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The Normal Distribution

_______________________________________________________________________________________________________________________________________________

Definition. A Gaussian (or normal) random variable with
parameters u € Rand 0 = 0 has density

PN

| Carl Friedrich
1 _ (x—p)?  Gauss

fx(x) = e 20°

We say that X follows the Normal Distribution, and write X ~ N (i, 0%)
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Important Facts

——————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————

______________________________________________________________________________________________________________________________________________

How do we prove this? (Likely) see next week for a simple proof.



Shifting and Scaling

Standard (unit) normal = V' (0, 1)

Definition. ®(z) = P(Z < z) = \/_nf_zoo e=**/2dx forZ ~ N(0,1)

__________________________________________________________

X_
If X ~ N (u,0%), then Tﬂ ~ N (0, 1) R VB Y
X—u z-— —
FX(Z):IP(XSZ)zlP( s “):cp( =
o o o



https://courses.cs.washington.edu/courses/cse312/19au/normal cdf.pdf

Table of Standard Cumulative Normal Density

% 0.00 0.01 0.02 0.03 0.04 0.056 0.06 0.07 0.08 0.09 |

3.4 0.0003 0.0003 0.0003 | 0.0003 0.0003 | 0.0003 0.0003 | 0.0003 0.0003 0.0002
-3.3 0.0006 0.0006 0.0006 | 0.0004 0.0004 | 0.0004 0.0004 | 0.0004 0.0004 0.0003
-3.2 0.0007 0.0007 0.0006 | 0.0006 0.0006 | 0.0006 0.0006 | 0.0006 0.0006 0.00056
~3.1 0.0010 0.0009 0.0009 | 0.0009 0.0008 | 0.0008 0.0008 | 0.0008 0.0007 0.0007
-3.0 0.0013 0.0013 00013 | 00012 00012 | 0.0011 00011 | 00011 0.0010 0.0010

-2.9 0.0019 0.0018 0.00i8 | 0.0017 0.0016 | 0.0016 0.0015 | 0.0015 00014 0.0014
-2.8 0.0026 0.0025 0.0024 | 0.0023 0.0023 | 0.0022 0.0021 | 0.0021 0.0020 0.0019
-2.7 0.0035 0.0034 0.0033 | 0.0032 0.0031 | 0.0030 0.0026 | 0.0028 0.0027 0.0026
-2.6 0.0047 0.0045 00044 | 0.0043 00041 | 0.0040 00039 | 0.0038 0.0037 0.0036
-2.5 0.0062 0.0060 0.0059 | 0.0057 00055 | 0.0054 0.0052 | 0.0051 0.004% 0.0048

-2.4 0.0082 00080 0.0078 | 0.0075 0.0073 | 0.0071 0.006% | 0.0068 0.0066 0.0064
2.3 0.0107 0.0104 0.0102 | 0.0099 0.0096 | 0.0094 0.0091 | 0.0089 0.0087 0.0084
-2.2 0.013% 0.0136 0.0132 | 0.0129 0.0125 | 0.0122 0.0119 | 0.0116 0.0113 0.0110
-2.1 0.0179 0.0174 00170 | 0.0166 0.0162 | 0.0158 00154 | 0.0150 0.0146 0.0143
-2.0 00228 0.0222 0.0217 | 0.0212 0.0207 | 0.0202 00197 | 0.0192 0.0188 0.0183

-1.9 0.0287 0.0281 00274 | 0.0268 0,0262 | 0.0256 0.0250 | 0.0244 0.0239 0.0233
-1.8 0.0359 0.0351 0.0344 | 0.033¢ 0.0329 | 0.0322 0.0314 | 0.0307 0.0301 0.0294
-1.7 0.0446 0.0436 0.0427 | 0.0428 0.0409 | 0.0401 0.0392 | 0.0384 0.0375 0.0367
-1.6 0.0548 0.0537 0.0526 | 0.0516 00505 | 0.0495 00485 | 0.0475 0.0465 0.0455
-1.5 00668 00655 00643 | 0.0630 00618 | 0.0606 00594 | 0.0582 0.0571 0.0559

