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PRODUCT RULE

If S is a set of sequences of length k for which there are

® n, choices for the first element of the sequence

® n, choices for the second element of the sequence given
any particular choice for the first,

® n; choices for the 3" given any particular choice for 1st
and 2nd

°

Then |S| = n; X N, X . X N




PERMUTATIONS

THENUMBER OF ORDERINGS OF N DISTINCT OBJECTS TS
NE=NX(N-1) K (N-2) X X3 2x]

READ AS “N FACTORIAL”




K-PERMUTATIONS

LFWEWANT TO ARRANGE ONLY K OUT OF N DISTINCT OBJECTS, THE
NUMBER OF WAYS T0 D0 50 I§
\|

PN = N C(N-L) X (N-2) X0 (N-Ke ) = 2

READ AS “N p1ck K




COMBINATIONS/BINOMIAL COEFFICTENTS

LFWEWANT TO SELECT K OUT OF N DISTINCT OBJECTS, WHERE'ORDER
DOES NOT MATTER, THE NUMBER OF WAYS 10 DO 50 I

\
/E(VN,K) _ (K) — P(NK) - N!‘ .
BOTH ACCEFTABLE —

READ AS “N CHOOSE K"




HOW MANY WAYS TO WALK FROM L' AND SPRING T0 5™ AND PINE!

ONLY GOING NORTH AND EAST R S
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HOW MANY WAYS TO WALK FROM L' AND SPRING T0 5™ AND PINE!

ONLY GOING NORTH AND EAST P
1 §F — Pike
(0‘) &? % T * e Uni
QO) (1’> ¢— ;;t 2" 3.rd 4:h 5.th Spr
+ ¢ o\'\ooswa 3 (5 P siqs
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(d) P(F2) 25,6 =50
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HOW MANY WAYS TO WALK FROM 1’ AND SPRING T0 5™ AND PINE,
STOPPING AT THE STARBUCKS ON 3* AND PIKE

* * ® 7% Pine
ONLY GOING NORTH AND EAST . %TT o Pike
® ° ° e Unic
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RANDOM PICTURE




ANAGRAMS E

HOW MANY WAYS CAN YOU ARRANGE THE LETTERS TN “MATH"]

(@) %
(b) !

Sl




ANAGRAMS E

HOW MANY WAYS CAN YOU ARRANGE THE LETTERS TN “MATH"]
{1 = 24 SINCE THEY ARE DISTINCT OBJECTS!

MAT



ANAGRAMS E

HOW MANY WAYS CAN YOU ARRANGE THE LETTERS TN EMUUMUU™

N
VM 0O oMU
05 G\ c\w&?ﬁm N's
(» (e
(C) > <& Clnsme Yosvhx 'Gr\'$
om W's \
¥ ‘° ; - w



ANAGRAMS E

HOW MANY WAYS CAN YOU ARRANGE THE LETTERS IN “MUUMUU™]

CHOOSE WHERE THE 2 M"S GO, AND THEN THE U"S ARE SET. OR
CHOOSE WHERE THE 4 U"S GO, AND THEN THE M"§ ARE SET.

e A w6t (5)- () = (5) (3) = o




ANOTHER WAY TO THINK ABOUT IT E

HOW MANY WAYS CAN YOU ARRANGE THE LETTERS IN ”M}JUM;JU”?




ANAGRAMS

HOW MANY WAYS CAN YOU ARRANGE THE LETTERS IN “MUUMUU™]

() ()= () () -

ANOTHER INTERPRETATION:
ARRANGE THE & LETTERS AS IF THEY WERE DISTINCT. THEN DIVIDE BY 4 AND 2! T0 ACCOUNT FOR
| DUPLLCATE 0" AND 2 DUPLLCATE P'S.



ANAGRAMS E

HOW MANY WAYS CAN YOU ARRANGE THE LETTERS IN “GODOGGY "




ANAGRAMS _?g

HOW MANY WAYS CAN YOU ARRANGE THE LETTERS IN “GODOGGY "

N
(@ 7 '
co o (e

7
SO i

1 *! 3
© o v -~ €669

CINGER IHINE



FINAL SET OF CONCEPTS..

® BINOMIAL THEOREM

® [NCLUSTON-EXCLUSTON

® TARS AND BARS/DIVIDER METHOD
® IGEONHOLE PRINCIPLE



(rg) Gy TET

BINOMIAL THEOREM: IDEA

e x+y)=E+y(E+y)
XX +xy+yx+yy

x? + 2xy + y?

