CSE 311: Foundations of Computing

Topic 6: Computability

DEFINE DOES ITHALT ( PROGRAM):
{

5

THE BIG PICTURE S0WTION
To THE HALTING PROBLEM

RETORN TRUE;




The story so far...

REs C CFGs

IN

DFAs NFAs



NFAs and regular expressions

Theorem: For any regular expression, there
IS an NFA that recognizes the same language

Proof idea: Structural induction based on the
recursive definition of regular expressions...



Regular Expressions over X

* Basis:
— € Is a regular expression
— a is a regular expression for any a € X

* Recursive step:
— If A and B are regular expressions, then so are:
AUB
AB
A*



Base Case

e Case ¢:

e Case a:



Base Case

e Case ¢:

e Case a:



Base Case

e Case ¢:

e Case a:




Regular Expressions over X

* Basis:
— € Is a regular expression
— a is a regular expression for any a € X

* Recursive step:
— If A and B are regular expressions, then so are:
AUB
AB
A*



Inductive Hypothesis

* Suppose that for some regular expressions
A and B there exist NFAs N, and Ny such

that N, recognizes the language given by A
and Ng recognizes the language given by B

0
0 0

O O

O




Inductive Step

Case A U B:




Inductive Step

Case A U B:




Inductive Step

Case AB:




Inductive Step

Case AB:




Inductive Step

Case A*




Inductive Step

Case A*




Build an NFA for (01 U1)*0




Solution

(01 U1)*0




The story so far...

IN

REs CFGs

DFAs C NFAs



NFAs and DFAs

Every DFA is an NFA
— DFAs have requirements that NFAs don’t have

Can NFAs recognize more languages?



NFAs and DFAs

Every DFA is an NFA
— DFAs have requirements that NFAs don’t have

Can NFAs recognize more languages? No!

Theorem: For every NFA there is a DFA that
recognizes exactly the same language




Three ways of thinking about NFAs

* Perfect guesser: The NFA has input x and whenever
there is a choice of what to do it magically guesses a
good one (if one exists)

* Qutside observer: Is there a path labeled by x from
the start state to some accepting state?

* Parallel exploration: The NFA computation runs all
possible computations on x step-by-step at the same
time in parallel



Recall: Compare with the smallest DFA

0,1
Ef 1 C 0,1 e 0,1 e
S




Parallel Exploration view of an NFA

0,1
EE 1 C 0,1 . 0,1 .
S

Input string 0101100




Conversion of NFAs to a DFAs

 Construction ldea:

— The DFA keeps track of ALL states reachable in
the NFA along a path labeled by the input so far

(Note: not all paths; all last states on those paths.)

— There will be one state in the DFA for each
subset of states of the NFA that can be reached
by some string



Conversion of NFAs to a DFAs

New start state for DFA

— The set of all states reachable from the start
state of the NFA using only edges labeled €

NFA DFA



Conversion of NFAs to a DFAs

For each state of the DFA corresponding to a set S of

states of the NFA and each symbol s
— Add an edge labeled s to state corresponding to T, the

set of states of the NFA reached by
- starting from some state in S, then

- following one edge labeled by s, and
then following some number of edges labeled by €
— T will be @ if no edges from S labeled s exist




Conversion of NFAs to a DFAs

Final states for the DFA

— All states whose set contain some final state of
the NFA

DFA



Example: NFA to DFA

DFA



Example: NFA to DFA

DFA



Example: NFA to DFA

DFA



Example: NFA to DFA

DFA



Example: NFA to DFA

DFA



Example: NFA to DFA

DFA



Example: NFA to DFA




Example: NFA to DFA




Regular expressions, NFAs, & DFAs

We have shown how to build a DFA for every RE
— Build NFA
— Convert NFA to DFA using subset construction
— (Later: minimize resulting DFA)

Thus, we could now implement a RegExp library
— most RegExp libraries actually simulate the NFA

— (even better: one can combine the two approaches:
apply DFA minimization lazily while simulating the NFA)



The story so far...

REs

IN

CFGs

DFAs NFAs



The story so far...

REs

IN

CFGs

DFAs

NFAs

s this € really “=" or “€"?



Regular expressions = NFAs = DFAs

Theorem: For any NFA, there is a regular expression
that accepts the same language

Corollary: A language is recognized by a DFA (or NFA)
if and only if it has a regular expression

You need to know these facts



The story so far...

