CSE 312, 2017 Winter, W.L. Ruzzo

0.5 K

0.4 - A
5 03 - Z B
X \
AL 0.2 / \
L/
01— G
0 h— -~

2.

2.0

08 \

" 0
0.6 \\ )
f (\) 0.4 N
\ o
0.2 S -
0 B———
0 1 2 3 [

0.5

0.0

0.0 0.5 1.0 1.5 2.0 2.5



continuous random variables

Discrete random variable: values in a finite or countable set,
e.g.

X € {l,2, ..., 6} with equal probability

X is positive integer i with probability 2-

pbrobability mass function assigns probabilities to points
Continuous random variable: values in an uncountable set, e.g.

X is the weight of a random person (a real number)

X is a randomly selected angle [0 .. 21T)

X is the waiting time until the next packet arrives

e | €an’t put non-zero probability at points;
new — | probability density function assigns how probability mass is
. distributed near points; probability per unit length



pdf

f(x): R—=R, the probability density function (or simply “density”)

M

Require: l.e., distribution is:
f(x) = 0, and < nonnegative, and
[72f(x) dx = | — normalized,

just like discrete PMF. Distributes

probability across the real line



cdf

F(x): the cumulative distribution function (aka the “distribution”)

AN

a b

F(a) = P(X < a) (Area left of a)

P(a< X =< b) =F(b) - F(a) (Area between a and b)

A key relationship:
f(x) = 2 F(x),since F(a) = [2 f(x) dx,



densities

Densities are not probabilities; e.g. may be > |
P(X =a) = limg—o P(a-€/2 < X < a+&/2) = F(a)-F(a) = 0

l.e.,

( the probability that a continuous r.v. falls at a specified point is zero. )

But

(the probability that it falls near that point is proportional to the density:)
Pa-&2<X=<a+¢€2)=F@a+¢&)-FGa- &)
~ € * f(a)

l.e.,

E I
* f(a) = probability per unit length near a. e /2‘_a ’a vl

*in a large random sample, expect more samples where density is higher
(hence the name “density”).

* f(a) vs f(b) give relative probabilities near a vs b.



sums and integrals; expectation

Much of what we did with discrete r.v.s carries over
almost unchanged, with

(a) p.m.f. replaced by density, and
(b) 2x... replaced by [...dx
E.g.
For discrete r.v. X, E[X] = 2 x - px)

For continuous r.v. X, FE[X] :/ x- f(x)dr

— OO

Why?
(a) We define it that way
(b) The probability that X falls “near” x, say within x+dx/2, is =f(x)dx,

so the “average” X should be = 2 xf(x)dx (summed over grid
points spaced dx apart on the real line) and the limit of that as

dx—0 is [xf(x)dx



example

Let f(z) - {

1 forO<xz<1

elsewhere

/ fl

a if0<a<1 (sincea= [ ldz)

1

/.

it a <0

it 1l <a

of (2)dx = /ledx—

|
|‘ \ f(x)
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I
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properties of expectation

Linearity

E[aX+b] = aE[X]+b
still true, just as
for discrete

E[X+Y] = E[X]+E[Y]

Functions of a random variable

E[g(X)] = fg(x)f(x)dx just as for discrete,

but w/integral



variance

Definition is same as in the discrete case
Var[X] = E[(X-M)2] where Y4 = E[X]

|dentity still holds:
Var[X] = E[X?] - (E[X])? proof “same”



example

1 forO<zxz<1 !
Let — ix
et f(x) { 0 elsewhere %El;)

-1 0 I 2
I
-II l0 II I2
1
E[X] = S
2




continuous random variables: summary

Continuous random variable X has density f(x), and

Pr(a<X<b)/bf(x)dx

E[X] :f_ooa;-f(a;)dx



uniform random variables

(1
X ~ Uni(x,B) is uniform in [,B] f(z) = ¢ gTOé z € |a, f]

otherwise

The Uniform Density Function Uni(0.5,1.0)
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uniform random variables

X ~ Uni((x’B) is uniform in [a’B] - The Uniform Density Function Uni(0.5,1.0)

O otherwise

L xr 87
f(@) = {M © Lo

b—a

b
Pr(angb):/ f(x)deﬁ—oz

if x<a<b=<p:

E[X]:/OO x- f(x)dx = atp

S e e e e e e e -

Yes, you should
review your basic
calculus; e.g., these
2 integrals would
be good practice.



uniform random variable: example

X ~ Uni(ax,B) is uniform in [o,B]

1 L 84
fa) = |Fa TEll]

0 otherwise

You want to read a disk sector from a 7200rpm disk drive.

Let T be the time you wait, in milliseconds, after the disk
head is positioned over the

correct track, until the desired
sector rotates under the head.

T ~ Uni(0, 8.33)

Average Wait! 4.|7ms

14



waiting for “events”

Radioactive decay: How long until the next alpha particle?

Customers: how long until the next customer/packet arrives at the
checkout stand/server?