-1.4 00808 00793 00778 | 00764 0.0749 | 00735 00721 | 00708 0.0694 0.0681
-1.3 0.0968 0.0951 00934 | 0.0918 0.090%1 | 0.0885 0.0869 | 0.0853 0.0838 0.0823
«1.2 0.1151 0.1131 0.1112 | 01093 0.1075 | 0.1056 0.1038 | 0.1020 0.1003 0.0985
-1.1 01357 00,1335 0.1314 | 0.1202 0.1271 | 0.1251 0,1230 | ©0.1210 0,019 0.1170
-1.0 0.1587 00,1562 0,1539 | 0,1515 0.,1492 | 0.1469 0,1446 | 0.1423 0.1401 0,1379

I DR | DOO97AD 0 297NN 0OO°ATE | N O%RAT D231 | O ODETR DORALE | DODHOERYA 1 DA Nn¢A8Y

-0.9 0.1841 0.1814 0.1788 | 0.1762 0.1736 | 0.1711 0.1685 | 0.1660 0.,1635 0.1611
0.8 0.2119 02090 0.2061 | 0.2033 0.2005 | 0.1977 0.1949 | 0.1922 0.1894 0.1867 6
0.7 0.2420 0.2389 0.2358 | 0.2327 0.2206 | 0.2266 0.2236 | 0.2206 0.2177 0.2148



https://courses.cs.washington.edu/courses/cse312/19au/normal_cdf.pdf

Example

Let X ~ NV (0.4,4 = 22).

X-04 12- 0.4)
<
2 2

1S

P(X < 1.2) = u»(

{ X — 0.4
_ H?( - < 0.4) = (0.4) ~ 0.6554

_______ U.1 U.0o39Ys U.04388
0.2 || 0.5793 0.5832

~N(0,1) 0.3 || e817e— 0.6217
0.4 |||0.6554 | 0.6591

0.5 || L6-69i5— 0.6950

0.6 || 0.7257 0.7291

0.7 || 0.7580 0.7611




Example — Off by Standard Deviations

Let X ~ NV (u, 2).

X_
IP’(lX—,u|<ka)=[P>(| U'u|<k)=

=p(—k<X;“<k)=¢<k>—¢(—k>

e.g.k =1:68% k = 2: 95%, k = 3: 99%

Worse estimate with Chebysheuv:

1
P(X —pul <ko) 21—




Gaussian in Nature

Empirical distribution of collected data often resembles a Gaussian ...
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e.g. Height distribution resembles
Gaussian.

R.A.Fisher (1918) observed that the
height is likely the outcome of the
sum of many independent random
parameters, i.e., can written as

X=X+ +X,



Reminder: i.i.d. = independent and identically
Sum of Independent RVs distributed

X1, ..., X, i.i.d. with expectation u and variance ¢*

Define
S, =X +-+X,

E(Sn) = E(Xy) + -+ EXy) =np

Var(S,) = Var(X;) + -+ Var(X,)) = no?



Example. S,, = X; + --- + X,,, X; Bernoulli with parameter %
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Central Limit Theorem

X1, ..., X, i.i.d., each with expectation y and variance ¢*

Define S,, = X; + -+ X,, and

S, —nu
Y, -
1
E(Yn) T—(E(Sn) —np)= m(nﬂ nu) =0
2
Var(Y,,) = (Var(S — ,un)) — Var(Sn) _ 2t 1
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Central Limit Theorem Xi+ -+ X, —nu

Theorem. (Central Limit Theorem) The CDF of Y,, converges to the
~ CDF of the standard normal V' (0,1), i.e.,
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Example

We flip n independent coins, heads with probability p = 0.75.
X=#heads u=EX)=0.75n ¢%=Var(X)=0.1875n

n N(n, 0?)
approx

10 0.4744072  0.357500327
[P(X < O_7n) 20 0.38282735 0.302788308
50 0.25191886 0.207108089
100 0.14954105 0.124106539
200 0.06247223 0.051235217

1000 0.00019359 0.000130365