IN

REs CFGs

DFAs = NFAs

Languages represented by DFA, NFAs, or regular expressions
are called Regular Languages




Example Corollary of These Results

Corollary: If A is the language of a regular expression,
then A is the language of a regular expression®.

(This is the complement with respect to the universe of all strings
over the alphabet, i.e., A = X* \ A))



Recall: Algorithms for Regular Languages

We have algorithms for

* RE to NFA

 NFA to DFA

* DFA/NFA to RE (not shown)
* DFA minimization (next...)



State Minimization

* Many FSMs (DFAs) for the same problem

 Take a given FSM and try to reduce its state
set by combining states
— Algorithm will always produce the unique

minimal equivalent machine (up to renaming of
states) but we won'’t prove this



State Minimization Algorithm

* Put states into groups

* Try to find groups that can be collapsed into one state

— states can keep track of information that isn’t necessary to
determine whether to accept or reject

* Group states together until we can prove that
collapsing them can change the accept/reject result



State Minimization Algorithm

1. Put states into groups based on their outputs
(whether they accept or reject)

‘E If these were one state,
it would not behave the same
at the end of the input

Must separate G, from G, because
G, is accepting and G, is rejecting



State Minimization Algorithm

1. Put states into groups based on their outputs
(whether they accept or reject)

Must separate top of G; from bottom of G; because
they behave differently on O



State Minimization Algorithm

1. Put states into groups based on their outputs
(whether they accept or reject)

The top two states behave
differently, so this is not
the same machine

Same problem if we send
all transitions to G4



State Minimization Algorithm

1. Put states into groups based on their outputs
(whether they accept or reject)

Can only collapse a group into a single state
if all states in it go to the same place (group)
on every character of the alphabet



State Minimization Algorithm

1. Put states into groups based on their outputs
(whether they accept or reject)

For later: need to know Gg vs Gg if
next two characters are "10"

Splitting one group can cause another to need splitting



State Minimization Algorithm

1. Put states into groups based on their outputs
(whether they accept or reject)

For later: need to know Gg vs Gg if
next two characters are "10"

Must separate G, from Gg because
they behave differently on 1



State Minimization Algorithm

1. Put states into groups based on their outputs
(whether they accept or reject)

2. Repeat the following until no change happens

a. If there is a letter s so that not all states in a group G
agree on which group s leads to, split G into smaller
groups based on which group the states gotoon s

3. Finally, convert groups to states



State Minimization Algorithm

* Put states into groups

* Try to find groups that can be collapsed into one state

— states can keep track of information that isn’t necessary to
determine whether to accept or reject

* Group states together until we can prove that
collapsing them can change the accept/reject result
— find a specific string x such that:

starting from state A, following edges according to x ends in accept
starting from state B, following edges according to x ends in reject

— algorithm could be modified to calculate these strings



State Minimization Example

present hext state output
0 2 state o 1 2 3
S0 S0 ST S2 S3 1
w0 ¥ ° 7" s1 SO S3 S1 S5 o0
S2 S1 S3 S2 5S4 1
S3 S1 SO S4 S5 0
2 3 3 S4 SO S1 S2 S5 1
0| 1 S5 S1 S4 SO S5 0
0 1 v
state
S2 S3 transition table
Y 2
2 3 A 3 Put states into groups based on their
> outputs (or whether they accept or reject)
2

s4 ( s5

A
[



State Minimization Example

present next state output
state o 1 2 3
0 2 S0 S0 ST S2 S3 1
0 S1 SO S3 S1 S5 0
T > S3 S1 SO S4 S5 0
2 - S4 SO S1 S2 S5 1
3 S5 S1 S4 SO S5 0
0| |1
0 L] state
transition table
s2 s3
2~ T, 2 = Put states into groups based on their
1 outputs (or whether they accept or reject)
2 2

S4

A
[



State Minimization Example

SO

S4

A

present next state output
state 0 1 2 3
SO SO0 ST S2 S3 1
S1 SO S3 S1 S5 0
S2 S1 S3 S2 S4 1
S3 S1 SO S4 S5 0
S4 SO S1 S2 S5 1
S5 S1 S4 SO S5 0
state

transition table

Put states into groups based on their
outputs (or whether they accept or reject)

