CSE 312: Foundations of Computing II
Quiz Section #8: Normal Distribution, Central Limit Theorem

Review: Main Theorems and Concepts

Standardizing: Let X be any random variable (discrete or continuous, not necessarily normal), with E [X] =
pand Var (X) = o2, If we let Y = = then E[Y] = and Var (Y) =

Closure of the Normal Distribution: Let X ~ N(u, o?). Then,aX + b ~ N (au + b, a*0?). That is, linear
transformations of normal random variables are still normal.

“Reproductive” Property of Normals: Let X,...,X, be independent normal random variables with
E[X;] = w; and Var (X;) = 0'1.2. Letay,...,a,€ R and be R. Then,

n n n
X = Z(a;XL- +b)~ N Z(a,-,u,- +b), Z a’o?
i=1 i=1 i=1

There’s nothing special about the parameters — the important result here is that the resulting random variable
is still normally distributed.

Central Limit Theorem (CLT): Let X1, ..., X, be iid random variables with E [X;] = ¢ and Var (X;) = o2,
Let X = X7, X;, which has E[X] = nu and Var(X) = no?. Let X = L %7 X;, which has E[X] = u
and Var ()_() = (’72 X is called the sample mean. Then, as n — oo, X approaches the normal distribution
N (,u, ‘772) Standardizing, this is equivalent to ¥ = Z/;\l/% approaching N(0,1). Similarly, as n — oo, X
approaches N (nu,no?) and Y’ = )f;—\%‘ approaches N(0, 1).

It is no surprise that X has mean u and variance o->/n — this can be done with simple calculations. The
importance of the CLT is that, for large n, regardless of what distribution X; comes from, X is approximately
normally distributed with mean y and variance o /n. Don’t forget the continuity correction, only when
Xi,...,X, are discrete random variables.

Markov’s Inequality: Let X be a non-negative random variable, and @ > 0. Then, P(X > @) < @.

Chebyshev’s Inequality: Suppose Y is a random variable with E[Y] = y and Var (Y) = o>. Then, for any
@>0.P(Y-u>a)< S

Cantelli’s Inequality (one-sided Chebyshev): Suppose Y is a random variable with E [Y] = p and Var (Y) =
o2. Then, forany @ > 0,P(Y —pu > a) < ﬁzaz

Chernoff Bound (for the Binomial): Suppose X ~ Bin(n, p) and u = np. Then, for any 0 < § < 1,

P
e PX>2(1+8u)<e 3



2
e PX<(1-0u)<e 2

Exercises

The @ table is on the last page for use in these exercises.

1.

2.

Let X ~ N(50,5). What is the probability that X is greater than 45 and less than 527

Before putting any bets down on roulette, you watch 100 rounds, each of which results in an integer
between 1 and 36. You count how many rounds have a result that is odd and, if the count exceeds
55, you decide the roulette wheel is unfair. Assuming the roulette wheel is fair, approximate the
probability that you make the wrong decision.

A factory produces X; gadgets on day i, where the X; are independent and identically distributed
random variables, each with mean 5 and variance 9.

(a) Approximate the probability that the total number of gadgets produced in 100 days is less than
440.

(b) Approximate the greatest value of n such that P(X; + X, + --- + X, > 5n + 200) < 0.05.

(a) A fair coin is tossed 50 times. Use the Central Limit Theorem to estimate the probability that
fewer than 20 of those tosses come up heads.

(b) A fair coin is tossed until it comes up heads for the 20th time. Use the Central Limit Theorem
to estimate the probability that more than 50 tosses are needed. (Hint: you will need the mean
and variance of a geometric random variable, which you can find in Example 2.15 of the text.)

(c) Compare your answers from parts (a) and (b). Why are they close but not exactly equal?

. Suppose 59 percent of voters favor Proposition 666. Use the Normal approximation to estimate the

probability that a random sample of 100 voters will contain:
(a) at most 50 in favor.
(b) between 54 and 64 (inclusive) in favor.
(c) fewer than 72 in favor.

Each day, the probability your computer crashes is 10%, independent of every other day. Approximate
the probability of at least 87 crash-free days out of the next 100 days.

Suppose Z = X + Y, where X LY. Z is called the convolution of two random variables. If X, Y, Z are
discrete,

Pz =P(X+Y=2= Y PX=xNY=z-2 = px(¥)prz—x)



If X, Y, Z are continuous,

00

Fz(z)=]P(X+YSz)=f P(YSZ—X|X=x)fX(x)dx=f Fy(z - x) fx(x)dx

—00 —00

00

Suppose X ~ N(p],o'%) and Xp ~ N(uo, 0'%).

(a) Find an expression for P(X; < 2X5) using a similar idea to convolution, in terms of
Fx,, Fx,. fx,, fx,. (Your answer will be in the form of a single integral, and requires no cal-
culations — do not evaluate it).

(b) Find s, where @ (s) = P(X| < 2X») using the “reproductive” property of normal distributions.

. Suppose X1, ..., X, are iid Poi(1d) random variables, and let X, = % ?:1 X;, the sample mean. How
large should we choose 7 to be such that P (% <X, < %) > 0.99?7 Use the CLT and give an answer
involving ®~!(-). Then evaluate it exactly when A = 1/10 using the ® table on the last page.

. Suppose X ~ Bin(6,0.4). We will bound P(X > 4) using the tail bounds we’ve learned, and compare
this to the true result.

(a) Give an upper bound for this probability using Markov’s inequality.
(b) Give an upper bound for this probability using Cantelli’s inequality.
(c) Give an upper bound for this probability using the Chernoff bound.

(d) Give the exact probability.

10. Let X ~ Exp(4d) and k > 1/A.

(a) Use Markov’s inequality to bound P(X > k).
(b) Use Chebyshev’s inequality to bound P(X > k).
(¢) What is the exact formula for P(X > k)?

(d) For Ak > 3, how do the bounds given in parts (a), (b), and (c) compare?
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Table 1: Cumulative distribution function of the standard normal N(0, 1)