B (- ()



BINOMIAL THEOREM: IDEA




BINOMIAL THEOREM: IDEA

e+ ) = (Y + P+ E+y)

xxxx + yyyy + xyxy + yxyy + ---



(* ‘-3) (‘s\—\)(&n\) (Xt 2)
BINOMIAL THEOREM: IDEA ™ "

x+y)*=Ex+E+y)E+y)(x+Y)

Each term is of the form x*y™ ¥ (in our case;n =4), since we multiply
exactly n variables, either x or y.

How many times do we get x*y™ 2 The number of ways to choose k of
them to produce x (the rest will be y).

()= (5



BINOMIAL THEOREM

Let x,y € Rand n € N a positive integer. Then,



INCLUSTON - EXCLUSION - IDEA | %&
P A @
|A| = 43
|B| = 20

JANB| =7
POB: suy guge MFW Ay B| =277
TC o O o odw i v20-F

‘\;\u%) = \k\ A\v\%\ — {ANR)
vy N



[NCLUSTON - EXCLUSION : IDEA %1
Al =43
B| = 20

ANB|=7

NOW MANY PEOPLE LIKE TCE CReAM OR DoNUTS! |A U B =227
JAUB|=36+7+13=56=43+20—7=|A|+ |B| - |AN B|




[NCLUSION - EXCLUSION

A
B

|AUB| =|A[+|B|-|ANB]

\
A \¢
W \C
\
B\ '
AuBUC| = A+ [B] +1c] €
- |ANB| - JANC] - [BNC]|

+ [ANBNC|
R




[NCLUSION - EXCLUSION

Let A, B be sets. Then,
|JAUB| = |A| + |B| — |[An B|.
In general, if Ay, A,, ..., A, are sets, then

|A; U ...U A, | = singles — doubles + triples — quads + -

= (|A1| s IAnD o (|A1 N AZI an an |An—1 N Anl) ap b



RANDOM PICTURE




DNors & Boxs,

KIDS + CANDIES @

HOW MANY WAYS CAN WE GIVE 5 (INDISTINGUISHABLE) CANDIES T0 THESE




CANDIES

KIDS +




KIDS + CANDIES @

[DEA: COUNT SOMETHING EQUIVALENT,

) “STARS” FORCCANIDIES; . “BARS™ FOR DIVIDERS




KIDS + CANDIES @

[DEA: COUNT SOMETHING EQUIVALENT,
) “STARS™ FOR CANDIES, 2 “BARS”™ FOR DIVIDERS

N / N / N / N / N /
P | P P P




KIDS + CANDIES @

[DEA: COUNT SOMETHING EQUIVALENT,
) “STARS™ FOR CANDIES, 2 “BARS”™ FOR DIVIDERS

N / N / N / N / N /
P L | | P P

A




KIDS + CANDIES @

FOR EACH CANDY DISTRIBUTION, THERE IS
EXACTLY ONE CORRESPONDING WAY TO ARRANGE
THE STARS AND BARS.




KIDS + CANDIES

©

FOR EACH CANDY DISTRIBUTION, THERE IS
EXACTLY ONE CORRESPONDING WAY TO ARRANGE
THE STARS AND BARS.

CONVERSELY, FOR EACH ARRANGEMENT OF STARS
AND BARS, TRERE 15 EXACTLY ONE CANDY
DISTRIBUTION 17 REPRESENTS.



KIDS + CANDIES ¥ \ \ rrER @

_--_

WENCE, THE NUMBER OF WAYS TO DISTRIBUTE §
CANDIES TO THE 3 KIDS 15 THE NUMBER OF
ARANGEMENTS OF 5 STARS AND 2 BARS.

H oW w\ama \nwasz.

@\ T Ao brew




KIDS + CANDIES @

HENCE, THE NUMBER OF WAYS TO DISTRIBUTE
CANDIES T0 THE 3 KIDS 15 THE NUMBER OF
ARRANGEMENTS OF 5 STARS AND 2 BARS.

