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Definition (Independence)

We say that two events A and B are independent iff
Pr(AnB) =Pr(A) Pr(B)

Example

Let Cp be the event that Pete comes to CSE 000 class. Let Cg be the
event that Sandy comes to CSE 000 class. Empirically, we know that:

L] PI’(CP) =1

u Pr(Cs) = %
m Pr(CpnCs) = é
Since %: %, Pr(Cp) and Pr(Cs) are independent!

What does this mean?

Tempting Answer: Pete and Sandy’s decisions to go to class aren't reliant on
each other.

Actual Answer: There are a total of 8 sessions of CSE 000. Sandy met Pete at
the first class which they both attended. For all future sessions, Pete took
notes for Sandy, and she never showed up again.




Rolling Dice

Consider the following experiment:

1 diel = f@teoseitl=y
2 die2 = Die(o)

Let D; be the event diel =1.
Let D, be the event die2 =1.
Let S5 be the event diel+die2=>5.

Are Dy and D, dependent or independent?

Are D and S5 dependent or independent?

Py (D,) = ?v(b,(ﬁs):

Pe(s) =7 \Sol=)S(), 33,062 k) 3]
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Let D; be the event diel =1.
Let D, be the event die2 =1.
Let S5 be the event diel+die2=>5.

Are Dy and D, dependent or independent?

Pr(Dy) =Pr(Dy) = é; Pr(D1nD,) = %. Note that (l) (1) = i So, D,
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and D, are independent.

Are D and S5 dependent or independent?

Note that |Ss]

Pr(D1 055) =

3




Fair Coins

Consider the experiment where we flip n fair coins.
What is the probability that we get n HEADs?

lt.l =\" =) )
L 0= {A

What is the probability that the first 0 <k <n flips are HEADs and the

rema(ning ones are tails?
N
\El =) ( N

a2y 2

What is the probability that we get 0 <k <n HEADs overall?

e\ = (%)
WERY
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Fair Coins

Consider the experiment where we flip n fair coins.
What is the probability that we get n HEADs?
ln
o
What is the probability that the first 0 <k <n flips are HEADs and the
remaining ones are tails?
ln
2

What is the probability that we get 0 <k <n HEADs overall?

()

2n
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General Independence

~NOoO O~ WN -

In general, events Ej,E>,...,E, are independent iff for every subset
S c[n], we have:
Pr(ﬂEi) = H Pr(Ei)
ieS ieS
That is, if we have Ey,Es,E3, {Ey,E2},{E1,E3},{E2,E3},{E1,E2,E3} all
have to be independent to consider Ey, E>, and E3 independent.

Example

a = FlipCoin(1/2)

if a == HEADS:
RollDie(6)
RollDie(9)

RollDie(6)
RollDie(4)

Let A be the event a = HEADS.

Let B be the event b=1.

Let C be the event c = 1.

Are A, B, and C independent? What subsets of them are independent?




Example Continued 5
Example
i s O¢(AlR) = w
b = RollDie(6) Q
e O ASPY(poR= ?r(P«\B) fe(8)
DTN () = Pe(Al® + (A DR

~No o~ W

Let A be the event a = HEADS.
Let B be the event b= 1.
Let C be the event c=1.

Are A, B, and C independent? What subsets of them are independent?

Ry = L Pe(pag)= Pr(Bon) = Vr(?;lp)P([
PR = Wv\ Pf)?r(ﬁ)wr{%la)\’((@? Todepcrlint -2 0ol

\ L \ =) ek el #A\Nl vekded
_41 AN r({g(\c) ~ |y
()= Bl PrAnO= P B

o3
Py (809) = ?r(@nqﬁ) () + w(gu\)w ja ¢y ady g



Biased Coins

Consider the experiment where we flip n independent coins with bias p
(Pr(HEADS) = p).

What is the probability that we get n HEADs?
r n

What is the probability that the first 0 <k <n flips are HEADs and the
remaining ones are tails?

ok (1-9)"

What is the probability that we get 0 <k < n HEADs overall?
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Biased Coins

Consider the experiment where we flip n independent coins with bias p
(Pr(HEADS) = p).
What is the probability that we get n HEADs?

n

p

What is the probability that the first 0 <k <n flips are HEADs and the
remaining ones are tails?

pk(l _p)nfk

What is the probability that we get 0 <k < n HEADs overall?

(Z)p"(l -p)"*

Note that Z(Z)pk(l—p)"_k: (p+(1=p))' =1"=1.
k=0



Parallel Routers

Suppose there are n routers in parallel and the ith router fails
independently with probability p;.

1

n—1

C] C2

n

What is the probability that C; can communicate with C,?

% (C, Co - C2> = ]» Yr (all »%2): | _.'Thﬂo;

0=



Parallel Routers

Suppose there are n routers in parallel and the ith router fails
independently with probability p;.

C] C2

What is the probability that C; can communicate with C,?

Pr(C; communicates with C;) = 1 —Pr(all routers fail) = 1 - p; pp---py




Series Routers

Suppose there are n routers in series and the ith router fails
indepdendently with probability p;.

C ® ® ‘e ° . (&)
P1 P2 Pn-1 Pn

What is the probability that C; can communicate with C,?

Pr(Ci communicates with C;) = Pr(no router fails) =

(I—Pl)(l—PZ)“'(l—Pn)




Conditional Probability Again

If Pr(F) >0, then E and F are independent iff Pr(E | F) = Pr(E)

Proof.




Conditional Probability Again

If Pr(F) >0, then E and F are independent iff Pr(E | F) = Pr(E)

Proof.

(=) Since E and F are independent, Pr(EnF) =Pr(E)Pr(F). Then,
using the definition of conditional probability,
Pr(E)Pr(F)=Pr(E|F)Pr(F). So, Pr(E|F)=Pr(E).

(«=) Since Pr(E | F) =Pr(E), we can apply the definition of conditional

Pr(EnF)
Pr(F)
Pr(EnF) =Pr(F)Pr(E).

probability to get =Pr(E) (since Pr(F) #0). Then, we have




