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Distributions — Recap

| name [ Pas | Ranee | PwF | xpectation

Bernoulli p {0,1} p(1)=p,p0)=1—p p p(1—p)
Geometric p {1,2,3,..} = N7 p() = (1 - P)i_lp 1/p (1- P)/PZ
. . n
Binomial n,p {0,1, ...,n} p(k) = (k) pk(1 — p)n-k np np(1 —p)
o p=03  ,u p =04
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Example - Number of Cars

X =# cars passing through an intersection in 1 hour
Wanted: E(X) = A for some given 4 > 0
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, : : 1
Discretize problem: n intervals, each of length .

Bernoulli X; = 1 if carin i-th interval (O otherwise). P(X; = 1) =

X =21 X is binomial P(X =1i) = (’:) (i)i (1 — &)n_i
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Siméon Denis Poisson

Poisson Random Variables 1781-1840

Definition. A Poisson random variable X with parameter A = 0 is such
thatforalli =0,1,2,3 ...,

Several examples of “Poisson processes”:

* #of requests to web servers in an hour

* # of photons hitting a light detector in a given interval
* # of patients arriving to ER within an hour

General principle: Infinitely small interval, counting # of occurrences of event, each

individual event can happen (at most once) with same chance in every interval. .



Validity of Distribution

We first want to verify that Possion probabilities sum up to 1.




Probability Mass Function
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Probability Mass Function - Convergence of Binomials
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. We know this by design (limit of Binomial with expectation 1),
Expectation but formally, this needs a proof.

Theorem. If X is a Poisson RV with parameter 4, then
’ E(X) =41

_____________________________________________________________________________________________________________________________________________________________________

= 1(see prior slides!)
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Variance

Intuitively (limit of Binomial): Var(X) = np(1 —p) = %1 (1 — %) =1 (1 — %) - A

_________________________________________________________________________________________________________________________________________________________
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Proof. IE(XZ):Z:e"l-A—-i2 =2e"1- ,A i
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Theorem. If X is a Poisson RV with parameter 4, then Var(X) = 41

Variance - Proof (cont’d)

We now know: [E(X?) = 1% + 1
E(X)=4

) Vor(X) = E(X2)—EX)2=2+1—12 =21
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Discrete Distributions - Final Recap

N T A

Bernoulli p {0,1} p(l) =p,p0)=1-—p p p(1—p)
Geometric p  {1,2,3,..}=N7 pGi) =1 —-p)p 1/p (1 -p)/p*
. . n
Binomial 7n,p {0,1,...,n} p(k) = (k) pk(1 — )k np np(1 —p)
[
. _ N A
Poisson A {01,23,..}=N p(i) =e . A A

L.

Other common distributions: Hypergeometric (see Quiz Section),
negative binomials (= sum of geometric)

o 1
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Next — Concentration and its applications

General question: How close is a random variable to its expectation?

So far: Markov’s inequality + Chebyshev’s inequality
[Also cf. HW5 + Section 6]
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Example

Flip n independent coins, each heads with probability »

X = # of flips which are heads

We know that X is binomial: P(X = k) = (Z)pk(l _ p)nk
E(X) =n-p
Var(X) =n-p- (1_p)
_Question: What is the probability that X is within 10% of the
expectation? |



——————————————————————————————————————————————————————————————————————————————————————————————————————

. Theorem. Let X be a random variable. Then, forany t > 0,

Deviation via Chebyshev
P(IX — EQO)| 2 £) < 7252

Use Chebyshev’s mequallty

np(l—-p) 1-p
€?n?p? €’np

P(IX —EX)| = €-EX)) <

E.g.e =0.1,p = 0.5

P(]X —EX)| = 0.1-EX)) < % -0

s this a good estimate?
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Binomial with parameter n = 200,p = 0.5

Chebyshev: P(|X — 100| = 10) <

N | =

0.05

Real: P(]JX — 100| = 10) = 0.179 ...
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Binomial with parameter n = 800,p = 0.5
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Chebyshev: P(|X — 400| = 40) < 0.125

Real: P(]X — 400| > 40) = 0.005 ...
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Can we do better?

* Chebyshev’s inequality indicates that the probability that we are off
by at least € - E(X) goes to 0 as 12_p = 0(1/n) for fixedp and €

E“Np

* Exact analysis indicates that probability goes to 0 much faster, at
least for a binomial random variable.

— How fast?
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Chernoff-Hoeffding Bound — Binomial Distribution

_______________________________________________________________________________________________________________________________________________________________________

Theorem. (Chernoff-Hoeffding) Let X be a binomial RV with
~parameters p and n. Let £ = np = E(X). Then, forany 6 > 0,

e

P(|X —u| =€ u) <2e 2+e,

Binomial: n = 800,p = 0.5 - u = np = 400

Chebyshev: P(|X — u| = 0.1u) < 0.125

4

CH: P(|X — u| = 0.1u) < 2e 21 =0.296...
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Chernoff-Hoeffding Bound — Binomial Distribution

_______________________________________________________________________________________________________________________________________________________________________

Theorem. (Chernoff-Hoeffding) Let X be a binomial RV with
~parameters p and n. Let £ = np = E(X). Then, forany 6 > 0,
I 2
€“u
P(|X —u| = €-u) <e z+e.

Binomial: n = 8000,p = 0.5 - u = np = 4000

Chebyshev: P(|X — u| = 0.1u) < 0.0125

40

CH: P(|JX — u| = 0.1u) < 2e 21 =~ 1.7x1078
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