If there is a symbol s so that not all states in
a group G agree on which group s leads to,
split G based on which group the states go

toons



State Minimization Example

SO

S2

S4

A

present next state output
state 0 1 2 3
SO SO0 ST S2 S3 1
S1 SO S3 S1 S5 0
S2 S1 S3 S2 S4 1
S3 S1 SO S4 S5 0
S4 SO S1 S2 S5 1
S5 S1 S4 SO S5 0
state

transition table

Put states into groups based on their
outputs (or whether they accept or reject)

If there is a symbol s so that not all states in
a group G agree on which group s leads to,
split G based on which group the states go

toons



State Minimization Example

SO

S2

S4

A

A

S1

present next state output
state 0 1 2 3
SO SO0 ST S2 S3 1
S1 SO S3 S1 S5 0
S2 S1 S3 S2 S4 1
S3 S1 SO S4 S5 0
S4 SO S1 S2 S5 1
S5 S1 S4 SO S5 0
state

transition table

Put states into groups based on their
outputs (or whether they accept or reject)

If there is a symbol s so that not all states in
a group G agree on which group s leads to,
split G based on which group the states go

toons



State Minimization Example

SO

S4

A

S1

present next state output
state 0 1 2 3
SO SO0 ST S2 S3 1
S1 SO S3 S1 S5 0
S2 S1 S3 S2 S4 1
S3 S1 SO S4 S5 0
S4 SO S1 S2 S5 1
S5 S1 S4 SO S5 0
state

transition table

Put states into groups based on their
outputs (or whether they accept or reject)

If there is a symbol s so that not all states in
a group G agree on which group s leads to,
split G based on which group the states go

toons



State Minimization Example

SO

S4

A

S1

S5

\4
—

A

present next state output
state 0 1 2 3
SO SO0 ST S2 S3 1
S1 SO S3 S1 S5 0
S2 S1 S3 S2 S4 1
S3 S1 SO S4 S5 0
S4 SO S1 S2 S5 1
S5 S1 S4 SO S5 0
state

transition table

Put states into groups based on their
outputs (or whether they accept or reject)

If there is a symbol s so that not all states in
a group G agree on which group s leads to,
split G based on which group the states go

toons



State Minimization Example

SO

S4

A

S1

S5

\4
—

A

transition table

present next state output
state 0 1 2 3

SO S0 S1 S3 1
S1 SO S3 S1 S5 0

S1 S3 S4 1
S3 S1 SO S4 S5 0
S4 SO S1 S5 1
S5 S1 S4 SO S5 0

state

Finally convert groups to states:

Can combine states S0-S4 and

S3-S5.

In table replace all S4 with SO
and all S5 with S3



Minimized Machine

1,3

present next state output
state 0 1 2 3
SO S0 S1 S3 T
S1 SO S3 S1 S3 0
S1 S3 SO 1
S3 S1 SO SO S3 0
state

transition table



A Simpler Minimization Example

1
< >@ #0s is even

A 0 1 A 0
0 0
b |
@< @ #0s is odd
1
#1s is even #1s is odd

The set of all binary strings with # of 1’s = # of 0’s (mod 2).



A Simpler Minimization Example

1 S Split states into
< @ accept/reject groups

1o T 4o
0 0 Every symbol causes
L1 X the DFA to go from one
@ < @ group to the other so
1 neither group needs to

be split



Minimized DFA

0,1
&) ——
< s,

0,1

length is even length is odd

The set of all binary strings with # of 1’s = # of 0’s (mod 2).

= The set of all binary strings with even length.



Recall: Binary strings with a 1 in the 3" position from the start

0,1

None of these states can be grouped!



The story so far...

REs C CFGs

DFAs NFAs

Now: Is this € really “=” or “&"?



Languages and Representations!

All
Context-Free
Regular
O*
Finite
{001, 10, 12}




Languages and Representations!

All
Context-Free\\
Reminder:
Regular All finite
0* DFA languages
NFA are regular.
Finite
{001, 10, 12}




Languages and Representations!

All

Context-Free\

Prove there is
a context-free
language
that isn’t
regular.




Recall: Minimization Algorithm

» Split states if they go different places on some input:
— goal was to match the behavior of the original machine
— but not splitting would actually change output...

