=
=
[———
==
>
=
=
=
S




POISSON RV EXAMPLE

Suppose Lookbook gets on average 120 new users per hour, and Quickgram
gets 180 new users per hour, independently. What is the probability that,
combined, less than 2 users sign up in the next minute?

Convert 1's to the same unit of interest. For us, it's a minute.
X~Poi(2 users/min) Y~Poi(3 users/min)
Z=X+Y~Poi(2+ 3) = Poi(5)

50 51
P(Z<2)=p,0)+p;(1)=e>—+e®

— = =5 oc
0! T 6e™ =~ 0.04
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random variables

Important Examples:

1 a+b o (b—a)(b—a+2)

Uniform(a,b): P(X =) = — p=—yot = T

Bernoulli(p): P(X=1) =p,P(X=0)=1-p u=p, 02=p(l-p)

Binomial(n,p) P(X =i) = (?)ﬁ(l —p)"~t W =np, 02=np(1-p)
u==~r o2=4

Poisson(A): P(X =i) = G_MT;
Bin(n,p) = Poi(4) where A4 = np fixed, n —> (and so p=A/n — 0)

Geometric(p) P(X=K)=(-p)*'p u=1/p,02=(1-p)/p?

X
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£ ()= 4 F ()
(D INTUITION
\
dene Qd.‘(‘ ‘/
(b= 560 ) 1

0, w<0
FX(w)={w, 0<w<l1l
1, w>1



CD‘: INTUIHON fr () Fyx(w) =P(X <w) -

-

<v<
Otﬁvfl Few)={w, 0<w<1
otherwise il w>1

f@) = g



‘F X N\: ﬁ: Fx(v)

[D‘: INTUNION fr(v) i FX(W! =PX <w) -

é‘l !
e

w 1 w 1

0 w<0
0<v<i ’
—_— = &S <
fx() {0, otherwise Fx(w) {“1” &;V: =1



‘)*(x); 0 Pmb dmw\tf‘\'
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PD‘: INTUHION fx(z) =0 forallz € R




PDT INTUITION
fx(z2) = 0 forallz € R

| :fx(t)dt 1



Defn g what @t

sy sd’isc‘-
PD[’ INWUION —?  fx(2) =0 forallze R

—_—> f wfx(t)dt =1

—» P@a<X<bh) =fbfx(W)dW Q/




PDF INTUHION fx(z) =0 forallz € R

| :fx(t)dt =1

b
Pl@a<X<b)= f fx(w)dw

y

P(x=y)=P<ysxsw=ffx(w)dw=o

SR y =
A




PD[' II\”UIHON fx(z) =0 forallz € R

| " e =1
b
Pla<X<bh)= f fx(w)dw

y
PER=y)=Po<X<y)= [ fiwdw=0

£ €

PX=q)=Plq—=<X<q+=

_—— ( 2 2)
_

£ +s
q—EQq 2



PDEINTUHION fo(z) 2 0 forallz € R
o | :fx(t)dt =1

b
Pla<X<bh)= f fx(w)dw

fx(@)

y
P(X=y)=P(ySXSy)=f fxw)dw =0

P =0 Pa—5<X<q+5)~efi(@)
a—'_

£ +s
q—EQq 2




PDF INTUTTION

PX~u)
P(X =v)

fx(2) =0 forallz € R
[ At =1
b
Pl@a<X<bh)= f fxw)dw

y
P(X=y)=P(ySXSy)=f fxw)dw =0

& &
PX~q)~P(q-5<X<q+5)~efx(@)

—

CPU~w) _eh) [
PA~v)  efx®) |H®




PROBABILITY DENSITY FUNCTIONS (PDFS)

Probability Density Function (PDF): Let X be a continuous rv (one whose

range is typically an interval or union of intervals). The probability density
function (PDF) of X is the function fy: R - R such that

fx(2) =0 forall z€ R,
I2 fe(®)dt = 1.

[ ' <o
Pla<X<bh)= f:fx(w)dw,‘ & ?((.Yu =b -—?(Cﬁ )

P(X=y)=0forany y €R.

() -

The probability that X is close to q is proportional to fx(q): P(X = q) =
P(q—%SXSq+§) ~ £fx(q).

Ratios of probabilities of

ef x(w) = fx@)
efx(v)  fx@)

P(X=u)

being near points are maintained: P(X~v)
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0<v<1
otherwise

@) ={;



S‘lx@)é\l
(DFINTUTION £ ., \ Fyw) = P(X < w} -

| |

! . 1
O w<o0
1, 0<v<i1 N
fx(v) = {0, otherwise Fx(w) = O=sw=1

w>1



O« w =( W w
ST il fank
~o Q =

[D‘: INTUNION fr () Fyx(w) =P(X <w)

w 1 |

0, w<0

<v<
Otﬁv_-l Few)={w 0<w<1
otherwise 1, w>1

@ = {7



CD‘: INTUHION fr () Fyx(w) =P(X <w) -

w 1 w 1
0 w<o(
1, 0<v<l1 I
= = Loy
fx@) {0, otherwise Fx(w) {Mll ‘?V;“l' =1



CDF INTUTTION Fy(w) = P(X < w) -

Fy(t) = PX <t) = [*_fy(w)aw forall t € R.

