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Agenda
● Recap on rvs
● Expectation
● Linearity of Expectation (LoE)
● Law of the Unconscious Statistician (Lotus)



Random Variable



Probability Mass Function (PMF)



Homeworks of 3 students returned randomly
● Each permutation equally likely
● X:  # people who get their own homework

Prob Outcome w X(w)

1/6 1 2 3 3

1/6 1 3 2 1

1/6 2 1 3 1

1/6 2 3 1 0

1/6 3 1 2 0

1/6 3 2 1 1



Expectation



Homeworks of 3 students returned randomly
● Each permutation equally likely
● X:  # people who get their own homework
● What is E(X)?

Prob Outcome w X(w)

1/6 1 2 3 3

1/6 1 3 2 1

1/6 2 1 3 1

1/6 2 3 1 0

1/6 3 1 2 0

1/6 3 2 1 1



Repeated coin flipping
Flip a biased coin with probability p of coming up Heads n 
times. Each flip independent of all others.

X is number of Heads.

What is E(X)?
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Linearity of Expectation (Idea)
Let’s say you and your friend sell fish for a living.
● Every day you catch X fish, with E[X] = 3.
● Every day your friend catches Y fish, with E[Y] = 7.

how many fish do the two of you bring in (Z = X + Y) on an average day? 
E[Z] = E[X + Y] = e[X] + E[Y] = 3 + 7 = 10

You can sell each fish for $5 at a store, but you need to pay $20 in rent. How 
much profit do you expect to make?  E[5Z - 20] = 5E[Z] - 20 = 5 x 10 - 20 = 30
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Linearity of Expectation (LoE) 



Linearity of Expectation (Proof)



Corollary: linearity for sum of lots of r.v.s
E(X1 +X2 + . . .+Xn) = E(X1) + E(X2) + . . .+ E(Xn)

<latexit sha1_base64="CxIQlQmNr6yr2qKRf1V6LcRsARQ=">AAACKHicbVBdS8MwFE39nPOr6qMvwSGsCKOdgr6IQxF8nOC2wlZKmmVbWJqWJBVG2c/xxb/ii4gie/WXmHZ7mJsXEs4951ySe4KYUalse2KsrK6tb2wWtorbO7t7++bBYVNGicCkgSMWCTdAkjDKSUNRxYgbC4LCgJFWMLzL9NYzEZJG/EmNYuKFqM9pj2KkNOWbN/dl13fgGXT9qr47rBspmbfcgte5aOk2A1VozTsyilu+WbIrdl5wGTgzUAKzqvvmR6cb4SQkXGGGpGw7dqy8FAlFMSPjYieRJEZ4iPqkrSFHIZFemi86hqea6cJeJPThCubs/ESKQilHYaCdIVIDuahl5H9aO1G9Ky+lPE4U4Xj6UC9hUEUwSw12qSBYsZEGCAuq/wrxAAmElc62qENwFldeBs1qxTmvVB8vSrXbWRwFcAxOQBk44BLUwAOogwbA4AW8gU/wZbwa78a3MZlaV4zZzBH4U8bPL02Kn2w=</latexit>

Proof by induction!



Homeworks of students returned randomly
● Each permutation equally likely
● X:  # people who get their own homework
● What is E(X) when there are n students?

Prob Outcome w X

1/6 1 2 3 3

1/6 1 3 2 1

1/6 2 1 3 1

1/6 2 3 1 0

1/6 3 1 2 0

1/6 3 2 1 1



Indicator random variable
● For any event A, can define the indicator random variable 

for A



Computing complicated expectations
● Often boils down to finding the right way to decompose 

the random variable into simple random variables (often 
indicator random variables) and then applying linearity 
of expectation.



Repeated coin flipping
Flip a biased coin with probability p of coming up Heads n 
times.

X is number of Heads.

What is E(X)?
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Pairs with same  birthday
● In a class of m students, on average how many pairs of 

people have the same birthday?
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Rotating the table
n people are sitting around a circular table.
There is a nametag in each place
Nobody is sitting in front of their own nametag.
Rotate the table by a random number k of positions between 1 
and n-1 (equally likely).
X is the number of people that end up front of their own 
nametag.
What is E(X)?



Linearity of Expectation with Indicators



Linearity is special!

X =

(
1 with prob 1/2

�1 with prob 1/2
<latexit sha1_base64="q4MXmMcea5sthUJtvutns/oRyTU="></latexit>

● In general E(g(X)) 6= g(E(X))
<latexit sha1_base64="wXxnJWBAdvMNeJ+5V5smUWXQjCg=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EipJuSVEGXRSm4rGAv0IYymU7SoZNJmJkIIdRXceNCEbc+iDvfxkmbhbb+MPDxn3M4Z34vZlQq2/42ShubW9s75d3K3v7B4ZF5fNKTUSIw6eKIRWLgIUkY5aSrqGJkEAuCQo+Rvje7zev9RyIkjfiDSmPihijg1KcYKW2NzWrbCqxBvQ5HnMDAauc8Nmt2w14IroNTQA0U6ozNr9EkwklIuMIMSTl07Fi5GRKKYkbmlVEiSYzwDAVkqJGjkEg3Wxw/h+famUA/EvpxBRfu74kMhVKmoac7Q6SmcrWWm//Vhonyr92M8jhRhOPlIj9hUEUwTwJOqCBYsVQDwoLqWyGeIoGw0nlVdAjO6pfXoddsOBeN5v1lrXVTxFEGp+AMWMABV6AF7kAHdAEGKXgGr+DNeDJejHfjY9laMoqZKvgj4/MHmqSSKA==</latexit>



Linearity is special!
● In general

● How DO we compute           ?  