Must split G5 from Gg because they lead to different outcomes
(accept vs reject) if next two characters are "10"

A machine that did not split Gg from Gg would be wrong on some strings



Recall: Binary strings with a 1 in the 3" position from the start

0,1

0
OmOmOmn O
0,1

Split {A} from {s,, s, S,, R} different on €
Split {s,} from {s,, s,, R} different on 1
Split {s,} from {s,, R} different on O1
Split {s,} from {R} different on 001



How to prove a DFA minimal?

* Find strings that must be "distinguished"
— rewrite the argument to talk about strings, not states




Useful Lemmas about DFAs

Lemma 2: If DFA M takes x,y € X* to the same state,
then for every z € £*, M accepts x e z iff it accepts y » z.

M can’t remember if the input was X ory.

ay [
ay ns
--------
RETTTE LA




How to prove a DFA minimal?

* Find strings that must be "distinguished"

— two strings must be distinguished if some completion
puts one the language and the other not

X xez € L

O yez & L

Any correct machine must take x and y to different states.
The completion proves they must be "distinguished".



Recall: Binary strings with a 1 in the 3" position from the start

0,1

Can turn this into an argument about strings...

€ goes to s, O goes to s, 00 goes to s,
000 goestoR 001 goesto A



Recall: Binary strings with a 1 in the 3" position from the start

Minimization algorithm shows that these strings
must be distinguished

— for every pair, x and y, there is a completion putting

one in the language and one not
Xxez € L

yez & L




Recall: Binary strings with a 1 in the 3" position from the start

0,1
0
OO O ©
0,1

Each pair has a completion showing they must be distinguished:

3 0 00 000 001
E
0 xezel
00 yez &L
000

001



Recall: Binary strings with a 1 in the 3" position from the start

0,1
0
OO O ©
0,1

Each pair has a completion showing they must be distinguished:

€ 0 00 000 001
€ €
001ec € L
0 - Oec & L
L X
00 €
000 €

001



Recall: Binary strings with a 1 in the 3" position from the start

0,1
0
OO O ©
0,1

Each pair has a completion showing they must be distinguished:

€ 0 00 000 001
€ 1 €
0 1 . 00«1 € L
Ol & L
00 1 €
000 €

001



Recall: Binary strings with a 1 in the 3" position from the start

0,1
0
OO O ©
0,1

Each pair has a completion showing they must be distinguished:

e 0 00 000 001
£ 01 1 £
0 1 01 £ 0«01 el
00001 & L
00 1 £
000 £

001



Recall: Binary strings with a 1 in the 3" position from the start

0,1
0
OO O ©
0,1

Each pair has a completion showing they must be distinguished:

€ 0 00 000 001
€ 01 1 001 €
0 1 01 c €001 € L
000001 ¢ L
00 1 €
000 €

001



Recall: Binary strings with a 1 in the 3" position from the start

0,1

{e, 0, 00, 000, 001} is a distinguishing set for this language,
so any correct machine has at least 5 states

Hence, this machine is minimal!



The language of “Binary Palindromes” is Context-Free

S—¢|0]1]0S0 ]| 1S1

Can prove this is not regular (irregular)
by finding an infinite distinguishing set!



B = {binary palindromes} can’t be recognized by any DFA

Suppose for contradiction that some DFA, M, recognizes B.
We will show M accepts or rejects a string it shouldn’t.
Consider S = {1, 01, 001, 0001, 00001, ...} ={0"1 : n = 0}.



Useful Lemmas about DFAs

Lemma 1: If DFA M has n states and a set S contains
more than n strings, then M takes at least two strings

from S to the same state.

M can’t take n+1 or more strings to different states
because it doesn’t have n+1 different states.

So, some pair of strings must go to the same state.




B = {binary palindromes} can’t be recognized by any DFA

Suppose for contradiction that some DFA, M, accepts B.

We will show M accepts or rejects a string it shouldn’t.
Consider S ={1, 01, 001, 0001, 00001, ...} ={0"1 : n > 0}.

Since there are finitely many states in M and infinitely many

strings in S, by Lemma 1, there exist strings 0°1 €S and 0°1 €5
with a#b that end in the same state of M.

SUPER IMPORTANT POINT: You do not get to choose
what a and b are. Remember, we've just proven they

exist...we must take the ones we’re given!



B = {binary palindromes} can’t be recognized by any DFA

Suppose for contradiction that some DFA, M, accepts B.
We will show M accepts or rejects a string it shouldn’t.
Consider S ={1, 01, 001, 0001, 00001, ...} ={0"1 : n = 0}.

