WELCOME T0 (SE312!



MOST IMPORTANT SOURCE OF INFORMATION

http://courses.cs.Washington.edu/312



WHY PROBABILITY AND STATISTICS]



+ much more!
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1. COUNTING



COUNTING IS HARD WITH ONLY 1U FINGERS

How many ways are there to do X?
® X = “Choose a number between 1 and 10”

e X = “Walk from 1st and Spring to 5t and Pine

o==® pine
§F o Pike
g e Union
® e Spring

lst 2nd 3 rd 4th 5th



COUNTING IS HARD WHEN NUMBERS OR LARGE OR
CONSTRAINTS ARE COMPLEX

SUM RULE
PRODUCT RULE
PERMUTATIONS
LOMPLEMENTARY COUNTING



SUM RULE

LFAN EXPERIMENT CAN ELTHER END UP BEING ONE OF N OUTCOMES, OR
ONEOF M OUTCOMES (WHERE THERE IS NO OVERLAP), THEN THE NUMBER
OF POSSIBLE OUTCOMES OF TRE EXPERTMENT I

N+M

M
N R




COUNTING “QUTFITS”

LFAN QUTFLT CONSISTS OF ETTHER A TOP OR A BOTTOM,
HOW MANY DUTFHFSAREPOSSTBLE!




PRODUCT RULE

LF AN EXPERTMENT HAS Ny OUTCOMES FOR THE FIRST STAGE, Ny OUTCOMES FOR THE SECOND
STAGE (GIVEN THE FIRST), ., AND Ny OUTCOMES FOR THE M™ STAGE (6TVEN THE PREVIOUS
STAGES), THEN THE TOTAL NUMBER OF OUTCOMES OF THE EXPERTMENT T5. SNy KNy A Ny

meoet “
OnalsR o

RPN




PRODUCT RULE

LF AN EXPERTMENT HAS Ny OUTCOMES FOR THE FIRST STAGE, Ny OUTCOMES FOR THE SECOND
STAGE, GLVEN THE FIRST, ., AND Ny, OUTCOMES FOR THE M™ STAGE, GIVEN THE PREVIOUS,

THEN THE TOTAL NUMBER OF OUTCOMES OF THE EXPERIMENT 15, Ny X'Ny Xk ... Ny

EXAMPLE: HOW MANY N BIT STRINGS ARE THERE!
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PRODUCT RULE

® How many N-bit numbers are there?

e How many subsets of a set of size 26?
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ATM"S AND PIN CODES AND ROBBERS




ATM"S AND PIN CODES

® How many 4-digit pin codes are there?

e Each digit is one of {0,1,2,..,9} m?oss;‘w\ SO
sL Ly bwt:z\%’g,\oﬁt}s*'
w.
WO L (10 X[ Vo] = |10
ff POSSIBLE ff POSSIBLE ff POSSIBLE ff POSSIBLE i POSSIBLE -

FIRST DIGITS  SECOND DIGITS ~ THIRD DIGITS  FOURTH DIGITS DIGIT PINS



(BACK T0) ATM’S AND PIN CODES AND ROBBERS ;

Wox 100 e W = 10000
AIOSBLE  HPOSILE  HPOSSIBE POSSILE # OSSILE V-
FSTOIGHS  SECOND DIGITS  THIRD DIGTS  FOURTH DIGIS DI6IT Il

50 ONEIN TEN THOUSAND CHANCE THAT A ROBBER CAN
GUESS YOUR PIN CODE...



STRONGER PINS

[U-DIGLT PIN CODE, MUST USE EACH DIGIT EXACTLY ONCE
HOW MANY SUCH PINS!

|10

ff POSSIBLE
FIRST DIGITS

q

if POSSIBLE
SECOND DIGITS

3

ff POSSIBLE
THIRD DIGITS

-

\O"

I

AR \ =13, 6%
HOOSSIBLE  # P0SSIBLE # POSSTBLE
NINTH DIGITS TENTH DIGITS — PINS



PERMUTATIONS

THE NUMBER OF ORDERINGS OF N DISTINCT OBJECTS 1§
NE=NX(N-1) K (N-2) X X3 2x]

READ AS “N FACTORIAL”




TRICKY PIN PP

[U-DIGLT PIN CODE, HAS AT LEAST ONE DIGIT REPEATED AT LEAST ONCE
HOW MANY SUCH PINS!

6., L, 0123456@ 117651416, ...

