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Agenda
● Discrete-Time Stochastic Processes
● Review Markov Chains
● Pagerank
● The metropolis algorithm



Discrete-Time Stochastic Processes
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Random Walk on a Graph Example
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Discrete Time Markov
Discrete time stochastic process !!, !", … , !#, …
Such that

● There is a state space S, such that each !# is in S.

● Pr (!#$! = j | !# = i, history) = Pr (!#$! = j | !# = i) 

● $%& = Pr (!#$! = j | !# = i) for all i and j specified by 
transition probability matrix (TPM) P

Markov Chains
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Random Picture

Definition of
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Applying A Transition Matrix

P(X0= 1) P(X0= 2) P(X0= 3) P(X0= 4) P(X0= 5)

Suppose we start at a random state with 
these probabilities (sum to 1).

What is my belief distribution for where I 
am next?
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Applying A Transition Matrix

P(X0= 1) P(X0= 2) P(X0= 3) P(X0= 4) P(X0= 5)

Suppose we start at a random state with 
these probabilities (sum to 1).

What is my belief distribution for where I 
am next?
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Applying A Transition Matrix

P(X0= 1) P(X0= 2) P(X0= 3) P(X0= 4) P(X0= 5)

Let’s compute the matrix product 
vP (we’ll see why soon!).
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Applying A Transition Matrix

P(X0= 1) P(X0= 2) P(X0= 3) P(X0= 4) P(X0= 5)

Let’s compute the matrix product 
vP (we’ll see why soon!).

Def of TPM (works 
for any time)

Def of v LTP

P(X1= 1)



Applying A Transition Matrix

P(X0= 1) P(X0= 2) P(X0= 3) P(X0= 4) P(X0= 5)

Let’s compute the matrix product 
vP (we’ll see why soon!).
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Applying A Transition Matrix

P(X0= 1) P(X0= 2) P(X0= 3) P(X0= 4) P(X0= 5)

Let’s compute the matrix product 
vP (we’ll see why soon!).

Def of TPM (works 
for any time)

Def of v LTP

P(X1= 1) P(X1= 2)



Applying A Transition Matrix

P(X0= 1) P(X0= 2) P(X0= 3) P(X0= 4) P(X0= 5)

Let’s compute the matrix product 
vP (we’ll see why soon!).

Def of TPM (works 
for any time)

Def of v LTP

P(X1= 2)
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Applying A Transition Matrix

P(X0= 1) P(X0= 2) P(X0= 3) P(X0= 4) P(X0= 5)

Let’s compute the matrix product 
vP (we’ll see why soon!).

P(X1= 1) P(X1= 2) P(X1= 3) P(X1= 4) P(X1= 5)

Right-multiplying by P gives the belief distribution at the next time step!
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Applying A Transition Matrix

P(X0= 1) P(X0= 2) P(X0= 3) P(X0= 4) P(X0= 5)

Let’s compute the matrix product 
vP (we’ll see why soon!).

P(X1= 1) P(X1= 2) P(X1= 3) P(X1= 4) P(X1= 5)

Right-multiplying by P gives the belief distribution at the next time step!

By induction (repeatedly applying this matrix P), vPt is the distribution after t 
time steps.

TED

Pt Prati



P

pithy
I

0 3
ftp.syoTJ

o.gloI24toIt4o.sitoB2t0



Applying A Transition Matrix

P(X0= 1) P(X0= 2) P(X0= 3) P(X0= 4) P(X0= 5)

P(X1= 1) P(X1= 2) P(X1= 3) P(X1= 4) P(X1= 5)

1 2

3 5

4

!

0.2       0.2        0.2        0.3          0.1

0.2       0.2        0.2        0.3          0.1

0.2       0.2        0.2        0.3          0.1

0.2       0.2        0.2        0.3          0.1

0.2       0.2        0.2        0.3          0.1

v
x

Pt 0.20 20.20 30

172



Applying A Transition Matrix

P(Xt= 1) P(Xt= 2) P(Xt= 3) P(Xt= 4) P(Xt= 5)

Let’s compute the matrix product 
vP (we’ll see why soon!).
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Stationary Distribution of a Markov Chain
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Fundamental Theorem of Markov Chains

