CSE 312: Foundations of Computing II Autumn 2019
Quiz Section 7

Review

1) Chernoff Bounds. Let X, ..., X, be independent and identical random variables in the range between
Oand 1,andlet X = X; +...+ X, withE (X) = p. Forany e > 0,

P(|X — p| > ep) < 2e”5¢ .
2) Probability Density Function (PDF or density): Let X be a continuous random variable on the Reals.
fx : R — Ris defined to be its probability density function that satisfies
- Vz, fx(x) =0
- SO_COO fx(@)dx = 1.
In particular, we have that P (a < X <b) = Ss f(z)dz.

3) Cumulative Distribution Function (CDF): Let X be a continuous random variable on the Reals with
PDF fx. Fx : R — R is defined to be its cumulative distribution function that satisfies

Fx(z) =P(X <2a) = ' fx(z)dx.

-

In other words, fx(z) = F ().
4) Uniform Random Variable: Let X be a random variable that is uniformly distributed in [a, b]. The PDF

of X is given by
1 .
_ ) ifx e [a, b]
/(@) {O, otherwise.

Observe that E ([X) = (a + b)/2 and Var (X) = (b — a)?/12.

5) Exponential Distribution: Let X be a random variable that is distributed according to the Exponential
distribution with parameter A. The PDF of X is given by

e ™ ifr >0
Ix(@) = {0, otherwise.
Its CDF is given by
1—e ™™, ifz >0
F = ’ -
x(@) {O, otherwise.

6) Memoryless Property: For s,¢ > 0, if X is distributed according to an Exponential distribution, then
P(X>s+t|X>s)=P(X >1).

Task 1 — Chernoff Bounds

Let a fair coin be tossed n times, in which each toss is independent of the other.
a) What is the probability that the number of heads is less than /4 or more than 3n/4?
b) What is the probability that the number of heads is at least n/2 — v/2nInn and at most n/2 + v/2n1Inn?



n/24++v/2nlnn (n)»)

) What does the above answer say about }, ™ 12 vantin i

Task 2 — A New Distribution

Alex decided he wanted to create a new type of probability density. Alex wants it to be continuous and
have uniform density, and needs help working out some of the details. We will denote a random variable
X having the Uniform-2 distribution as X ~ Unify(a, b, ¢, d), where a < b < ¢ < d. We want the density to be
non-zero in [a, b] and [c, d], and zero everywhere else. Anywhere the density is non-zero, it must be equal
to the same constant.

a) Find the probability density function, fx(x). Be sure to specify the values it takes on for every point in
(—00, 00).

b) Find the cumulative density function Fx (z). Be sure to specify the values it takes on for every point in
(—00,00).

Task 3 — Dart

You throw a dart at an s x s square dart board. The goal of this game is to get the dart to land as close
to the lower left corner of the dartboard as possible. However, your aim is such that the dart is equally
likely to land at any point on the dartboard. Let random variable X be the length of the side of the smallest
square B in the lower left corner of the dartboard that contains the point where the dart lands. That is, the
lower left corner of B must be the same point as the lower left corner of the dartboard, and the dart lands
somewhere along the upper or right edge of B. For X, find the CDF Fx (z), PDF Fx (z), expectation E (X),
and variance Var (X).

Task 4 — Exponentials

Let Exp(\) denote the exponential density with the parameter A, and let X5, ..., X,, be identical and independent
random variables, in which X; follows Exp(\;).

a) Show that X = min{X;,..., X,,} follows Exp(\) where A = A\; + ... + A,.

b) Suppose I have a device that needs two batteries at all times. We have n batteries, each of which has
lifetime following Exp(\) independently of other batteries. Assume we instantaneously switch to a new
battery when one dies. Initially, we use 2 of the n batteries. What is the expected time I can operate this
device?

Task 5 — Function of Random Variables

Let X be the uniform distribution in [0, 1]. If Y = ¢, then find the PDF of Y, fy (y)