Buses: How long until the next #71 bus arrives on the Ave!

Yes, they have a schedule, but given the vagaries of traffic, riders with-bikes-and-baby-
carriages, etc., can they stick to it?

4 )
Assuming events are independent, happening at some fixed average
rate of A per unit time — the waiting time until the next event is

exponentially distributed (next slide)
- J

15



f(x)
1.0

exponential random variables

X ~ Exp(A)

The Exponential Density Function

2.0

1.5
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exponential random variables

X ~ Exp(A)
e A% > 0
(@) = {oe i <0
E[X] =+ Var(X] = 55

Pr(X >t) =e M = 1-F()

Pr( X >s+t]| X >s)=Pr(X >1t)

Assuming exp distr, if you've waited s minutes, prob of waiting t more is exactly same as s = 0



examples

Gambler’s fallacy:“I’'m due for a win”

Relation to the Poisson: same process, different measures:

Poisson: how many events in a fixed time; N is avg # per unit time;
Exponential: how long until the next event I/\ is mean wait

Relation to geometric: Geometric is discrete analog:

How long to a Head, | flip per sec, prob p vs
How long to a Head, 2 flips per sec, prob p/2, vs
How long to a Head, 3 flips per sec, prob p/3, vs

All have the same
mean: |/p secs

Limit is exponential with parameter |/p
see also B&T fig 3.8, p152

18



Cumulative Probability

geometric is discrete analog of exponential
cf also B&T fig 3.8, pg 152

o
— | Exp(A): waiting time until next “event,”
if events happen at average rate |/A
Geom(p): number of flips to
2 - (/OQ first “head” when p(Head) = p
D AR
AN .
& How long to a Head, if:
€ & X
Q 4 ‘6"\,@‘" C Flips/sec| p(H) E(flips) | E(secs)
N
6‘@6 | P |/p |/p
o
Cx 2 p/2 2/p |/p
N ]
o
k p/k k/p |/p
N Geometric CDF I-(1-p/k), n = # flips
Rescaling to CDF as a function of time (n = kt):
1k I-(1-p/k)kt and lim kooo 1-(1-p/k)kt = |-exp(-pt)
o | l.e., limit is exponential with parameter A = p
o
| | | | |
0 1 2 3 4

Graphs: A =.95, k=5 19



normal random variables

)

(x

f
00 01 02 03 04 05

Xis a normal (aka Gaussian) random variable X ~ N(, 02)

1 2 2
_ —(z—p)</20
f(fL‘) 0‘\/%6

EX|=pn  Var[X]=o0"

The Standard Normal Density Function
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normal random variables

X is a normal random variable X ~ N(M,0?)

Y=aX+b
E[Y] = E[aX+b] = ap + b
_ _ « E[ ],Var[ ] as expected;
Var[Y] —Var[aX+b] - 320:2/ “normality” is the surprise

Y ~ N(ap + b, a20?2)

Important special case: Z = (X-H)/TG ~ N(O,1)| r@ = \/1_6—(@»—“)2/202

Z ~ N(0,l) “standard (or unit) normal”
Use ®(z) to denote CDEFi.e.

b(z) =Pr(Z <z)= [ =" /?dz

no closed form ®



Table of the Standard Normal Cumulative Distribution Function (I)(Z)

0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08

0.5040 0.5080 | 0.5120 0.5160 0.5279  0.5319

0.5438  0.5478 | 0.5517  0.5557 0.5675  0.5714

: 0.5832  0.5871 | 0.5910  0.5948 0.6064  0.6103
0.6217 0.6255 | 0.6293  0.6331 0.6443  0.6480

g 0.4 . . . R ——5- 0.6772 ] 0.6808  0.6844
0.5 0.6915 0.6950 0.6985 0.7019 0.7054 | 0.7088 O.7122 ' nmi=7 (0.7190
0.6 || 0.7257 | 0.7291  0.7324 | 0.7357  0.7389 | 0.7422  0.745: P( 46) 07517
0.7 0.7580 \ 0.7611  0.7642 | 0.7673  0.7704 | 0.7734  0.7764__ ~.. .~ 0.7823
0.8 0.7881 |\ 0.7910  0.7939 | 0.7967 0.7995 | 0.8023  0.8051 | 0.8078  0.8106
0.9 08159  \0.8186  0.8212 | 0.8238  0.8264 | 0.8289  0.8315 | 0.8340  0.8365
gl;(‘) 0.8413) 0.8438 0.846 The Standard Normal Density Function f 0.8599
: 0.864 8665  0.868( =- ) 0.8810
1.2 || 0.884 8869  0.888| .| NB:bysymmetry -0  0.8997
1.3 0.9032 0.906( .| D(-z)=1-D(z) - 0.9162
1.4 || 0.9192 0.922| & _ | ik 0.9306
1.5 0.9332 0.935| _ / \ 0.9429
1.6 || 0.9452 0.947 _ | 0.9535
1.7 0.9554 0.957 ° ] 5% . ! 0.9625
1.8 0.9641  0.9649 \_0.965L— oo 0.967T1 fosrz—40.968 4 A 0.9699
1.9 0.9713 . 6 | 0.9732  0.9738 %.9744/ 0.97576 00756  0.9761
2.0 0.9772 0.97%‘\&%&8——0—9? 3 W 0.9803 9808  0.9812
>t . 9826 30 | 0.9834 wM«s %.9850 0.9854
2.2 0.9861 0.9 0.9868 | 0.9871  0.9875 | 0. 0.9881 4 0.9884  0.9887
2.3 0.9893  0.9896  0.9898 [ U.9901 0.9904W¢/ 0.9911  0.9913
%3._? 0.9987 J—0-9987  0.9987 | 0.9988  0.9988 | 0.9989  0.9989 | 0.9989  0.9990
: 0.0000 0.9991  0.9991 | 0.9991  0.9992 | 0.9992 .9993
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f(x)
00 01 02 03 04 05

