,1] is equally likely

Y 0.5060000

P(T=05)= O



Bottom line

* This gives rise to a different type of random variable
P(T = x) = 0forallx € [0,1]
Yet, somehow we want
-PTef01]) =1

—P(T €la,b]) =b—a
R —

0O< Q(bl-‘

How do we model the behavior of T?

Discrete Approximation?






_____________________________________________________________________________________________

 Poll: Given the CDF, how do you compute the
pmf? |

https://pollev.com/ annakarlin185

rr=R= pylk)=

O L M\ =2 o~ a Fy(k—1)
2 O 7 b, F§(1)+ Fy(2) + -+ Fy(k — 1)
’\ le ()= Fx(e—D |\

+d. T'don’tknow.
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Definition. A continuous random variable* X is defined by a
~ probability density function (PDF) fx: R — R, such that

Non-negativity: fx(x) = 0 forall x € R
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2,0 =\
%
xej\_‘
Probability Density Function - Intuition
Non-negativity: fy(x) = 0 forall x € R

Normalization: f:: fx()dx =1
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Probability Density Function - Intuition

Non-negativity: fx(x) = 0 forall x € R

Normalization: f:: fx()dx =1

b
Pla<X<bh) =J fx(x) dx

— %
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)

Probability Density Function - Intuition
Non-negativity: fy(x) = 0 forall x € R

Normalization: f:: fx()dx =1

b
P(a SX <b)= j fx(x) dx

y Density # Probability
fxG)#0 PX=y)=0
‘ —-—
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Probability Density Function - Intuition

Non-negativity: fy(x) = 0 forall x € R

€XL‘)\-' Normalization: fjozo fx(x)dx =1

b
\P(aSXSb)=j fx(x) dx

PUX=y)=Py<X<y) = fr)dr=0
y

32
NP

€ € € €
Y5y ¥ty P(Xzy)zP(y—ESXSy+§)=f ¢ fx(x) dx = efx(¥)
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Probability Density Function - Intuition

L Non-negativity: fx(x) = 0 forall x € R
PX~y) _
Pt = ) Normalization: f:: fr(x)dx =1

b
[ P(aSXSb)=j fx(x) dx

y
P(X=y)=P(ySXSy)=ffx(x)dx=0
y

<@

NTm

z y
P(X ~y)~ P (y—5<X<y+ fi@) dx ~ ef(7)
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Definition. A continuous random variable X is defined by a
probability density function (PDF) f;: R — R, such that

Non-negativity: fy(x) = 0 forall x € R
Normalization: fj;o fx(x)dx =1
i b
. P(a<X<bh) =j fx(x) dx
: a
y

P(X=y>=P<ySXSy>=f f(x) dx = 0
: y

NP

P(XzY)zP(y—gSXSy+E):jy

5 fx(x) dx = efx(y)

€
Y32
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O x<20

| - . i
A r_X( )71 % 0

4 x|
PDF of Uniform RV —
X ~ Unif(0,1) Non-negativity: fy(x) = 0 forall x € R
""""""""""""""""""""""""""""""""""" | et B
\ (1 x€[01] | Normalization: [ fy(x) dx = 1
{fx(x) = {O, x €[01] ——
e
+o00 1
fx()dx=| fy(x)dx=1-1=1
Sl dx ~)
)
0 >-
0 1
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Probability of Event

X ~ Unif(0,1)

................................

Non-negativity: fy(x) = 0 forall x € R

Normalization: fj:: fx()dx =1

1, x € [0,1]
fx &) = {0, x € [01] ,
__________________________________________________________________ ? P(aSXSb)=ij(x)dx
a
1 S
1.f0<aandb <1
|~ P(a<X<b)=b-a pollev/ annakarlin185
—] 2.fa<0and 0<b <1

Pla<X<hb)=0b
3.fa=0and b > 1
Pla<X<b)=b—a
— 4.lfa<0and b >1

A. All of them are correct
[B. Onlyi,2,4are right)
C. Only1isright
= D. Only1and 2 areright

0 a b 1 P(ClSXSb)=1
i =—— 21
/4 ,
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PDF of Uniform
X ~ Unif(0,1)

..................................................................