THIS 15 STMPLY




STARS AND BARS/DIVIDER METHOD

THE NUMBER OF WAYS TO DISTRIBUTE N INDISTINGUISHABLE BALLS
INTO K DISTINGUTSHABLE BINS TS




WE'LL BE COUNTING STARS (AND BARS)




PIGEONHOLE PRINCIPLE




PIGEONHOLE PRINCIPLE: IDEA J‘

'yY*YY
;... -ﬁ”o
'Y Y

HKERRAD

IT H[HI DREN UP INTO 5 GROUPS AND EACH GROUP GETS A CAKE TO

SUPP SEW
RE. WH T ELARGEST NUMBER OF CHILDREN THAT WILL NEED TO SHARE A CAKE!



PIGEONHOLE PRINCIPLE: IDEA

LF L1 CHILDREN HAVETO SHARE 3 CAKES, AT LEAST ONE CAKE MUST BY AT

LEAST HOW MANY ChIL DREN. |

(11/3 UT ROUNDED UP)



PIGEONHOLE PRINCIPLE (PHP)

If there are n pigeons we want to put into k pigeonholes (where n > k),
then at least one pigeonhole must contain at least 2 pigeons.

More generally, if there are n pigeons we want to put into k
pigeonholes, then at least one pigeonhole must contain at least [n/k]
pigeons.




THE FLOOR AND CEILING FUNCTIONS

The floor function |x] returns the largest integer < x (i.e., rounds down).
25| =72 [16.99999| = 16 5 =5
The ceiling function [x] returns the smallest integer > x (i.e., rounds up).

[2.5] =3 [9.000301] = 10 [5] =5



PIGEONHOLE PRINCIPLE (PHP)

If there are n pigeons we want to put into k pigeonholes (where n > k),
then at least one pigeonhole must contain at least 2 pigeons.

More generally, if there are n pigeons we want to put into k
pigeonholes, then at least one pigeonhole must contain at least [n/k]
pigeons.

USE THE PHP TO SHOW THAT TN EVERY SET OF 100 NUMBERS, THERE ARE TWO WHOSE
DIFFERENCE TS A MULTIPLE OF 3/,




PIGEONHOLE PRINCIPLE (PHP)

USE THE PHP TO SHOW THAT TN EVERY SET OF 100 NUMBERS, THERE ARE TWO WHOSE
DIFFERENCE TS A MULTTPLE OF 3/

WHEN SOLVING A PHP PROBLEM:

ENTIFY THE PIGEONS

ENTIFY THE PTGEONHOLES

ECLEY HOW PIGEONS ARE ASSTGNED TO ROLES
Pl

D
D
f
PPLY THE PRINCIPLE

I
I
)
Aeel







LET"S PRACTICE SOME MORE



QUICK REVIEW OF CARDS

52 total cards

® 52 total cards

e 13 different ranks: 2,3,4,5,6,7,8,9,10,J3,Q,K,A

® 4 different suits: Hearts, Diamonds, Clubs, Spades




COUNTING CARDS

® How many possible 5 card hands?

® A "straight” is five consecutive rank cards of any suit.
How many possible straights?

® 52 total cards
e 13 different ranks: 2,3,4,5,6,7,8,9,10,3,Q,K,A
® 4 different suits: Hearts, Diamonds, Clubs, Spades



COUNTING CARDS

® How many possible 5 card hands? (52
5

® A flush is five card hand all of the same suit.
How many possible fluhes?




COUNTING CARDS

A "straight” is five consecutive rank cards of any suit. How
many possible straights?

10 - 4° = 10, 240

A flush is five card hand all of the same suit.
How many possible flushes?

13
4. — 5,148
(5)

How many flushes are not straights?




THE SLEUTH'S CRITERTON (RuDICH)

EXAMPLE: How many ways are there to choose a 5 card hand
that contains at least 3 Aces?

4: . 4£) First choose 3 Aces, then choose
3 2 remaining two cards.



THE SLEUTH'S CRITERION (RUDICH)

EXAMPLE: How many ways are there to choose a 5 card hand
that contains at least 3 Aces?

choose 3 Aces, then choose
ing two cards.



THE SLEUTH'S CRITERTON (RuDICH)

EXAMPLE: How many ways are there to choose a 5 card hand
that contains at least 3 Aces?