— \/

|

0, w<0
FX(w)={w, 0o<w<l1l
i w>1



OF rreres N
[sz= PX<t)= f_toofx(w)dw forall t € R. l 1

Hence, by the Fundamental Theorem of Calculus, :—qu(u) =if (i)
S

|

0, w<o0
i w>1



CDF INTUTTION Fe(w) = P(X < w)

Fy(t) = PX <t) = [*_fy(w)aw forall t € R.

1

Hence, by the Fundamental Theorem of Calculus, :—qu(u) =if (i)

P(a < X < b) = Fx(b) — Fx(a).

alpy
|
0, w<0
Fx(W)=W; OSWS1

i w>1



CDF INTUTTION Fy(w) = P(X < w)

F(®)=P(X <t) =2 [ fx(w)dw;‘or- all t € R. |

Hence, by the Fundamental Theorem of Calculus, :—uFX(u) =if (i)

P(a < X < b) = Fx(b) — Fx(a).

Fy is monotone increasing, since fy = 0. That is, Fx(c) < Fx(d) for c <d. |
A
0, w<0
\ R

Fx(W)=W; OSWS].
1, w>1



CDF INTUTTION Fy(w) = P(X < w)

Fy(t) = PX <t) = [*_fy(w)aw forall t € R.

1

Hence, by the Fundamental Theorem of Calculus, :—uFX(u) =if (i)

P(a < X < b) = Fx(b) — Fx(a).

Fy is monotone increasing, since fy = 0. That is, Fx(c) < Fx(d) for c <d. |

lim Fy(v) = P(X < —) = 0. 0, w<0
— Fxw)=4{w, 0<w<1

i w>1



CDF INTUTTION Fy(w) = P(X < w)

Fy(t) = PX <t) = [*_fy(w)aw forall t € R.

1

Hence, by the Fundamental Theorem of Calculus, :—uFX(u) =if (i)

P(a < X < b) = Fx(b) — Fx(a).

I

Fy is monotone increasing, since fy = 0. That is, Fx(c) < Fx(d) for c <d.

; 0 w<0
lim F, =P(X < —»)=0. )
A0 Fr(2) Few)=1w, Osw<1
1, w>1

lim Fy(v) = P(X < +00) = 1.
v—+00




CUMULATIVE DISTRIBUTION FUNCTIONS (CDFS)

Cumulative Distribution Function (CDF): Let X be a continuous rv (one
whose range is typically an interval or union of intervals). The cumulative
distribution function (CDF) of X is the function Fyx: R - R such that

o |[Fx®)=PX<t)=["_fyw)dw forallt €R.

e |Hence, by the Fundamental Theorem of Calculus, ;—uFX(u) = fy(u).
e P(a<X<b)=Fy(b)— Fy(a).

e Fy is monotone increasing, since fy > 0. That is, Fx(c) < Fx(d) for c <d.
e lim Fy(v) = P(X < —) =0.

V——00

e lim Fy(v)=PX < +x)=1.

v—+00
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S*(: ) =)

FROM DISCRETE TO CONTINUOUS

'Fy\( )= %,z F‘ (")

Discrete Continuous
PMF/PDF px(z) = P(X = ) fx(@) #P(X=2)=0
CDF Fx (x) = > i<, Px(t) Fx (z) = [T fx (t)dt
Normalization | 5, px(z) =1 oo fx (a:) =

Expectation | E[g(X)] =), g9(z)p

x ()

g p

9()fx (z)dx

£(X):= i}\* R E(X): S fxcx) 3
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o THE(CONTINUOUS) UNTFORM RV
o [HELIPONENTIAL RV

o |

EMORTLESSNESS



THE (CONTINUOUS) UNTFORM RV

Uniform (Continuous) RV: X~Unif(a,b) where a < b are real numbers, if and

only if X has the following pdf:

1
‘)&Q. fx(x)={b—a' x € [a, b]

0, otherwise

X is equally likely Toaake on any value in [a,b]. \y

EU():_ chxu)an; Sx.@a

va
| - L —




THE UNTFORM (CONTINUOUS) RV

Uniform (Continuous) RV: X~Unif(a,b) where a < b are real numbers, if and
only if X has the following pdf: <=0

1
fi@) = {m x € lab]
0, otherwise

X is equally likely to take on any value in [a,b], é

N2
E[x] =2 ; A i Var(o) =2 12a) s
The cdf is

Y%

0, x<a d

Fx(x)={x_a, a<x<bh Fx(’).‘ S )é') v
—_— o

b—a
1, x>b







