). JOINT CONTINUOUS DISTRIBUTIONS
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JOINT PDFS (EXAMPLE 1) \

Suppose (X,Y) are jointly and uniformly distributed on the circle of radius R centered
at the origin (e.g., a dart throw). Set up but DO NOT EVALUATE any of your
answers. Take care in setting up the limits of integration.

a. Find and sketch the joint range Qyy. (
Qxy = {(x,y) € R*: x* +y? < R?} Y) Fed ‘FX\I x‘%\

y= +m2/~h\
| A
y=-JR2—x2
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JOINT PDFS (EXAMPLE 1) @\

Suppose (X,Y) are jointly and uniformly distributed on the circle of radius R centered
at the origin (e.g., a dart throw). Set up but DO NOT EVALUATE any of your
answers. Take care in setting up the limits of integration.

a. Find and sketch the joint range Qy.
‘QX,Y ] {(x,}’) € R%: x2 + yz < RZ}

= b. Write an expression for the joint PDF fxy(x,y) and
carefully define it for all x,y € R.

1
R fxy(x,y) = {rﬁ' X,y € flyy
0, otherwise
y = —:JR2 — 42




JOINT PDFS (EXAMPLE 1) @\

Suppose (X,Y) are jointly and uniformly distributed on the circle of radius R centered
at the origin (e.g., a dart throw). Set up but DO NOT EVALUATE any of your
answers. Take care in setting up the limits of integration.

a. Find and sketch the joint range Qy.
‘QX,Y ] {(x,}’) € R%: x2 + yz < RZ}

v+ RE =22 c. Find Qx and write an expression that we could
/ evaluate to find fx(x).

KJR Qx = [~R,R]
s T fx @) = [ fer(x3)dy




JOINT PDFS (EXAMPLE 1)

Suppose (X,Y) are jointly and uniformly distributed on the circle of radius R centered
at the origin (e.g., a dart throw). Set up but DO NOT EVALUATE any of your
answers. Take care in setting up the limits of integration.

a. Find and sketch the joint range Qyy.
‘QX,Y ] {(X,y) = RZ : x2 -+ yz < RZ}

y = +JR2 — x2 d. Let Z the distance from the center that the dart
falls. Find Q; and write an expression for E[Z].
Z=VX2+Y2

Q7 =[0,R]
N %
y=—VR2—x2




JOINT PDFS (EXAMPLE 1) @\

Suppose (X,Y) are jointly and uniformly distributed on the circle of radius R centered
at the origin (e.g., a dart throw). Set up but DO NOT EVALUATE any of your
answers. Take care in setting up the limits of integration.

a. Find and sketch the joint range Qy.
‘QX,Y ] {(x;}’) € R%: x2 + yz < RZ}

y = +JR2 — x2 d. Let Z the distance from the center that the dart
falls. Find Q; and write an expression for E[Z].
Z=VX2+Y2

: Qz = [0,R]
- _m\J EZ] = [5, [ o X7+ ¥2fy (x,y)dydx




JOINT PDFS (EXAMPLE 1) @

Suppose (X,Y) are jointly and uniformly distributed on the circle of radius R centered
at the origin (e.g., a dart throw). Set up but DO NOT EVALUATE any of your
answers. Take care in setting up the limits of integration.

a. Find and sketch the joint range Qyy.
‘QX,Y = {(x;}’) € R?: x? + yz < RZ}

Y "’7 e. Are X and Y independent?
No, Qxy # Qx X Qy (not a rectangle).

KJR 0 = fyy(0.99R, 0.99R) # fy(0.99R)f,(0.99R) > 0
y=—VRz—x2




RANDOM PICTURE




JOINT PDFS (EXAMPLE 2)

Consider a continuous joint distribution, (X,Y), where X € [0,1] is the proportion of
the time until the midterm that you actually study for it, and Y € [0,1] is your
percentage score on the exam. Set up but DO NOT EVALUATE any of your
answers. Take care in setting up the limits of integration. The joint PDF is:

_fce0®),  x,ye[01]andy >x
fX'Y(x'y)_{ 0, y<x




JOINT PDFS (EXAMPLE 2)

Consider a continuous joint distribution, (X,Y), where X € [0,1] is the proportion of
the time until the midterm that you actually study for it, and Y € [0,1] is your
percentage score on the exam. Set up but DO NOT EVALUATE any of your
answers. Take care in setting up the limits of integration. The joint PDF is:

_fce0®),  x,ye[01]andy >x
fX'Y(x'y)_{ 0, y<x

a. Sketch the joint range Qyy, and interpret it in English.




