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Things we mentioned, but did not prove:
e f X ~N(u,0%),thenaX + b ~ N(au + b,a*c?).

e IfX; ~ N (uyg,0f) and X, ~ N (uy, 04), then X; + X, ~
N (py + pa, 0f + 03).

* The Central Limit Theorem (CLT).
(Aka. “Everything” converges to a Gaussian!)



Reminder

We are going to use this many times today!



Moments

1st moment = expectation E(X)
1st moment and 2nd moment — variance Var(X) = E(X?) — E(X)?

Generally, a random variable is determined uniquely by its moments.
... let’s make this more formal!




Moment Generating Functions

_____________________________________________________________________________________________________________________________________________________________________

Definition. The moment generating function (MGF) of X is the
function My: R - R

t? t3
=1+ EX)t+ IE(XZ)? I IEI(X?’)E - oo



MGFs - Basic Properties

___________________________________________________________________________________________________________________________________________________________________

Theorem. If X and Y are independent, then forall ¢ € R,
My, y(t) = My (8) - My ()

Proof.

Myy (8) = E(e* 1) = E(e™e™) = E(e™) - E(e™) = My(t) - My(t)



Example — MGF of Poisson

___________________________________________________________________________________________

My () = E(e™) = z P(X =10)- et
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Example — Sum of Poissons

———————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————

Claim. If X, ~ Poi(1,) and X, ~ Poi(1,) are independent, then
I Xl + Xz B POl(Al + Az)

Proof
: i /11(8 —1) | ] T
Previous MXl (t) & . Reminder: If X and Y are independent, then
slide i A - My (£) = My(£) - My (D)
— 2 o (i RO T 5 5o e | NS e | VPR S S (VSR v
[ My, (t) =e

My, +x,(t) = My, (t) - My, (t) = et(e'=1) . g2z(ef~1) = g(1+22)(e"~1)

X1 + X2 = POI(Al + /12)




MGF of the Normal Distribution

——————————————————————————————————————————————————————————————————————————————————————————————————————

t2 02

Theorem. If X~V (u, 62), then My (t) = e"*

______________________________________________________________________________________________________

We will prove it below, but first, some interesting consequences!



t2 g2

. Theorem. If X~V (i, 0'2), then My (t) = e** 2~

My (t) = E(et@X+D)) = E(etaX th)
— etb]E(e(ta)X)
= et M, (ta)
= 8“’et“‘“rtzazza2 — e"L(‘”“rb)thzazza2 ‘/ II;/,‘EES)N(% i
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t2 g2

. Theorem. If X~V (i, 0'2), then My (t) = e** 2~

_____________________________________________________________________________________________________________________________________________________________________

Fact 2. If X, ..., X,, independent and X; ~ V' (u;, 57), then
| X+ 4 Xy~ N(ug + -+ n, 62 + - + 62)

_____________________________________________________________________________________________________________________________________________________________________

Wil a2} = Wil (8]} o iy (2]

o t2o2

t?(of+-+03)
thn+— 0

ptH1t tin)+ >

N

MGF of V' (q + - + pin, 0F + -+ + 0)

tuq+
:e'ul 2 o0 O

Try a direct proof for both facts?

11



MGF of the Normal Distribution — Proof — Standard Normal

Recall: If X~ (0,1), then fy(x) = %_ne—xz/z

1

MX(t)=IE(€tX __j el —x2/2dx :Tj etx—xz/zdx
VATl J—-oo
tx—ﬁ C2tx—x*  t?—(x—1t)*
2 2 - 2
fm i /24 i f —(Ge=t)7)2 & t2/2
X = € e e 90 = &
V V2m J_
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MGF of the Normal Distribution - General Proof (1/2)

Recall: If X~V (u, ), then fy(x) = —— e~ ®=H)?/20”

V2Tto

+00
My (t) = IE(etX) il f etxe_(x_“)z/ZGde
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MGF of the Normal Distribution - General Proof (2/2)

Recall: If X~V (u, ), then fy(x) = —— e~ ®=H)?/20”

\V2ro
| i 2, dx 5 = Ui dx
Mx(t) = E(e™*) = e f et?0-2°/2 —dz Z = — =0
\/%0‘ A dz o dz
/
1 i 2 /9 Rewrite x as a
S \/ f et?072"2gdz function of z,
270 o and take
+m . . '
— ptH L etza—zz/z dz derivative!
V2T J_o
tZO'Z tzo'z
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Proof of the CLT

X4+ Xy —np

Theorem. (Central Limit Theorem) The CDF of Y,, converges to Yn
. the CDF of the standard normal V'(0,1), i.e., O-\/ﬁ
lim P(Y, <y) ! Jy —x*/24 X X, iid with mean u
im <y)=——| e X | ) eee )
e nY 5 38l 1 n .

and variance o

Proof shows that My (t) — et’/2 asn -

Let’s do this for the caseo = 1 and u = 0.

X+t X,

P My, () = E(e™) = E(et®r++Xm/m)
\/ﬁ - X has same
= 1_[ E(etxi/\/ﬁ) = (IE(etX/\/ﬁ))n distribution as
' Y o e
i=1
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Proof of the CLT My, (t) = (E(e o \/ﬁ))

2 t3
E(e™X/V1) =1 + IE(X)\/—_ + IE(XZ)— +EX?) —5+
But notethat: E(X) =0 1=o02=E(X?) —EX)? =EX?)
/i t2 t3 t2
E(etX/v1y = 1 + — + E(X3 E(X*
(e =1+ +EX) oas + EXD) o+
—1+t2 1+E(X3)t+IE(X4)t2+ 1+t2 asn — oo
2n 3n0-5 12n 2n

N
Myn(t) = ([E(etX/\/ﬁ))n = (1 + Zn) > et?/?2 asn - o
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