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FROM DISCRETE TO CONTINUOUS

Discrete Continuous
PMF/PDF px(z) =P(X ==z) fx(z)#PX =2)=0
CDF Fx (z) = Y <. Px(t) Fx ()= [~ fx (t)dt
Normalization | ) px(z) =1 ffooo fx(z)dz=1
Expectation E[X] =), zpx(x) EX]= [" afx (z)dx
LOTUS Elg(X)] = 3, 9(@)px(z) | E[g(X)] = |7 9(2) fx (z) dz
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Dt INTUITION
fx(z) = 0 forall z

| :fx(t)dt =1
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PDF INWHION fx(z) =0 forallz € R

| :fx(t)dt =1

Pla<X<b)= fbfx(w)dw
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FX(*) = Pr(Xe)= ﬁ&‘x“"\“’
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—~ - ‘Fx 0 & \‘X(*)

PAX «x) —P(h<x) — R (X=x)=0O
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Pla<X<bh)= f fx(w)dw

P(X = Z) Py<X<y) :‘ fx(w)d;% 0

P(X~q)~ P(q——<X<q+ ~ efx(q)
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CUMULATIVE DISTRIBUTION FUNCTIONS (CDFS)

Cumulative Distribution Function (CDF): Let X be a continuous rv (one
whose range is typically an interval or union of intervals). The cumulative
distribution function (CDF) of X is the function Fy: R - R such that

o |[Fx@®)=PX<t)=["_fyw)dw forallt€R.

e |Hence, by the Fundamental Theorem of Calculus, :—qu(u) = fx(w).
e P(a<X<b)=Fx(b)—Fx(a).

e Fy is monotone increasing, since fy > 0. That is, Fx(c) < Fx(d) forc < d.
e lim Fy(v) = P(X < —) =0.

V——00

e lim Fy(v)=PX < +o) =1,

v—+00
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THE UNTFORM (CONTINUOUS) RV &

Uniform (Continuous) RV: X~Unif (a, b) where a < b are real numbers, if and

only if X has the following pdf: .
Ui\“‘ ;?)(S
1}
fi() = { * € la,b] 3 1
otherwise L
+\0

X is equally likely to take on any value in [a, b], Un ( )
V B - — a)z ‘ i%
The cdf is s

x<a
x—
Fy(x) = a<x<bh

b—a’
1, x>b



THE EXPONENTIAL PDE/CDE

Recall the Poisson Process with parameter 1 > 0 has events happening at average rate
of 2 per unit of time forever. The exponential RV measures the time until the first
occurrence of an event, so is a continuous RV with range [0, ) (unlike the Poisson RV,

which counts the number of occurrences in a unit of time, with range {0,1,2, ...}.)
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%\
Recall the Poisson Process with parameter 1 > 0 has events happening at average rate
of 2 per unit of time forever. The exponential RV measures the time until the first
occurrence of an event, so is a continuous RV with range [0, ) (unlike the Poisson RV,

which counts the number of occurrences in a unit of time, with range {0,1,2, ...}.)

Le@e the time until the first event. We'll compute Fy(t) and fy(t).
Let X(t)~Poi(At) be the # of events in the first t units of time, for t > 0.

(Y >t)= P X}*\ =0)




THE EXPONENTIAL PDE/CDE

Recall the Poisson Process with parameter 1 > 0 has events happening at average rate
of 2 per unit of time forever. The exponential RV measures the time until the first
occurrence of an event, so is a continuous RV with range [0, ) (unlike the Poisson RV,
which counts the number of occurrences in a unit of time, with range {0,1,2, ...}.)

Let Y~Exp(2) be the time until the first event. We'll compute Fy (t) and fy (t).
Let X(t)~Poi(At) be the # of events in the first t units of time, for t > 0.

At)°
P(Y > t) = P(no events in first t units) = P(X(t) = 0) = e‘“(—-——)— = e~At
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.( Fp(t)=P(Y <t)=1-P(¥ >t)=1—-eH
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THE EXPONENTIAL RV PROPERTIES

PN
E[X] = fooxfx(x)dx _fx e dx :Lﬂ
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THE EXPONENTIAL RV PROPERTIES

E[X] = fooxfx(x)dx = foox e Mdx ==

E[X?] = jmxzfx(x)dx = fooxz - le M dx %g

Var(X) = E[X?] - E[X]* = /122 G) .2



THE EXPONENTIAL RV

Exponential RV: X~Exp(4), if and only if X has the following pdf:

(e ™™, x>0
fx(x) = { 0, otherwise

X is the waiting time until the first occurrence of an event in a Poisson
process with parameter A.