E(g(X)) 6= g(E(X))
<latexit sha1_base64="wXxnJWBAdvMNeJ+5V5smUWXQjCg=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EipJuSVEGXRSm4rGAv0IYymU7SoZNJmJkIIdRXceNCEbc+iDvfxkmbhbb+MPDxn3M4Z34vZlQq2/42ShubW9s75d3K3v7B4ZF5fNKTUSIw6eKIRWLgIUkY5aSrqGJkEAuCQo+Rvje7zev9RyIkjfiDSmPihijg1KcYKW2NzWrbCqxBvQ5HnMDAauc8Nmt2w14IroNTQA0U6ozNr9EkwklIuMIMSTl07Fi5GRKKYkbmlVEiSYzwDAVkqJGjkEg3Wxw/h+famUA/EvpxBRfu74kMhVKmoac7Q6SmcrWWm//Vhonyr92M8jhRhOPlIj9hUEUwTwJOqCBYsVQDwoLqWyGeIoGw0nlVdAjO6pfXoddsOBeN5v1lrXVTxFEGp+AMWMABV6AF7kAHdAEGKXgGr+DNeDJejHfjY9laMoqZKvgj4/MHmqSSKA==</latexit>

E(g(X))
<latexit sha1_base64="JZCdgKcKqIRgefCLdY3tgGsxMbU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahvZSkCnosiuCxgm0DbSib7aZdutnE3Y1QQv+EFw+KePXvePPfuE1z0NYHA4/3ZpiZ58ecKW3b31ZhbX1jc6u4XdrZ3ds/KB8edVSUSELbJOKRdH2sKGeCtjXTnLqxpDj0Oe36k5u5332iUrFIPOhpTL0QjwQLGMHaSO5tdVR1azU0KFfsup0BrRInJxXI0RqUv/rDiCQhFZpwrFTPsWPtpVhqRjidlfqJojEmEzyiPUMFDqny0uzeGTozyhAFkTQlNMrU3xMpDpWahr7pDLEeq2VvLv7n9RIdXHkpE3GiqSCLRUHCkY7Q/Hk0ZJISzaeGYCKZuRWRMZaYaBNRyYTgLL+8SjqNunNeb9xfVJrXeRxFOIFTqIIDl9CEO2hBGwhweIZXeLMerRfr3fpYtBasfOYY/sD6/AHrS46U</latexit>



Homeworks of 3 students returned randomly
● Each permutation equally likely
● X:  # people who get their own homework
● What is E(X3 mod 2)?

Prob Outcome w X(w)

1/6 1 2 3 3

1/6 1 3 2 1

1/6 2 1 3 1

1/6 2 3 1 0

1/6 3 1 2 0

1/6 3 2 1 1



Law of the Unconscious Statistician (Lotus)



Probability

Alex Tsun
Joshua Fan



Probability
3.3 Variance and standard Deviation

Most slides by Alex Tsun



Variance (Intuition)
Which game would you rather play? We flip a fair coin.
Game 1:
● If heads, You pay me $1.
● If Tails, I pay you $1.
Game 2:
● If Heads, you pay me $1000.
● If Tails, I pay you $1000.



Variance (Intuition)
how far is a random variable from its mean, on average?
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Variance (Intuition)
how far is a random variable from its mean, on average?



Variance and Standard Deviation (SD)



Variance and Standard Deviation (SD)
More Useful
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Variance (Property)



Variance (Property)



Variance
Which game would you rather play? We flip a fair coin.
Game 1:
● If heads, You pay me $1.
● If Tails, I pay you $1.
Game 2:
● If Heads, you pay me $1000.
● If Tails, I pay you $1000.



Variance (Example)

LOTUS



In general, var(X+Y)      Var(X) + Var(Y)
Example 1:  

● each with prob ½

● E(X)= ?   Var(X) = ?

● How about Y = -X

Example 2:  What is Var(X+X)?

6=
<latexit sha1_base64="LJVMuunBLohKIaosDxqf3pYp1UQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00JPYL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m586JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZ/U0GXCEzYmIJZYrbWwkbUUWZsemUbAje8surpFWrehfV2v1lpX6Tx1GEEziFc/DgCupwBw1oAoMhPMMrvDnCeXHenY9Fa8HJZ47hD5zPH0fxjcs=</latexit>

X = ±1
<latexit sha1_base64="VmZ/esG7WUeB9usxfGQnMnkcNGU=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBE8ld0q6EUoevFYwX5Iu5Rsmm1Dk+ySZIWy9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5YSK4sZ73jVZW19Y3Ngtbxe2d3b390sFh08SppqxBYxHrdkgME1yxhuVWsHaiGZGhYK1wdDv1W09MGx6rBztOWCDJQPGIU2Kd9NjG17ibSOz3SmWv4s2Al4mfkzLkqPdKX91+TFPJlKWCGNPxvcQGGdGWU8EmxW5qWELoiAxYx1FFJDNBNjt4gk+d0sdRrF0pi2fq74mMSGPGMnSdktihWfSm4n9eJ7XRVZBxlaSWKTpfFKUC2xhPv8d9rhm1YuwIoZq7WzEdEk2odRkVXQj+4svLpFmt+OeV6v1FuXaTx1GAYziBM/DhEmpwB3VoAAUJz/AKb0ijF/SOPuatKyifOYI/QJ8/+p+PNw==</latexit>



Variance in pictures



Variance in pictures



 

One more linearity of  expectation practice problem

Given a DNA sequence of length n
      e.g.     AAATGAATGAATCC……
where each position is 
    A with probability pA  
    T with probability pT  
   G with probability pG 
   C with probability pC.

What is the expected number of occurrences of the 
substring AATGAAT?

AAATGAATGAATCC       AAATGAATGAATCC

!X





Random Picture

probability students

Definition of
Expectation