The Standard Normal Density Function

u=_0

1
W

If Z ~N(M,02) what is P( -0 < Z < y+0 )?

U+ O)=D(1)-P(-1) =68%
U+ 20)=PQ2)- P(-2)=95% —
U+ 30)=DP3)-P(-3)=99%

P(p- 0<<ZL<
P(H-20<<ZL<
P(H-30<<ZL<

Why?
U - ko <

-2 -1

/N(IJ’U )

L

<M+ ko &

k<

/

(£Z-M)/o

N(O, 1)

< +k



the central limit theorem (CLT)

Consider i.i.d. (independent, identically distributed) random
vars X, X, X,, ...

X. has g4 = E[X] < 00 and 02 =Var[X] < o

As nh — o0,

X1+X2 e Xn_nu \
== . N(0,1)

Restated: As h — o0,
1 — o2
1=

More of the theory behind this later, but first, some examples:



How tall are you? Why?

Credit: Annie Leibovitz, © 1987 ?

Willie Shoemaker & Wilt Chamberlain
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in the real world...

25
|

Human height is
approximately normal. a

20
|

15

Frequency
|
|

10
l
|

Why might that be
true! o 0

R.A. Fisher (1918) ° - —

T T T T T T 1
noted it would follow 64 66 68 70 72 74 76 78

from CLT if height Male Height in Inches

were the sum of many independent random effects, e.g. many
genetic factors (plus some environmental ones like diet). |.e.,

suggested part of mechanism by looking at shape of the curve.
(WAY before anyone really knew what genes, DNA, etc. were...)
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Meta-analysis of Dense Genecentric Association Studies Reveals Common
and Uncommon Variants Associated with Height, Lanktree, et.al.

The American Journal of Human Genetics 88, 6—18, January 7, 2011

Table I.Sixty- Four Loci Showing Significant Evidence for Association with Adult Height, Identified with the Use of the IBC Array
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Big Dog, Little Dog

~ A 3 - : ". * ) y . AL at i s
N 7 ) S NN & o
7 SIS T de S
VS I D
S SRV iy ¢ i -

A Single IGF1 Allele Is a Major Determinant of Small
Size in Dogs Nathan B. Sutter, et al. Science 316, 112 (2007);
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in the real world...

-2000 -1000 0O 1000 2000
distance to TSS
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in the real world...

Frequency

15

10

| | I |
7000 8000 9000 10000

Accidental Deaths per Month

|
11000
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in the real world...

Histogram of Dally Trading-Related Revenue* — Twelve Months Ended December 31, 2007
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“Excludes daily profits and losses in the ABS COO market, including recent subprime-related losses
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¥ Frequency

he real world...

mnt

Histogram of Velocity Dispersions
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continuous r.v.’s: summary

pdf vs cdf
f(x) = £ F(x) Fa) = [ f(x) dx

sums become integrals, e.g.

EX] = Tocpe) BX) = [ o fe)de

most familiar properties still hold, e.g.
E[aX+bY+c] = aE[X]+bE[Y]+c
Var[X] = E[X?] - (E[X])?
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continuous r.v.’s: summary

Three important examples

X ~ Uni(c,B) uniform in [,B]

f(z) = 5o @€l =(a+p)/2 =
0  otherwise Var x] (a-Bp/12 ||

X ~ Exp(A\) exponential
f(z) = {)‘em 20 E[X] — %
0 z <0 Var[X] = 35

X ~ N(H, 02) normal (aka Gaussian, aka the big Kahuna)

u=0

(@) = — L= (@-m)?/202 EX]=p

oV2m Var[X]:O' / ‘ . \

[\
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continuous r.v.’s: more stuff

Joint, marginal and conditional distributions

Distribution of Z = g(X)Y) based on distributions of XY
Independence

Joint = product of marginals, and/or
Conditional = unconditional

Chain rule

Total probability rule

Conditional expectation

Law of total expectation

See Text, Chapter 3!
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