Let P be the TPM for a Markov chain. Under minor technical 
conditions, including ”connectivity” 

where

Stationary Distribution of a Markov Chain

lim
t!1

P t
ij = ⇡j 8i, j

<latexit sha1_base64="I35fNqXif4Z3p41jSKglrT432DU="></latexit>

⇡j =
nX

i=1

⇡ipij
<latexit sha1_base64="YV7rJg8Qhh0r1CLTO32YaiH3RRU=">AAACC3icbVC7TsMwFHV4lvIKMLJYrZCYqqQgwVKpgoWxSPQhNSFyXKd16ziR7SBVUXYWfoWFAYRY+QE2/ganzQAtR7rS8Tn3yvceP2ZUKsv6NlZW19Y3Nktb5e2d3b198+CwI6NEYNLGEYtEz0eSMMpJW1HFSC8WBIU+I11/cp373QciJI34nZrGxA3RkNOAYqS05JkVJ6beGDagI5PQS2nDzu45zEUKY/0eZ9Azq1bNmgEuE7sgVVCg5ZlfziDCSUi4wgxJ2betWLkpEopiRrKyk0gSIzxBQ9LXlKOQSDed3ZLBE60MYBAJXVzBmfp7IkWhlNPQ150hUiO56OXif14/UcGlm1IeJ4pwPP8oSBhUEcyDgQMqCFZsqgnCgupdIR4hgbDS8ZV1CPbiycukU6/ZZ7X67Xm1eVXEUQLHoAJOgQ0uQBPcgBZoAwwewTN4BW/Gk/FivBsf89YVo5g5An9gfP4AlHOaIA==</latexit>

j = 1, . . . , n
<latexit sha1_base64="LRqAwdYw/fPL9TI/NOunoEeiCTw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBQylJFfQiFL14rGA/oA1ls9m0azfZsDsplNB/4sWDIl79J978N27bHLT1wcDjvRlm5vmJ4Boc59sqrK1vbG4Vt0s7u3v7B/bhUUvLVFHWpFJI1fGJZoLHrAkcBOskipHIF6ztj+5mfnvMlOYyfoRJwryIDGIeckrASH3bfsI32K3gnggk6Ao2UtmpOnPgVeLmpIxyNPr2Vy+QNI1YDFQQrbuuk4CXEQWcCjYt9VLNEkJHZMC6hsYkYtrL5pdP8ZlRAhxKZSoGPFd/T2Qk0noS+aYzIjDUy95M/M/rphBeexmPkxRYTBeLwlRgkHgWAw64YhTExBBCFTe3YjokilAwYZVMCO7yy6ukVau6F9Xaw2W5fpvHUUQn6BSdIxddoTq6Rw3URBSN0TN6RW9WZr1Y79bHorVg5TPH6A+szx/2KpHv</latexit>

⇡1 + ⇡2 + . . .+ ⇡n = 1
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Nowadays

● Tons more secret sauce to ranking search results…

Ingot



1997
● Bill Clinton in White House
● Deep Blue beat world chess champion (Kasparov)

And the Internet kind of sucked

Nov ‘97: only one of the top 4 commercial search 
engines actually found itself when you search

Application 1: PageRank



The problem
Search engines worked by matching words

Top search for Bill Clinton

○ `Bill Clinton Joke of the Day’ Website

Deeply susceptible to spammers and advertisers



How to fix?
Collect pages with decent textual match

Then rank them by some measure of ‘quality’ or ‘authority’.

Enter two groups:

● Jon Kleinberg (prof at Cornell)
● Larry Page and Sergey Brin (Ph.D. students at Stanford)



Both groups had the same brilliant idea
Larry Page and Sergey Brin (Ph.D. students at Stanford)

● Took the idea and founded Google, making billions

Jon Kleinberg (professor at Cornell)

● MacArthur Genius Prize, Nevanlina Prize and many other 
academic honors.



Pagerank

● Key idea is hyperlink analysis: take into account the 
directed graph structure of the web



Pagerank
Idea 1: “Citations”

As with academic publishing, it’s a good idea to think of each link to a 
page as a “citation” or “vote of quality”.

Rank pages by in-degree?



Problems with ranking pages by indegree
● Spamming
● Some linkers not discriminating
● Not all links created equal.

Perhaps we should weight the links somehow and then use the 
weights of the in-links to rank pages.



Inching towards Pagerank

● Web page has high quality if it’s linked to by lots of 
high quality pages.

● A page is high quality if it links to lots of high 
quality pages.

● So kind of a recursive definition



Inching towards Pagerank
● If web page x has d outgoing links, one of which goes to 

y, then this contributes 1/d to the importance of y.
● But, we want to take importance/quality of x into 

account.
● Recursive definition.

9g quality importanceof
webpage y
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