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Problem
● Input: sequence of ! elements "!, "", … , "# from a known 

universe % (e.g., 8-byte integers).

● Goal: perform a computation on the input, in a single 
left to right pass where

○ Elements processed in real time

○ Can’t store the full data. => minimal storage requirement to maintain 
working “summary”
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Heavy Hitters: Keys that occur many times

Applications:
● Determining popular products
● Computing frequent search queries
● Identifying heavy TCP
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Count-min sketch
● Maintain a short summary of the information that still 

enables answering queries.

● Cousin of the Bloom filter

○ Bloom Filter solves the “membership problem”.

○ We want to extend it to solve a counting problem.
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initialize tables with all Os

when ett showsup
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Assumptions

hash functions behave like
randommaps

h hee U 0,1 b l

V xfy Pr hj x hj y s

hashhrs h he
are indep ofeachother

initialize tables with all Os

when ett showsup
Update x tf is jail increment tj hjCx

Count x return jzetj h xD
if Countlx 3 add to HH list

I d



Fix timetj x xa gXt have justarrived

Zjt E t hjCx 2jtzfgt.Zjtf.ttE

F 2E f
t
t E fytefwx.gs

ffw
distinctly X

Y a
s

w
y
I hjlxthib

fxttyfqfyt.tt O otherwise

f tttb xft
n

Ie fist
end

fifths f
F 2E fixe'S fx

TTT



Prf 2jt fxts.az t

Let K 3 fit
By Markov's Inequality
if X 30 then

X O zjtisomestineleffxt

Pr X 2E X 42 prfzjt fxt32E.LK Eth
Vj V ta.nlyprgzjtefxtx2nb epr 2jt

fxt32E x t2

titular ELD p
HE Lng

Pr Counter f
Pr min 2in 2eh ff 2ns

prfzi fxns.mg ZI fi anbj.Zefxhz2jJ
g.tt rC2jn fxnz2f Eta z z ate

in
Cry e

Prfcountfx fi 32 E eIdepenansdeffn

for differenttables



h Is f l b es

Modifiedgoal
solve E HHproblem KIEF

If fi 7,7 x addedto Hit list
EX 2

If sone ett saggy added
b E

then wp 31 oh 8 tze
Ha fxy Fk E

21 to

PrfCounty fi s b logoff
or

µ
jI e

If y added to Hit list

county Fa Ijn FEED



Count-Min Sketch
● Elegant small space data structure.

● Space used is independent of n.

● Is implemented in several real systems.

○ AT&T used in network switches to analyze network traffic.

○ Google uses a version on top of Map Reduce parallel processing
infrastructure and in log analysis.

● Huge literature on sketching and streaming algorithms 
(algorithms like Distinct Elements, Heavy Hitters and 
many many other very cool algorithms).
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6.1 Tail bounds

Most Slides by Joshua Fan and Alex Tsun



Agenda
● Markov’s Inequality
● Chebyshev’s Inequality
● The law of large numbers



Markov’s Inequality (intuition)
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Markov’s Inequality (intuition)
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Markov’s Inequality (intuition)
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Markov’s Inequality
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Markov’s Inequality
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Markov’s Inequality (Proof)
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