1 x € [0,1] b
fx(x) = {o x & [0,1]
__________________________________________________________________ g'ex(‘) &‘F
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f if Density # Probability
e G fx(x) > 1is possible!

X ~ Unif(0,0.5) N

.....................................................................

1 // j_:)ofx(x) dx:jolfx(x) dx=2-05=1

Intuition: P(X ~ x) = fy(x) - € for small e

I >
0 >
I

0 , 1
0.5 3



Uniform Distribution

X ~ Unif(a, b) fx() ={p—4 *El@bl
@l 0 else
1
—aeey +o00 1
b—a | rwa=0-o,—=1

\ — :
b
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Example. T ~ Unif(0,1) Probablllty Density Function

A B 1, x € [0,1]
1 fT(x) — {0, x ¢ [0,1]
° 0 x 1 '
| Cumulative Distribution Function
0 x<0
0<x<1
1 1<x
0
26
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Cumulative Distribution Function

.....................................................................................................................................................................

Definition. The cumulative distribution function (cdf) of X is
Fy(@ =PX <a)=[" fy(x)dx

By the fundamental theorem of Calculuﬁ(x) = d—i F()i)>




Cumulative Distribution Function

.....................................................................................................................................................................

Definition. The cumulative distribution function (cdf) of X is
Fy(@ =PX <a)=[" fy(x)dx

By the fundamental theorem of Calculus fy(x) = d—i F(x)
Therefore: P(X € [a,b]) = F(b) — F(a)

Fy is monotone increasing, since fy(x) = 0. Thatis Fy(c) < Fyx(d) forc < d

;ﬁ
Lim,,_, Fy(a) = P(X < —o0) =0 Limg, e Fx(a) =P(X <+4+x) =1
28
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From Discrete to Continuous

P (>0 A X( x)
Discrete Continuous
PMF/PDF px(z) = P(X =z) fx(@)#P(X=2)=0
CDF Et<x px () = [Zoo fx (t) dt

Fx (z) =
Normalization | > _px(z

)

[T fx (@) dz =1

)

Expectation | E[g(X)]

)

E[g(X )| = [0 9(x) fx (z) do

loTve






| Definition.

B0 = | G- x dx
—00  —

Expectation of a Continuous RV

Example. T ~ Unif(0,1)

i 1, =xe[ol] |
bofr(x) = { :
1 5 0, xe[01] /C Q‘)
O——I— >
o} 1 \ ‘Z




Uniform Distribution

x € [a,b
X ~ Unif(a, b) We also say that X fx&x)=49bp-a [a, ]
e fc?lloyvs t.he uplform 0 else
distribution /is L
4 uniformly distributed
1 e
0 >
a b
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Uniform Density — Expectation
@) —{

X ~ Unif(a, b)

E(X) = j ) o
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Uniform Density — Expectation
; B b]
| i@ =1p—a *€&
X ~ Unif(a, b) X { = e
+00
B0 = [ feG) - xdx
1 bd_1 x*\| 1 (b*-a®
_b—ajax Y Th-a\2 " b—a 2
_(b-a)a+b) a+b
~ 2(b—-a) 2
h“’ 34
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Uniform Density - Variance
@ —{

X ~ Unif(a, b)

E(X?) = J oofX(x) - x? dx
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Uniform Density - Variance
H b]
| i) ={p_q *El
X ~ Unif(a, b) ) e
s e
B0 = [ e (ax
b
1 jbzd 1 (¥ _b’-a’
“b—al.t T Tb-a\3)| T30-0a
a

_(b-a)(b*+ab+a®) b*+ab+a’
B 3(b —a) B 3

36



Uniform Density - Variance hZ g

E(X?) = 3
X ~ Unif(a, b)

Var(X) = E(X?) — E(X)?
_b2+ab+a2 a’ + 2ab + b?
- 3 - 4

4b? 4 4ab + 4a* 3a® + 6ab + 3b?
- 12 - 12
b? —2ab +a? (b —a)?
12 12

E(X)

a+b
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