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® [ONDITIONAL LXPECTATION
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CONDITIONAL EXPECTATION

Conditional Expectation: Let X be a discrete random variable. Then, the conditional expectation of X
given A is
E[X | A= ) aP(X = z|A)
T€EQ X
Linearity of expectation still applies to conditional expectation: E[X + Y | A] = E[X | A] + E[Y | 4]



LAW OF TOTAL EXPECTATION

Law of Total Expectation (Event Version): Let X be a random variable, and let events Ay, ..., A,
partition the sample space. Then,
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LINEARITY OF EXPECTATION APPLIES

To conditional expectation too!!
E(X+ Y | A) = E(X | A) + E(Y | A)

E(aX + b | A)= a E(X | A) + b



LAW OF TOTAL EXPECTATION (RV VERSION)

Law of Total Expectation (Event Version): Let X be a random variable, and let events A;,..., 4,
partition the sample space. Then,

E[X] =) E[X | A;]P(A;)
i=1 - T
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Law of Total Expectation (RV Version): Suppose X and Y be discrete random variables. Then,
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PROBLEM

The number of people who enterran elevator on the ground floor
is a Poisson random variable with mean 10. If there are N
floors above the ground floor, and if each person is equally
likely to get off at any one of the N floors, independently of

where the others get off, compute the (expected number of stops
that the elevator will make before discharging all the

passengers. N
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SOLUTION

X number of people who enter 010"

Y number of stops

E(Y)=) E(Y|X =kP(X =k)
k=0

EY|X=k)=EX i +...+Yy|X =k)

Y; indicates a stop on floor i

E(Y;|X =k)=(1-(1-1/N)¥)
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MULTIVARIAT

- FROM DISCRETE 10 CONTINUOUS

Discrete Continuous
Joint PMF/PDF Py %,y) = P(X = %,Y = ) fay(,y) # PX=x,Y =)
. X y
Joint CDF Fyy(x,y) = ZZ pxy(t.s) Fy(x,y) = f f fry(t, s)dsdt
tsx ssy =100 ¥"=00
Normalization Z Z Dxy (x' y) =1 j J fX,Y (x' y)dxdy g
x y —00 v —00
Marginal _ o
px(x) = ) pxy(x,y) =f
PME/PDF X Z Xy fx(x) _wfx,y(X,Y)d)’
Expectation Elg(X,Y)] = Zz 9, Vxy(xy) | E[g(X,Y)] = Jm fmg(x, V) fyy (X, y)dxdy
X vy -0 J =00
Conditional ol g Pxy(X,y) feivaly) = fxy(x,¥)
PMEF/PDF Al Py (¥) o fr(¥)
Conditional 2
EIX|Y=yl= ) xpy;v(x1) = :f
et PR EXIY =31 = [ xfuyx|ydx

Independence

b 5
Vx,y, pxy(x,¥) = px(X)py (¥)

vx, ¥, fxy(x,¥) = fx(X)fy (¥)
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LAW OF TOTAL EXPECTATION (EXAMPLE FROM LAST TIME) §

Show that if X~Geo(p), then u = E[X] = 1/p by using the LTE conditioning on the first
flip.

u = E[X] = E[X | HIP(H) + E[X | T]P(T) (LTE)



LAW OF TOTAL EXPECTATION (EXAMPLE FROM LAST TIME) E}

Show that if X~Geo(p), then u = E[X] = 1/p by using the LTE conditioning on the first
flip.

u = E[X] = E[X | HIP(H) + E[X | T]P(T) (LTE)
=1-p+EML+XD-Q-p)
=p+(@+EX]D-1-p)

So,

H=p+Q+wA-p) =p+1-p+u—pp=1+u~pp
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