-




TRICKY PIN PP

[U-DIGLT PIN CODE, HAS AT LEAST ONE DIGIT REPEATED AT LEAST ONCE

—— 4

HOW MANY SUCH PINS!

WX 10 - I

0
ff POSSIBLE ff POSSIBLE ff PPSSIBLE f POSSIBLE ~ # POSSIBLE ff POSSIBLE
FIRST DIGITS ~ SECOND DIGITS  THIRDY DIGITS NINTH DIGITS TENTH DIGITS PINS




TRICKY PINS PP

[U-DIGLT PIN CODE, HAS AT LEAST ONE DIGIT REPEATED AT LEAST ONCE
HOW MANY SUCH PINS! o

ALLI0-DIGIT PINS: (Q

\o-duy‘v Riv?
WV Y \eoS™
one &\cs"' .

10-DIGIT PINS WITH
NO REPEATS: QY




THICKY PINS P

[U-DIGLT PIN CODE, HAS AT LEAST ONE DIGIT REPEATED AT LEAST ONCE
HOW MANY SUCH pINST 1010 - 10!

ALL10-DTGIT PINS: 100

10-DT6IT PINS WITH NO

ST ONE REPEAT- 11 lighe

10-DTGIT PINS WITH AT LEA




COMPLEMENTARY COUNTING

LET U BE A (FINTTE) UNTVERSAL SET, AND § A SUBSET OF INTEREST. LET
UNSSDENOTE THE SET DIFFERENCE. THEN,

51 = U - [UNS]

THATTS, THE COMPLEMENT OF THE SUBSET OF INTEREST 15 ALSU OF
INTEREST ...

\f
Vo least
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LET"S EXPAND OUR TOOLBOX SOME MORE

o [-PERMUTATIONS

® [OMBINATIONS/BINOMIAL COEFFICIENTS
® [OMBINATORTAL PROOFS

® ULTINOMIAL COEFFICIENTS



MINI-RAINBOWS! : [

HOW MANY 3-COLOR MINT-RATNBOWS CAN BE MADE OUT OF /
AVATLABLE COLORS!

4
T\



MINT-RATNBOWS i}

HOW MANY 3-COLOR MINT-RATNBOWS CAN BE MADE OUT OF /
AVATLABLE COLORS!

+ 16 1S -\ &0

if POSSIBLE if POSSIBLE ff POSSIBLE if POSSIBLE
QUTER COLORS ~ MIDDLE COLORS ~ INNER COLORS MINI-RAINBOWS

765




LET'S FIND A SHORTHAND %D
EUSRERRII mxm} A1
[ L ) = -

Mx&xm T G

WE ARE “PICKING™ 3 OUT OF THE / AVATLABLE COLORS.



LET"S FIND A SHORTHAND

PYOy = 7Xey o kedxaxt o= Jbo= ]l

2SRV i (1-3)!

WE ARE “PICKING™ 3 OUT OF THE / AVATLABLE COLORS.



K-PERMUTATIONS

LFWEWANT TO ARRANGE ONLY K OUT OF N DISTINCT OBJECTS, THE
NUMBER OF WAYS T0 D0 50 I§

IV N1 (N-1) 1 (N-2) 1 (N-KeL) = w0

READ AS “N p1ck K

) _




SMEARED MINIT-RAINBOWS %

HOW MANY WAYS ARE THERE TO PICK 3 DIFFERENT COLORS OUT OF / IF
1"M GOING TO SMEAR THEM ALL TOGETHER!

: ;

R Q

<L\PD

\ Sheared coov -f—b ?; \, M vanbuws




MINT-RAINBOWS AGAIN

RECALL THERE WERE 210 MINT-RAINBOWS. LOOK AT THESE PARTICULAR
31= b MINI-RAINBOWS WITH BLUE, ORANGE, AND RED.

THEY ALL PRODUCE THE SAME “SMEAR”



SMEARED VS MINI-RAINBOWS %

# “SMEARED™ (OLORS # MINT-RAINBOWS
C(:F'%) °© %\ — PC“,%>
3 — I
+\ _ _ P(:h%) _ +
(3>“ C/ﬁf’) - X ) 3\"

Fheose Y



MINT-AINBOUS AGAIN %}

EACH “SMEARED™ COLOR IS COUNTED EXACTLY 31 = § TIMES, SO WE CAN
TAKE OUR 210 MINT-RAINBOWS AND DIVIDE BY b T0 GET THE ANSWER!




