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Normal Distribution



Normal Distribution 1
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Linear Transformation of the Normal Distribution 2

X ∼N(0,1) PDF X
2 +3 ∼N(3,0.25) PDF

X ↝ X
2 +3

N(0,1) ↝ N(3,0.25)



Linear Transformation of the Normal Distribution 3

Y = aX +b

E[Y ] =

E[aX +b] = aE[X]+b = aµ +b

Var(Y) =Var(aX +b) = a2Var(x) = a2
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Linear Transformation of the Normal Distribution 4
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Standardizing a Normal Distribution 5

X ∼N(µX ,σ
2
X) Ð→ Z ∼N(0,1)

Z = X −µX

σX

E[Z] =E[X−µX
σX
] = E[X]−µX

σX
= 0

Var(Z) =Var(X−µX
σX
) = Var(X)
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Normal CDF 6
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Bounding The Density of a Normal 7

Pr(µ −σ < Z < µ +σ) =Φ(1)−Φ(−1) ≈ 68%
Pr(µ −2σ < Z < µ +2σ) =Φ(2)−Φ(−2) ≈ 95%
Pr(µ −3σ < Z < µ +3σ) =Φ(3)−Φ(−3) ≈ 99%



Tails of a Distribution 8



Markov’s Inequality 9

Suppose X is a non-negative r.v.; then. . .
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∑
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Pr(X ≥ α) ≤ E[X]
α



Markov’s Inequality 9

Suppose X is a non-negative r.v.; then. . .

E[X] =
α−1

∑
k=0

kpX(k) +
∞

∑
k=α

kpX(k)

≥ 0 +
∞

∑
k=α

kpX(k)

≥ 0 +
∞

∑
k=α

α pX(k)

= α

∞

∑
k=α

pX(k)

= αPr(X ≥ α)

Pr(X ≥ α) ≤ E[X]
α



Chebyshev’s Inequality 10

Suppose X is a non-negative r.v.; then. . .

Pr(∣X −E[X] ∣ ≥ α) = Pr((X −E[X])2 ≥ α
2)

≤
E[(X −E[X])2]

α2

= Var(X)
α2
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