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Counting

prpst.com



counting is hard with only 10 fingers

How many ways to do X?

X = “Choose an integer between one and ten.”

X = “Walk from 1% and Spring to 5% and Pine.”
o Y —
o * o- % —¢ Pike




counting is hard with only 10 fingers

How many ways to do X?

X = “Choose an integer between one and ten.”
X = “Walk from 1 and Spring to 5™ and Pine.”

Counting 1s hard when numbers are large or constraints are complex

We need a systematic approach.




the basic principle of counting (product rule)

If there are m outcomes from some event A, followed sequentially by n outcomes from
some event B, then there are...

" S wesls
woats
m x n outcomes overall. ;;M
2 conmireats,
eHend3=V0
A, m=4 Sk

B, n=2

4 x2 = 8 outcomes

Generalizes to more events.



examples

How many n-bit numbers are there?

) ) . o] =07

How many subsets of a set of size n are there?
{1,2,3,...,n}

Set contains 1 or doesn’t contain 1.
Set contains 2 or doesn’t contain 2.
Set contains 3 or doesn’t contain 3...

) ) e . o] =D



examples

How many 4-character passwords are there if each character must

be one of
abc¢...,1,0, 1,2, ...,9?

36 © 36 ° 36 * 36 = 1,619,616 ~ 1.7 million

Same question, but now characters cannot be repeated. ..

36 ¢ 35 ¢34 + 33 = 1,413,720 = 1.4 million



permutations

How many arrangements of the letters {a,b,c} are possible
(using each once, no repeat, order matters)?

abc

b ac

cab

ach

b ¢a

cbha

More generally, how many arrangements of n distinct items are

possible?

ne (o-l) © (B e |

n!

(n factorial)



permutations

Q. How many permutations of PEALS are there?

o!

Q. How many of APPLE 7 ARG L B

o Ordansd sewvey wh/\ \ '
>

LPFP A

Q. How many of APPPLLE ? LeehA

\\/ AQP‘?}% L, E 4_15
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permutations

Q. How many permutations of PEALS are there?
5 =120

Q. How many of APPLE ?

AP P,LE
5/2' = 60 AP,P L

Q. How many of APPPLLE ?

7!

3 - 420




combinations

Your dark elf avatar can carry three objects chosen from:

A

/
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3
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combinations

Your dark elf avatar can carry three objects chosen from:

/N

How many ways can he/she be equipped?

D-4-3 H!
3! 3! . 2]




combinations

Combinations: Number of ways to choose r things from n things

‘&‘ - )“

NN e

(n) L n! _ &

r) — rl(n—r)! ‘

[\ W

w8

Pronounced “n choose r” aka  “binomial coefficients” 4 ¥ ov®
%n ais¥vwdr

e (5) = " =0(n?)  mpky
n - el
— ( ) c\f:\&;% \

n

n

n
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counting paths

How many ways to walk from 1% and Spring to 5™ and Pine only going

North and East?

ENWNE REE
—.ﬁ‘- g"-« 23__—
c/\nobﬁnf
:}. 6 5 \)cs\’nm
\
3\ rﬂxt\w’h\

S‘v—e‘)s.

——— —— 9 Pine
¢——o——0—9—9 Pike
® ¢ < ¢ Union
——4 ¢+ ¢ Spring
]t 2md 3 gt St

A:  Changing the visualization often helps. Instead of tracing

paths on the grid above, list choices. You walk 7 blocks; at

each intersection choose N or E; must choose N exactly 3 times.



counting paths

How many ways to walk from 1% and Spring to 5™ and Pine only going
North and East, if | want to stop at Starbucks on the way?

2 > - - ® Sprmg

15t 2nd 3rd 4th 5th