JOINT PDFS (EXAMPLE 2)

Consider a continuous joint distribution, (X,Y), where X € [0,1] is the proportion of
the time until the midterm that you actually study for it, and Y € [0,1] is your
percentage score on the exam. Set up but DO NOT EVALUATE any of your
answers. Take care in setting up the limits of integration. The joint PDF is:

_fce0®),  x,ye[01]andy >x
fry(,y) = { 0, y<x
a. Sketch the joint range Qyy, and interpret it in English.

Your score is at least the proportion of the time you study.
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JOINT PDFS (EXAMPLE 2)

Consider a continuous joint distribution, (X,Y), where X € [0,1] is the proportion of
the time until the midterm that you actually study for it, and Y € [0,1] is your
percentage score on the exam. Set up but DO NOT EVALUATE any of your
answers. Take care in setting up the limits of integration. The joint PDF is:

_fce0®),  x,ye[01]andy >x
G =7 B2

b. Write an expression that we could evaluate to find c.

'_.—l

1=I




JOINT PDFS (EXAMPLE 2)

Consider a continuous joint distribution, (X,Y), where X € [0,1] is the proportion of
the time until the midterm that you actually study for it, and Y € [0,1] is your
percentage score on the exam. Set up but DO NOT EVALUATE any of your
answers. Take care in setting up the limits of integration. The joint PDF is:

_fce0®),  x,ye[01]andy >x
fry(,y) = { 0, y<x
1 b. Write an expression that we could evaluate to find c.
L
1 1
Y=l

- fl fl e~ -2 dv dx = flfye—(Y—X)dxd
O % 14 0 Y0 y




JOINT PDFS (EXAMPLE 2)

Consider a continuous joint distribution, (X,Y), where X € [0,1] is the proportion of
the time until the midterm that you actually study for it, and Y € [0,1] is your
percentage score on the exam. Set up but DO NOT EVALUATE any of your
answers. Take care in setting up the limits of integration. The joint PDF is:

..(y_x)
Foluaiea] A [01]andy > x
! c. Find Qy and write an expression that we could
evaluate to find fy(v).
Y=I




JOINT PDFS (EXAMPLE 2)

Consider a continuous joint distribution, (X,Y), where X € [0,1] is the proportion of
the time until the midterm that you actually study for it, and Y € [0,1] is your
percentage score on the exam. Set up but DO NOT EVALUATE any of your
answers. Take care in setting up the limits of integration. The joint PDF is:

_fce0®),  x,ye[01]andy >x
G =7 B2
1 c. Find Qy and write an expression that we could
evaluate to find fy(v).
=l 0y = [0,1]
0 y
02 = [[ee0-0us
0




JOINT PDFS (EXAMPLE 2)

Consider a continuous joint distribution, (X,Y), where X € [0,1] is the proportion of
the time until the midterm that you actually study for it, and Y € [0,1] is your
percentage score on the exam. Set up but DO NOT EVALUATE any of your
answers. Take care in setting up the limits of integration. The joint PDF is:

_fce0®),  x,ye[01]andy >x
fX'Y(x'y)_{ 0, y<x

'_.—l

d. Write an expression that we could
evaluate to find P(Y > 0.9).

1=I




JOINT PDFS (EXAMPLE 2)

Consider a continuous joint distribution, (X,Y), where X € [0,1] is the proportion of
the time until the midterm that you actually study for it, and Y € [0,1] is your
percentage score on the exam. Set up but DO NOT EVALUATE any of your
answers. Take care in setting up the limits of integration. The joint PDF is:

ot ={ Ty L redyE
| d. Write an expression that we could
evaluate to find P(Y > 0.9).
V=]

3 | 1 y
0 P(Y >20.9) = f fy(¥)dy = f f ce~X)dx dy
0.9 0.9 0




JOINT PDFS (EXAMPLE 2)

Consider a continuous joint distribution, (X,Y), where X € [0,1] is the proportion of
the time until the midterm that you actually study for it, and Y € [0,1] is your
percentage score on the exam. Set up but DO NOT EVALUATE any of your
answers. Take care in setting up the limits of integration. The joint PDF is:

_fce0®),  x,ye[01]andy >x
fX'Y(x'y)_{ 0, y<x

'_.—l

e. Write an expression that we could
evaluate to find E[Y].

