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Why probability and statistics?
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Counting Is hard with only 10 fingers
How many ways are there to do X?
● X = “Choose a number between 1 and 10”

● X = “Walk from 1st and Spring to 5th and Pine

Pine

Pike

Union

Spring
1st 2nd 3rd 4th 5th



Counting is hard when numbers or large or 
constraints are complex
● Sum rule
● Product Rule
● Permutations
● Complementary Counting



Sum rule
If an experiment can either end up being one of n outcomes, or 
one of m outcomes (where there is no overlap), then the number 
of possible outcomes of the experiment is 

N+m



Counting “outfits”
If an outfit consists of either a top or a bottom, 
how many outfits are possible? 

O.O



Product rule
If an experiment has n1 outcomes for the first stage, n2 outcomes for the second 
stage (given the first), …, and nm outcomes for the mth stage (given the previous 
stages), then the total number of outcomes of the experiment is.  n1 x n2 x … nM

meat 4

meat cheese 2

west
Mt m2 m4

u 4 2



Product rule
If an experiment has n1 outcomes for the first stage, n2 outcomes for the second 
stage, given the first, …, and nm outcomes for the mth stage, given the previous, 
then the total number of outcomes of the experiment is. n1 x n2 x … nM

Example: How many n bit strings are there?

=xx X … X x N
2 2 2 2 2 2

choices choices
for1st far2nd
but



Product Rule
● How many N-bit numbers are there?   2N

● How many subsets of a set of size 26?   {A,B,C,D,…,Z}

=xx X … X x 26
2 2 2 2 2 2
is A is B is Z
in or in on in
ont out or not



ATM’s and Pin Codes and robbers



ATM’s and Pin Codes

=xx
# possible 

first digits
# possible 4-
Digit PiNs

# possible 
Second digits

# possible 
third digits

# possible 
fourth digits

x

● How many 4-digit pin codes are there?  

● Each digit is one of {0,1,2,…,9} 10possible
choieuasmfafigidf.PT

4
10 10 10 10 10



(Back to) ATM’s and Pin Codes and robbers

10 =xx
# possible 

first digits
# possible 4-
Digit PiNs

10 10 10000
# possible 

Second digits
# possible 

third digits

10
# possible 

fourth digits

x

So one in ten thousand chance that a robber can 
guess your pin code...



Stronger pins
10-digit pin code, must use each digit exactly once

How many such pins?

=xx
# possible 

first digits
# possible 

PiNs
# possible 

Second digits
# possible 

third digits
# possible 

tenth digits

X … X 
# possible 

ninth digits

x10 9 8 2 I 3,628,800

10



Permutations
The number of orderings of n distinct objects is

N! = n x (n-1) x (n-2) x … x 3 x 2 x 1

Read as “n factorial”

as

26



Tricky pins
10-digit pin code, has at least one digit repeated at least once

How many such pins?

E.g., 1111111111, 0123456788, 9876598765, … 



Tricky pins
10-digit pin code, has at least one digit repeated at least once

How many such pins?

10 =xx
# possible 

first digits
# possible 

PiNs
# possible 

Second digits
# possible 

third digits
# possible 

tenth digits

X … X 
# possible 

ninth digits

xI O

t



Tricky pins
10-digit pin code, has at least one digit repeated at least once

How many such pins? All 10-digit pins:

10-digit Pins with 
no repeats: 

10
10

10 digit pins
w.tn atleast 10
one dig't

repeated

10 10



Tricky pins
10-digit pin code, has at least one digit repeated at least once

How many such pins?

10-digit Pins with no repeats10-Digit pins with at least one repeat: ???

All 10-digit pins

10-digit Pins with no 
repeats: 10!

All 10-digit pins: 10101010 - 10!



Complementary counting
Let U be a (finite) universal set, and S a subset of interest. Let 
u\S denote the set difference. Then,

|S| = |U| - |U\S|

That is, the complement of the subset of interest is ALSO of 
interest… 11

at least
It 11
Some



Let’s expand our toolbox some more
● k-Permutations
● Combinations/Binomial Coefficients
● Combinatorial proofs
● Multinomial Coefficients



Mini-Rainbows?
How many 3-Color Mini-Rainbows can be made out of 7 
available colors?

palate



Mini-Rainbows
How many 3-Color Mini-Rainbows can be made out of 7 
available colors?

=xx
# possible 

Outer Colors
# possible 

MinI-Rainbows
# possible 

Middle Colors
# possible 

Inner Colors

7 6 5

76.5



Let’s find a shorthand

7 x 6 x 5     =  7 x 6 x 5    x     4 x 3 x 2 x 1  
4 x 3 x 2 x 1

We are “Picking” 3 out of the 7 available Colors.

O

i

so



Let’s find a shorthand

7 x 6 x 5     =  7 x 6 x 5    x     4 x 3 x 2 x 1  
4 x 3 x 2 x 1

We are “Picking” 3 out of the 7 available Colors.

=    7!  
4!  

=    7!  
(7-3)!  



k-Permutations
If we want to arrange only k out of n distinct objects, the 
number of ways to do so is

P(n,k) = n x (n-1) x (n-2) x ...x  (n-k+1) =

Read as “N pick K”   

N!
(n-K)!Or
g

n t
a



Smeared Mini-Rainbows
How many ways are there to pick 3 different colors out of 7 if 
I’m going to smear them all together? 