COMBINATIONS/BINOMIAL COEFFICTENTS

LFWE WANT TO SELECT (ORDER DOESN'T MATTER) ONLY £ OUT OF N
DISTINCT OBJECTS, TRE NUMBER OF WAYS TO DO 50 18

\
/[(VN’K) _ (K) — P(N,K) — N!- .
BOTH ACCEFTABLE —

READ AS “N CHOOSE K"




SYMMETRY TN BINOMIAL COEFFICTENT %

ot () = g - (N%!K!_ e

P(W \4) P(\J )“ ~\¢)

K, —Q‘" Y




SYMMETRY TN BINOMIAL COEFFICTENT \\

i () - e = oo = (o

i [ @ (@
@ /




MORE INTUITIVE REASON

NUMBER OF WAYS TO CHOOSE £ OUT OF N OBJECTS (UNORDERED)
-+~ CHOOSE WHICH K ELEMENTS ARE INCLUDED
« CHOOSE WHICH N-K ELEMENTS ARE EXCLUDED




SYMMETRY TN BINOMIAL COEFFICTENT %

CONSIDER N=H, K=1. WE WANT 10 SHOW C(%,1)=C(%,3) INTUITIVELY.

(NEE D )

(2 ()



MORE INTUITIVE REASON

NUMBER OF WAYS T0 CHOOSE K OUT OF N 0BJECTS (UNORDERED)
o  CHOOSE WHICH K ELEMENTS ARE INCLUDED
o  CHOOSE WHICH N-K ELEMENTS ARE EXCLUDED

THIS IS CALLED ACOMBINATORTAL ARGUMENT/PROOF
& LETSBE ASET OF OBJECTS
&) SHOW HOW T0 COUNT 151 ONE waY - )JSIEN —y N=W

) SHOWHOW TO COUNT ISI ANOTHER WAY =) &Sk =M
n AN
(K\:(‘\“\;



(OMBINATORTAL ARGUMENT/PROOF

LET S BE A SET OF OBJECTS
o  SHOW HOW TO COUNT [SI ONE WAY =) SI=N
o  SHOWHOWTO COUNT ISI ANOTHER WAY =) 51 = M

) = ()
() = ¢+
() =0

(ONCLUDE N=M



COMBINATORTAL PROOFS: IDEA

Show that (7) = (1=2) + (7).
Consider the set of numbers {1,2, ..., n}.




COMBINATORTAL PROOFS: IDEA

Show that (7) = (1=2) + (7).
Consider the set of numbers {1,2, ..., n}.

Left Side: Counts the number of subsets of size k.



COMBINATORTAL PROOFS: IDEA

Show that (7) = (1=2) + (7).
Consider the set of numbers {1,2, ..., n}.

Left Side: Counts the number of subsets of size k.

Right Side: Two cases. We either include the number 1 or not.
e If we include the number 1, we need to choose k — 1 out of the
remaining n — 1.
e If we don't include it, we need to choose k out of the remaining
n-—1.



COMBINATORIAL PROOFS: IiEA
Show that (}) = (727) + (Xk1 /

Consider the set of numb

|Ee————
Left Side: Counts the k.
\
Right Side: Twy{ses. ber 1 or not.
e If we include the nu oose k — 1 out of the
remaining n — 1/

e If wedon't include it, we. need'+o cho‘ se Aw of the remaining

n—1.



THE ALTERNATIVE....

Show that () = (1=2) + ("7?).

n—1 s IS (n—1)! (n—1)!
Q—¢)+(k )‘m—iﬂm—ky+kun—1—m!
= 20 years later ...

n!

Tk (n—k)!

= (i)




HOW MANY WAYS TO WALK FROM L' AND SPRING T0 5™ AND PINE!

® 7% Pine

% o Pike

® e Uni

ONLY GOING NORTH AND EAST — B

ce
(a) a ) ) ° Spr
(b) (}> 1st ond 3rd 4th 5th

3

(9 (3)



HOW MANY WAYS TO WALK FROM 1’ AND SPRING T0 5™ AND PINE,
STOPPING AT THE STARBUCKS ON 3* AND PIKE

ONLY GOING NORTH AND EAST . . %gg.‘ :::
() (:D s Ji. e o Unic
& () T e
© G

QIRIE



RANDOM PICTURE




ANAGRAMS

HOW MANY WAYS CAN YOU ARRANGE THE LETTERS TN “MATH"]

(&) %
(b) !