WHEN TN DOUBT, BREAK SET UP INTO DISJOINT SETS YOU
KNOW HOW TO COUNT AND THEN USE THE SUM RULE.



b BY § CHESSBOARD

HOW MANY WAYS TO PLACE A PAWN, A BISHOP AND A KNTGHT SO THAT
NONE ARE TN TRE SAME ROW OR COLUMN




ROOKS ON CHESSBOARD

HOW MANY WAYS TO PLACE TWO IDENTICAL ROOKS ON A CHESSBOARD S0
THAT THEY DON'T SHARE A ROW OR A COLUMN

(+) **1
& O
© ¢F
() T dontvous




DOUGHNUTS

fOU GO TO TOP POT TO BUY A DOZEN DONUTS. fOUR CHOTCES ARE
CHOCOLATE, LEMON-FILLED, MAPLE, GLAZED, PLAIN

HOW MANY WAYS ARE THERE TO CHOOSE A DOZEN DOUGHNUTS WHEN

DOUGHNUTS OF THE SAME TYPE ARE INDISTINGUISHABLE!




STARS AND BARS/DIVIDER METHOD

THE NUMBER OF WAYS TO DISTRIBUTE N INDISTINGUISHABLE BALLS
INTO K DISTINGUTSHABLE BINS TS




DOUGHNUTS

fOU GO TO TOP POT TO BUY A DOZEN DONUTS. fOUR CHOTCES ARE
CHOCOLATE, LEMON-FILLED, MAPLE, GLAZED, PLAIN

HOW MANY WAYS ARE THERE TO CHOOSE A DOZEN DOUGHNUTS WHEN

DOUGHNUTS OF THE SAME TYPE ARE INDISTINGUISHABLE!




DOUGHNUTS

fOU GO TO TOP POT TO BUY A DOZEN DONUTS. fOUR CHOTCES ARE
CHOCOLATE, LEMON-FILLED, SUGAR, GLAZED, PLAIN
HOW MANY WAYS ARE THERE TO CHOOSE A DOZEN DOUGHNUTS WHEN YOU WANT

AT LEAST 1 OF EACH TYPET




ANAGRAMS E

HOW MANY WAYS CAN YOU ARRANGE THE LETTERS IN “GODOGGY "

=] LETTERS, K4 TYPES £6.0.D 1) @

N1=3,N2=2,N3=LN4=1

3!2]!!1!1! ) ( 3,;,1,1 )



MULTINOMIAL COEFFICIENTS

[F WE HAVE K TYPES OF OBTECTS (N TOTAL), WITH Ny OF THE FIRST TYPE,
N5 OF THE SECOND, ., AND N, OF THE K™, THEN THE NUMBER OF
ARRANGEMENTS POSSTBLE IS

N ) !
( NN NS NN




(OMBINATORTAL ARGUMENT/PROOF

LET S BE A SET OF OBJECTS
o  SHOW HOW TO COUNT [SI ONE WAY =) SI=N
o  SHOWHOWTO COUNT ISI ANOTHER WAY =) 51 = M

) = ()
() = ¢+
() =0

(ONCLUDE N=M



COMBINATORIAL PROOFS: EXAMPLE

Show that (7) = (1=2) + (7).
Consider the set of numbers {1,2, ..., n}.




COMBINATORIAL PROOFS: EXAMPLE

Show that (7) = (1=2) + (7).
Consider the set of numbers {1,2, ..., n}.

Left Side: Counts the number of subsets of size k.

Right Side: Two cases. We either include the number 1 or not.
e If we include the number 1, we need to choose k — 1 out of the
remaining n — 1.
e If we don't include it, we need to choose k out of the remaining
n-—1.



COMBINATORIAL PROOFS: EXAMPLE

Show that (7) = (1=2) + (7).
Consider the set of numbers {1,2, ..., n}.

Left Side: Counts the number of subsets of size k.



COMBINATORIAL PROOFS: [1/\MP[E
Show that (}) = (727) + (Xk1 / S

Consider the set of numb

|Ee————
Left Side: Counts the k.
\
Right Side: Twy{ses. ber 1 or not.
e If we include the nu oose k — 1 out of the
remaining n — 1/

e If wedon't include it, we. need'+o cho‘ se Aw of the remaining

n—1.



THE ALTERNATIVE....

Show that () = (1=2) + ("7?).

n—1 s IS (n—1)! (n—1)!
Q—¢)+(k )‘m—iﬂm—ky+kun—1—m!
= 20 years later ...

n!

Tk (n—k)!

= (i)




100LS AND CONCEPTS

Sum rule, Product rule
Permutations, combinations
Inclusion-exclusion
Binomial Theorem
Combinatorial proofs
Pigeonhole principle

Stars and bars




COUNTING 15 NOT FOR KINDERGARTENERS




