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CSE 312: Foundations of Computing II

Continuous Random
Variables



Discrete vs. Continuous 1

Until now, all r.v.’s have taken on discrete values (elements of N); now,
we’ll consider continuous values (elements of R).

Discrete Continuous
X ∈ [6] x ∈ (0,6)

probability assigned to points density assigned “near” points
probability mass function probability density function
pX(x) fX(x)

Definition (Probability Density Function (PDF))
The PDF, fX ∶R→R, is the continuous analog of the PMF. It assigns
“densities” to areas around points. It describes what the relative
probabilities look like. We require:

fX(x) ≥ 0

∫
∞

−∞

fX(x)dx = 1

Pr(a < X ≤ b) = ∫
b

a
fX(x)dx for a ≤ b
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PDFs Intuitively 2

Pr(a− ε

2
< X ≤ a+ ε

2
) = area under curve

= ∫
a+ ε

2

a− ε
2

fX(x)dx

≈ rectangle approximation

≈ fX(a) ⋅((a+
ε

2
)−(a− ε

2
))

≈ fX(a) ⋅ε
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CDF 3

Definition (Cumulative Distribution Function (CDF))
The CDF, FX ∶R→R, is the cumulative distribution to a point starting at
−∞. That is:

FX(a) = Pr(X ≤ a) =

∫
a

−∞

fX(x)dx

Pr(a < X ≤ b) = ∫
b

a
fX(x)dx = FX(b)−FX(a) for a ≤ b

There is a relationship between fX and FX :

fX(x) =
d
dx

FX(x)
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Uniform PDF 4

Uniform(−2,2) PDF Uniform(−1/2,1/2) PDF

For a < b, X ∼Uniform(a,b) iff

fX(x) =
⎧⎪⎪⎨⎪⎪⎩

1
b−a if x ∈ [a,b]
0 otherwise
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dx FX(x)

So, ∫ fX(x)dx = ∫ d
dx FX(x). So, FX(x) = ∫

∞

−∞
fX(x)dx. Then:

FX(z) = ∫
z

−∞

fX(x)dx = ∫
z

a

1
b−a

dx = 1
b−a

(x∣za) =
z−a
b−a
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Uniform Probability 6

FX(z) =
z−a
b−a

Pr(x ≤ X ≤ y) = FX(y)−FX(x) = y−a
b−a −

x−a
b−a =

y−x
b−a

OR

Pr(x ≤ X ≤ y) = ∫
y

x
fX(x)dx

= ∫
y

x

1
b−a

dx

= 1
b−a ∫

y

x
dx

= 1
b−a

(x∣yx)

= y−x
b−a
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Uniform: E[X] 7

E[X] = ∫
∞

−∞

x fX(x)dx

= ∫
b

a
x fX(x)dx

= ∫
b

a
x( 1

b−a
) dx

= 1
b−a ∫

b

a
xdx

= 1
b−a

⋅ 1
2

x2∣
b

a

= 1
b−a

(1
2

b2− 1
2

a2)

= 1
b−a

((b−a)(b+a)
2

)

= b+a
2
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Uniform: E[X2] 8

E[X2] = ∫
∞

−∞

x2 fX(x)dx

= ∫
b

a
x2 fX(x)dx

= ∫
b

a
x2( 1

b−a
) dx

= 1
b−a ∫

b

a
x2 dx

= 1
b−a

⋅ 1
3

x3∣
b

a

= 1
b−a

(1
3

b3− 1
3

a3)

= 1
b−a

((b−a)(a2+ab+b2)
3

)

= a2+ab+b2

3
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Uniform: Var(X) 9

E[X] = b+a
2

E[X2] = a2+ab+b2

3

Var(X) =E[X2]−(E[X])2

= 4a2+4ab+4b2−3(b+a)2
12

= 4a2+4ab+4b2−3b2−6ab−3a2

12

= a2−2ab+b2

12

= (b−a)2
12
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