Cly

MAT




ANAGRAMS E

HOW MANY WAYS CAN YOU ARRANGE THE LETTERS TN “MATH"]
{1 = 24 SINCE THEY ARE DISTINCT OBJECTS!

MAT



ANAGRAMS E

HOW MANY WAYS CAN YOU ARRANGE THE LETTERS IN “MUUMUU™]

(o) 6!
(® (5)()
© (4

(4 65




ANAGRAMS E

HOW MANY WAYS CAN YOU ARRANGE THE LETTERS IN “MUUMUU™]

CHOOSE WHERE THE 2 M"S GO, AND THEN THE U"S ARE SET. OR
CHOOSE WHERE THE 4 U"S GO, AND THEN THE M"§ ARE SET.

e A w6t (5)- () = (5) (3) = o




ANOTHER WAY TO THINK ABOUT IT

HOW MANY WAYS (A

N YOU ARRANGE THE

3

FTTERS IN “MUUMUU™T




ANAGRAMS

HOW MANY WAYS CAN YOU ARRANGE THE LETTERS IN “MUUMUU™]

() ()= () () -

ANOTHER INTERPRETATION:
ARRANGE THE & LETTERS AS IF THEY WERE DISTINCT. THEN DIVIDE BY 4 AND 2! T0 ACCOUNT FOR
| DUPLLCATE 0" AND 2 DUPLLCATE P'S.



ANAGRAMS E

HOW MANY WAYS CAN YOU ARRANGE THE LETTERS IN “GODOGGY "

\ W

© L
1
(C) S

G D)




ANAGRAMS E

HOW MANY WAYS CAN YOU ARRANGE THE LETTERS IN “GODOGGY "

=] LETTERS, K4 TYPES £6.0.D 1) @




ANAGRAMS E

HOW MANY WAYS CAN YOU ARRANGE THE LETTERS IN “GODOGGY "

=] LETTERS, K4 TYPES £6.0.D 1) @

N1=3,N2=2,N3=LN4=1

3!2]!!1!1! ) ( 3,;,1,1 )



MULTINOMIAL COEFFICIENTS

[F WE HAVE K TYPES OF OBTECTS (N TOTAL), WITH Ny OF THE FIRST TYPE,
N5 OF THE SECOND, ., AND N, OF THE K™, THEN THE NUMBER OF
ARRANGEMENTS POSSTBLE IS

N ) !
( NN NS NN




AND FINALLY...

® BINOMIAL THEOREM

® [NCLUSTON-EXCLUSTON

® IGEONHOLE PRINCIPLE

® TARS AND BARS/DIVIDER METHOD



BINOMIAL THEOREM: IDEA

x+9)° =@ +y)(x+y)

XX +xy+yx+yy

x% + 2xy + y?



BINOMIAL THEOREM: IDEA




BINOMIAL THEOREM: IDEA

e+ ) = (Y + P+ E+y)

xxxx + yyyy + xyxy + yxyy + ---



BINOMIAL THEOREM: IDEA

x+y)*=Ex+E+y)E+y)(x+Y)

Each term is of the form x*y™* (in our case, n = 4), since we multiply
exactly n variables, either x or y.

How many times do we get x*y™*? The number of ways to choose k of
them to produce x (the rest will be y).



BINOMIAL THEOREM

Let x,y € Rand n € N a positive integer. Then,

n

(x + y)n - Z (:) xkyn—k

k=0



INCLUSION - EXCLUSION: TDEA
A A B




[NCLUSTON - EXCLUSION : IDEA %1
Al =43
B| = 20

ANB|=7

NOW MANY PEOPLE LIKE TCE CReAM OR DoNUTS! |A U B =227
JAUB|=36+7+13=56=43+20—7=|A|+ |B| - |AN B|




[NCLUSION - EXCLUSION

A
B

|AUB| =|A[+|B|-|ANB]

A
C
B

|JAUBUC| = [A| + |B| +[C]
- |ANB| - JANC] - [BNC]|
+ JANBNC|




[NCLUSION - EXCLUSION

Let A, B be sets. Then,
|JAUB| = |A| + |B| — |[An B|.
In general, if Ay, A,, ..., A, are sets, then

|A; U ...U A, | = singles — doubles + triples — quads + -

= (|A1| s IAnD o (|A1 N AZI an an |An—1 N Anl) ap b