I k y

I smearedcolor 3 mini rainbows



Mini-Rainbows Again
Recall there were 210 mini-rainbows. Look at these particular 
3! = 6 mini-rainbows with Blue, Orange, and Red.

They all produce the SAME “smear”!



Smeared vs mini-rainbows

# “smeared” colors                                       # mini-rainbows

47,3 3 177,3
Tea

1371 47,3
PH 7134 3

7 choose3



Mini-Rainbows Again
Each “smeared” color is counted exactly 3! = 6 times, so we can 
take our 210 mini-rainbows and divide by 6 to get the answer!

P(7,3)
3! = 7!

3!(7-3)!



Combinations/Binomial Coefficients

P(n,k)
k!

N
k(   ) = = n!

k!(N-k)!C(n,k) =

If we want to select (order doesn’t matter) only k out of n 
distinct objects, the number of ways to do so is

Read as “N choose K”   
Both Acceptable



Symmetry in Binomial Coefficient
Notice N

k(   ) = n!
k!(N-k)!

n!
(N-k)!K!= (    )N

N- k=

P N K P N N K

KI



Symmetry in Binomial Coefficient
Notice N

k(   ) = n!
k!(N-k)!

n!
(N-k)!K!= (    )N

N- k=

Why?? 

How?? 



More intuitive reason
Number of ways to choose k out of n objects (unordered)
● Choose which k elements are included
● Choose which n-k elements are excluded



Symmetry in Binomial Coefficient
Consider n=4, K=1. We want to show C(4,1)=C(4,3) intuitively. 

C(4,1)=4 C(4,3)=4 44 5 a

cost



More intuitive reason
Number of ways to choose k out of n objects (unordered)
● Choose which k elements are included                      
● Choose which n-k elements are excluded

This is called a combinatorial argument/proof
● Let s be a set of objects
● Show how to count |S| one way => |S|=N 
● Show how to count |S| another way =>. |S| = m

I

N M



combinatorial argument/proof
● Let s be a set of objects
● Show how to count |S| one way => |S|=N                                   conclude n=m
● Show how to count |S| another way =>. |S| = m



Combinatorial Proofs: Idea



Combinatorial Proofs: Idea



Combinatorial Proofs: Idea



Combinatorial Proofs: Idea



The alternative….



How many ways to walk from 1st and spring to 5th and pine?

Pine

Pike

Union

Spring
1st 2nd 3rd 4th 5th

Only going north and east

a 27
15

447
d P 7,3



How many ways to walk from 1st and spring to 5th and pine, 
stopping at the starbucks on 3rd and pike

Pine

Pike

Union

Spring
1st 2nd 3rd 4th 5th

Only going north and east
37

b 3 7

HM
Tal ta



Random Picture



anagrams
How many ways can you arrange the letters in “math”? 

MATH
a 44

b 4

4174



anagrams
How many ways can you arrange the letters in “math”? 

4! = 24 since they are distinct objects!

MATH



anagrams
How many ways can you arrange the letters in “muumuu”? 

a 6

b E Y
c G

d 6.5



anagrams
How many ways can you arrange the letters in “muumuu”? 

Choose where the 2 M’s go, and then the U’s are set. Or
Choose where the 4 U’s go, and then the M’s are set.
Either way, we get

✓
6

2

◆
·
✓
4

4

◆
=

✓
6

4

◆
·
✓
2

2

◆
=

6!

2!4!
<latexit sha1_base64="V9kIZQyuzUELnn1PFZQFe/UD6cw="></latexit>



Another way to think about it

How many ways can you arrange the letters in “muumuu”? 



anagrams
How many ways can you arrange the letters in “Muumuu”? 

Another interpretation:
Arrange the 6 letters as if they were distinct. Then divide by 4! and 2!  to account for 
4 duplicate O’s and 2 duplicate P’s.

✓
6

2

◆
·
✓
4

4

◆
=

✓
6

4

◆
·
✓
2

2

◆
=

6!

2!4!
<latexit sha1_base64="V9kIZQyuzUELnn1PFZQFe/UD6cw="></latexit>



anagrams
How many ways can you arrange the letters in “Godoggy”? 

a 71

b 7

I
3 2 1

d E L 3



anagrams
How many ways can you arrange the letters in “Godoggy”? 

N=7 Letters, K=4 Types {G, O, D, Y} 



anagrams
How many ways can you arrange the letters in “Godoggy”? 

N=7 Letters, K=4 Types {G, O, D, Y} 
n1 = 3, n2 = 2, n3 = 1, n4 = 1 

7
3, 2, 1, 1(         )=7!

3! 2! 1! 1!



Multinomial Coefficients

N
n1 , n2 , …, nK

(             ) =

If we have k types of objects (n total), with n1 of the first type, 
n2 of the second, …, and nk of the kth, then the number of 
arrangements possible is

N!
n1! n2 ! … nK!



And finally…
● Binomial Theorem
● Inclusion-Exclusion
● Pigeonhole principle
● Stars and Bars/Divider Method



Binomial theorem: idea



Binomial theorem: idea



Binomial theorem: idea



Binomial theorem: idea



Binomial Theorem



Inclusion-Exclusion: idea



Inclusion-Exclusion: idea

36           7           13          

How many people like ice cream or donuts?



Inclusion-Exclusion

A

B

|A∪B| =|A|+|B|-|A∩B|

A

B
C

|A∪B∪C| =  |A| +  |B|  + |C|   
- |A∩B| - |A∩C| - |B∩C|           
+ |A∩B∩C|



Inclusion-Exclusion