THE EXPONENTIAL RV

Exponential RV: X~Exp(4), if and only if X has the following pdf:

(e ™™, x>0
fxx) = { 0, otherwise

X is the waiting time until the first occurrence of an event in a Poisson
process with parameter A.

E[X] =11_ Var(X) =/11—2

The cdf is
1—e# x>0
F = 2 =
x(x) { 0, otherwise




RANDOM PICTURE




MEMORYLESSNESS (INTUITION)

A random variable X is memoryless if for all s,t > 0,

P(X>s+t]|X>s) SPEX>T)
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MEMORYLESSNESS (INTUITION)

A random variable X is memoryless if forall s,t > 0,

PX>s+t|X>s)=PX>1)

For example, let s =7,t =2. So P(X > 9 | X > 7) = P(X > 2). That is, given we've waited
7 minutes, the probability we wait at least 2 more, is the same as the probability we

wait at least 2 more from the begm'}_\
>
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MEMORYLESSNESS (INTUITION)

A random variable X is memoryless if forall s,t > 0,

PX>s+t|X>s)=PX>1)

For example, let s =7,t =2. So P(X >9|X > 7) = P(X > 2). That is, given we've waited
7 minutes, the probability we wait at least 2 more, is the same as the probability we
wait at least 2 more from the beginning.

The only memoryless RVs are the Geometric (discrete) and Exponential (continuous)!
LN -



MEMORYLESSNESS (INTULTION) 'S,

P(X>1)




MEMORYLESSNESS (INTUITION) &4

P(X>1) P(X>25|X>15)
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MEMORYLESSNESS (INTUITION)

P(X>1)
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MEMORYLESSNESS OF EXPONENTIAL (PROOF) 'S

If X~Exp(2) and x > 0, then recall

@

PX>x)=1-F(x)=1-(1—-e™*) =¥

K—WX
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PX>s+t|X>s)=




MEMORYLESSNESS OF EXPONENTIAL (PROOF)

If X~Exp(2) and x = 0, then recall

PX>x)=1-Fy(x)=1-(1—-e ) =X

PX>s|X>s+t)P(X>s+1t)

PX>s+t]|X>s5)= PX > 5)

_P(X>s+t)

P(X > 5s)
e—,l(s+t)

e —-As
e —-At

P(X >1t)
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| Time it takes to check someone out at a grocery store 1is
exponential with an pxpected value of 10 mins.\
® " Independent for different customers.

e If you are—the seecondperson—n—tirnes—what is the
probability that you will have to wait between 10 and 20

mins. &
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EXAMPLE

e Time it takes to check someone out at a grocery store is
exponential with an expected value of 10 mins.
Independent for different customers
If you are the second person 1in line, what is the

probability that you will have to wait between 10 and 20
mins.

T ~ exp(1071)
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® THENORMAL/GAUSSTAN RV
® (LOSURE PROPERTIES OF THE NORMAL RV
o [HESTANDARD NORMAL (Dt




THE NORMAL/GAUSSTAN RV

Normal (Gaussian, “bell curve”) Distribution: X~N (i, 0?) if and only if X has the
following pdf: - =

£0) 1 _(75_—2&2
x)i= e 20
A oV2m

E[X]=un Var(X) = o2



THE NORMAL PDI
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RANDOM PICTURE
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THE STANDARD NORMAL CDF

If Z~N(0,1), we denote the CDF ®(a) = F;(a) = P(Z < a), since it's so commonly use i
There is no closed-form formula, so this CDF is stored in a ® table.
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THE STANDARD NORMAL CDF

P(Z <1.09) = ©(1.09) = 0.8621

W(Z< 6.93)

as) Q.6A\%
b) 0. 6%\

) 0.6318%

& Table: P(Z < 2) when Z ~ N(0.1)
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