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Parameter Estimation - Workflow

Parameter
estimate

Independent
> samples x4, ..., X, + Algorithm ———
from P(x|60)

Distribution
P(x|6)

TN

6 = unknown parameter

___________________________________________________________________________________________________________________________________________________________________

~ Maximum Likelihood Estimation (MLE). Given data x4, ...., x,,, find
0 = 0(xy, ..., x,) (“the MLE”) such that L(x, ..., x,,|0) is maximized!



Likelihood - Continuous Case

___________________________________________________________________________________________________________________________________________________________________

Definition. The likelihood of independent observations x4, ...., x,, is

LGy, s 2al) = | | FC10)

___________________________________________________________________________________________________________________________________________________________________



Example - Gaussian Parameters

Normal outcomes x4, ..., x,,, known variance 6% = 1

Goal: MLE for u = expectation

_(xi “)2 1 - (xi—p)?
L(xq, .., X |pt) = 1_[ = (T) 1_[3‘ 2
V2m/ 1

In2mr <o (x; — w)?

InL(xqy,....,x,|0) =—n



Example - Gaussian Parameters Goal: estimate p = expectation

& 2
In 27 (x; — )
InL(xq, ..., xp|lp) =—n _2
2 - 2
1=

0 (xi—w?* _ 1

Note: 2~ =2 (=) (=D =pu—x
n n
a_lnl‘(xll ’xnlﬂ) :Z(xi_,u) =le—n,u=
=1 i=1

_______________________________

- Xt In other words, MLE is the
H= n ~ population mean of the data.




n samples x4, ..., x,, € R from Gaussian V' (i, 7%). Most likely 1 and 622
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Two-parameter optimization

Normal outcomes x4, ..., X,

Goal: estimate 6, = |1 = expectation and 8, = ¢ = variance

n Mo (x—61)2

‘ ‘e_ 20,
l'_




Two-parameter estimation

In 27 6, z": (x; — 0;)?

ln L(Xl; ----)xnlel' 62) oE 7 28
2

i=1
We need to find a solution 8;, 0, to

601 lnL(xl) -an|61i82) =0

T —InL(xq,....,x,]|04,60,) =0



MLE for Expectation In2m 6, ~O (x; — 6;)2
InLCxy, .., Xnl83, 8) = —n———2 - z —
2

=1

d
30, — 0 D521 s p 22 ||Bh L, B ) = 6, Z(xl —6;)=0

_______________________________

In other words, MLE of expectation is
(again) the population mean of the
data, regardless of 0,

What about the variance?



MLE for Variance

ln 2T 92 2 (xl = 91)

In L(xl, ....,xnlél, 02) = —

L In2m ln92 2( )2
DA T A

0 . n
6_021nL(x1' ....,xn‘Hl,Hz) = _292 Zezz(xl ) —

_________________________________________________________________

) 1% A 87 In other words, MLE of variance is the
9 = ﬂz(xl —61) ~ population variance of the data.
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So far

* We have decided that MLE estimators are always good.

* But why is it really the case?
— Next: A natural property not always satisfied by MLE
— And why MLE is nonetheless “good”
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When is an estimator good? Parameter
estimate

/

' Algorithm —— 0,

Distribution _samples Xy, ..., Xp
P(x|0) from P(x|60)

6 = unknown parameter

_____________________________________________________________________________________________________________________________________________________________________

_____________________________________________________________________________________________________________________________________________________________________
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Example - Coin Flips " Recall: § =

LetZ,,...,Z, bes.t. Z; = 1 iff x; = H (and 0 otherwise)
In particular P(Z; = 1) =6

n
=1

- 1 I 1 - 1
" ni=1 n
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Notes

* Unbiasedness is not the ultimate goal either

— Consider estimator which sets 8 = 1 if first coin toss is heads, and
A = 0 otherwise — regardless of number of samples.

—PO,=1) =0
_E6,) =0

* Generally, we would like instead P(©,, = 6) with high
probability as n — oo,

— Will discuss this on Monday.
— Unbiasedness is a step towards this.
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Example — Gaussian

Normal outcomes X1, ..., X,, iid according to V' (1, 02)

____________________________________

____________________________________
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Example — Gaussian

Normal outcomes X1, ..., X,, iid according to V' (1, 02)

_______________________________________

o, ZIX
n

0 = E(X) _ 1 H Therefore: Unbiased!

E(0,) = lln( l):T:M erefore: Unbiase
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Example — Gaussian

Normal outcomes X, ..., X,, iid according to N'(u,6%)  Assume: g% > 0

______________________________________________________________________________________________________________________________

______________________________________________________________________________________________________________________________

Unbiased!

- X . 1 -
@1:lex1 @2:I(X1—X1)2= E(©;) =0 # o7

Next time: Unbiased estimator proof + more

e R |
Therefore: Biased! intuition + confidence intervals
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Example - Consistency

Normal outcomes X, ..., X,, iid according to N'(u,6%)  Assume: g% > 0

______________________________________________________________________________________________________________________________

______________________________________________________________________________________________________________________________

Population variance — Biased! Sample variance — Unbiased!

Left ©, converges to same value as right 0,, i.e., 0%, as n — .

Left O, is “consistent”
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Consistent Estimators & MLE

Distribution
P(x|0)

- samples X5, ..., X,

6 = unknown parameter

~ from P(x|6)

Parameter
estimate

» Algorithm

———————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————

n—00

_______________________________________________________________________________________________________________________________________

_____________________________________________________________________________________________________

(But not necessarily
unbiased)
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