1=I




JOINT PDFS (EXAMPLE 2)

Consider a continuous joint distribution, (X,Y), where X € [0,1] is the proportion of
the time until the midterm that you actually study for it, and Y € [0,1] is your
percentage score on the exam. Set up but DO NOT EVALUATE any of your
answers. Take care in setting up the limits of integration. The joint PDF is:

_fce0®),  x,ye[01]andy >x
G =7 B2
] e. Write an expression that we could
evaluate to find E[Y].
Y=I

0 E[Y] = folyfy(y)dy = fol foycye‘(y“")dx dy




JOINT PDFS (EXAMPLE 2)

Consider a continuous joint distribution, (X,Y), where X € [0,1] is the proportion of
the time until the midterm that you actually study for it, and Y € [0,1] is your
percentage score on the exam. Set up but DO NOT EVALUATE any of your
answers. Take care in setting up the limits of integration. The joint PDF is:

_(y__x)
Foluaiea] A [01]andy > x
| f. Are X and Y independent?
V=)




JOINT PDFS (EXAMPLE 2)

Consider a continuous joint distribution, (X,Y), where X € [0,1] is the proportion of
the time until the midterm that you actually study for it, and Y € [0,1] is your
percentage score on the exam. Set up but DO NOT EVALUATE any of your
answers. Take care in setting up the limits of integration. The joint PDF is:

~-%)
fxy(xy) = {Ce 0: ;ii (Ot andy =
| f. Are X and Y independent?
Y=) No, Qxy # Qx X Qy (not a rectangle).







). 3 LAW OF TOTAL EXPECTATION



AGENDA

® [ONDITIONAL LXPECTATION
® AW OF TOTAL EXPECTATION (LTE)



CONDITIONAL EXPECTATION

Conditional Expectation: Let X be a discrete random variable. Then, the ‘conditional expectation of X
given A is

EX | Al = ) aP(X = z|A)
Tz€NX

Linearity of expectation still applies to conditional expectation: E[X +V | A] = E[X | A] + E[Y | 4]
R P Pewson (l\)
= P,
e (XM= 'Z ?rp/.-\ X2\
= 0O 9(0&«0“#-\ v\ - %=\ qu> +Q




LAW OF TOTAL EXPECTATION

Law of Total Expectation (Event Version): Let X be a random variable,
partition the sample space. Then,

and let events A4, ..., A,




LAW OF TOTAL EXPECTATION : APPLICATION \1’ P

—
System that fails in step i independently E(I®) ="
with probability p 2 B®Y
X # steps to fail G“&?) \: %
E(X) ? ELX\‘ a) 1+
Let A be the event that system fails in first step -
aam— . = . A“ —
fesieq S \?‘. ‘ \ oo
E(h) = E(X%\AYN RN . v
e 8 % 3se
o AN =
= A-p rfECH) et (=) _ isss
E(r\ ey e ”"“””) o

'J = p + (Vo) (_‘ \‘VELX\'
=D ey, Ze(1x x| %>\



LAW OF TOTAL EXPECTATION : APPLICATION

System that fails in step i independently
with probability p

X # steps to fail

E(X) ?

Let A be the event that system fails in first step.
E(X) = E(X|A)Pr(A) + E(X|A)Pr(A)
=p+ 1+ EX))1-p)

=1+ (1-p)E(X)

68



PROBLEM

The number of people who enter an elevator on the ground floor
is a Poisson random variable with mean 10. If there are N
floors above the ground floor, and if each person 1is equally
likely to get off at any one of the N floors, independently of
where the others get off, compute the expected number of stops
that the elevator will make before discharging all the
passengers.
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