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The Normal Distribution
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Definition. A Gaussian (or normal) random variable with 
parameters ! ∈ ℝ and $% ≥ 0 has density

() * = ,
%-.

/0
123 4

454

We say that 6 follows the Normal Distribution, and write 6 ∼ 8(!, $%)

Carl Friedrich 
Gauss



The Normal Distribution
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Aka a “Bell Curve” (imprecise name)



Important Facts
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Fact. If 6 ∼ 8 !, $% , then B 6 = !

Proof is easy b/c density is symmetric around !, and () ! − * = ()(! + *)

Fact. If 6 ∼ 8 !, $% , then Var 6 = $%

Proof requires integration, see textbook 

Fact. If 6 ∼ 8 !, $% , then G = H6 + I ∼ 8 H! + I, H%$%

How do we prove this? (Likely) see next week for a simple proof.



Shifting and Scaling
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Standard (unit) normal = 8 0, 1

Definition. Φ K = ℙ M ≤ K = ,
%- ∫0P

Q /0R4/%d* for M ∼ 8 0, 1

Note: Φ K has no closed form – generally given via tables 

If 6 ∼ 8 !, $% , then )0U
.
∼ 8 0, 1

V) K = ℙ 6 ≤ K = ℙ
6 − !
$ ≤

K − !
$ = Φ(

K − !
$ )

Recall: H6 + I ∼ 8 H! + I, H%$%

H = 1/$ I = −!/$



Table of Standard Cumulative Normal Density
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https://courses.cs.washington.edu/courses/cse312/19au/normal_cdf.pdf

https://courses.cs.washington.edu/courses/cse312/19au/normal_cdf.pdf


Example

Let 6 ∼ 8 0.4, 4 = 2% .  
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ℙ 6 ≤ 1.2 = ℙ
6 − 0.4
2 ≤

1.2 − 0.4
2

= ℙ
6 − 0.4
2 ≤ 0.4

∼ 8 0, 1

= Φ(0.4) ≈ 0.6554



Example – Off by Standard Deviations
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Let 6 ∼ 8 !, $% .  

ℙ 6 − ! < ]$ = ℙ
6 − !
$ < ] =

= ℙ −] <
6 − !
$ < ] = Φ ] −Φ(−])

e.g. ] = 1: 68%, ] = 2: 95%, ] = 3: 99%

Worse estimate with Chebyshev:

ℙ 6 − ! < ]$ ≥ 1 −
1
]%



Gaussian in Nature

Empirical distribution of collected data often resembles a Gaussian … 
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e.g. Height distribution resembles 
Gaussian.

R.A.Fisher (1918) observed that the 
height is likely the outcome of the 
sum of many independent random 
parameters, i.e., can written as

6 = 6, +⋯+ 6_



Sum of Independent RVs
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6,,… , 6_ i.i.d. with expectation ! and variance $%

Reminder: i.i.d. = independent and identically 
distributed

Define

a_ = 6, +⋯+ 6_

B a_ =

Var(a_) =

B 6, +⋯+ B 6_ = b!

Var 6, +⋯+ Var 6_ = b$%

Empirical observation: a_ is very close to 8 b!, b$% as b grows. 
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Example. a_ = 6, +⋯+ 6_, 6c Bernoulli with parameter ½ 
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Sum of b Poisson RVs with parameter d = 1 = Poisson of with parameter d = b (See 
Quiz Sections) 
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Sum of b exponentials with parameter d = 1 (Erlang Distribution)



Central Limit Theorem
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6,,… , 6_ i.i.d., each with expectation ! and variance $%

Define a_ = 6, +⋯+ 6_ and

G_ =
a_ − b!
$ b

B G_ =

Var(G_) =

1
$ b

B(a_) − b! =
1
$ b

b! − b! = 0

1
$%b Var a_ − !b =

Var(a_)
$%b

=
$%b
$%b = 1



Central Limit Theorem
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Theorem. (Central Limit Theorem) The CDF of G_ converges to the 
CDF of the standard normal 8(0,1), i.e.,

lim
_→P

ℙ G_ ≤ i =
1
2j

k
0P

l
/0R4/%d*

G_ =
6, +⋯+ 6_ − b!

$ b



Example

We flip b independent coins, heads with probability m = 0.75. 
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6 = # heads 

ℙ(6 ≤ 0.7b)

b exact 8 n, op
approx

10 0.4744072 0.357500327
20 0.38282735 0.302788308
50 0.25191886 0.207108089
100 0.14954105 0.124106539
200 0.06247223 0.051235217
1000 0.00019359 0.000130365

! = B 6 = 0.75b $% = Var 6 = 0.1875b