Since there are finitely many states in M and infinitely many
strings in S, by Lemma 2, there exist strings 0°1 € S and 0°1 € S
with a#b that end in the same state of M.

Now, consider appending 0° to both strings.



B = {binary palindromes} can’t be recognized by any DFA

Suppose for contradiction that some DFA, M, accepts B.
We will show M accepts or rejects a string it shouldn’t.
Consider S ={1, 01, 001, 0001, 00001, ...} ={0"1 : n = 0}.

Since there are finitely many states in M and infinitely many
strings in S, by Lemma 2, there exist strings 0°1 € S and 0°1 € S
with a#b that end in the same state of M.

Now, consider appending 0@ to both strings.

Since 021 and 0°1 end in the same state, 02102 and 0°10? also
end in the same state, call it g. But then M makes a mistake:
g needs to be an accept state since 0°10° € B, but M would
accept 0°102 & B, which is an error.



B = {binary palindromes} can’t be recognized by any DFA

Suppose for contradiction that some DFA, M, accepts B.

We will show M accepts or rejects a string it shouldn’t.
Consider S ={1, 01, 001, 0001, 00001, ...} ={0"1 : n > 0}.

Since there are finitely many states in M and infinitely many

strings in S, by Lemma 2, there exist strings 0°1 € S and 0°1 € S
with azb that end in the same state of M.

Now, consider appending 0@ to both strings.

Since 021 and 0°1 end in the same state, 02102 and 0°10? also
end in the same state, call it g. But then M makes a mistake:
g heeds to be an accept state since 0°10° € B, but M would
accept 0°102 ¢ B, which is an error.

This proves that M does not recognize B, contradicting our
assumption that it does. Thus, no DFA recognizes B.



Showing that a Language L is not regular

1. “Suppose for contradiction that some DFA M recognhizes L.”

2. Consider an INFINITE set S of prefixes (which we intend to
complete later).

3. “Since S is infinite and M has finitely many states, there
must be two strings s_ and s, in S for s_ # s, that end up at
the same state of M.”

4. Consider appending the (correct) completion t to each of
the two strings.

5. “Since s, and s, both end up at the same state of M, and
we appended the same string t, both s_t and st end at the
same state q of M. Since s_.t € Land st Z L, M does not
recoghize L.”

6. “Thus, no DFA recognizes L.”



Showing that a Language L is not regular

The choice of S is the creative part of the proof

You must find an infinite set S with the property that no two
strings can be taken to the same state

— i.e., for every pair of strings S there is a "rest of the
string" that makes one accepting and one rejecting




Prove A = {0"1": n > 0} is not regular

Suppose for contradiction that some DFA, M, recognizes A.

Let S =



Prove A = {0"1": n > 0} is not regular

Suppose for contradiction that some DFA, M, recognizes A.

Let S ={0": n>0}. Since S is infinite and M has finitely many
states, there must be two strings, 0° and 0° for some a # b
that end in the same state in M.



Prove A = {0"1": n > 0} is not regular

Suppose for contradiction that some DFA, M, recognizes A.

Let S ={0": n>0}. Since S is infinite and M has finitely many
states, there must be two strings, 0° and 0° for some a # b
that end in the same state in M.

Consider appending 1°¢ to both strings.



Prove A = {0"1": n > 0} is not regular

Suppose for contradiction that some DFA, M, recognizes A.

Let S ={0": n>0}. Since S is infinite and M has finitely many
states, there must be two strings, 0° and 0° for some a # b
that end in the same state in M.

Consider appending 1°¢ to both strings.

Note that 0212 € A, but 0°12 & A since a # b. But they both end
up in the same state of M, call it q. Since 0212 € A, state q

must be an accept state but then M would incorrectly accept
0b12 ¢ A so M does not recognize A.

Thus, no DFA recognizes A.



Prove P = {balanced parentheses} is not regular

Suppose for contradiction that some DFA, M, accepts P.

Let S =



Prove P = {balanced parentheses} is not regular

Suppose for contradiction that some DFA, M, recognizes P.

Let S ={(":n >0} Since S is infinite and M has finitely many
states, there must be two strings, (° and (° for some a # b that
end in the same state in M.



Prove P = {balanced parentheses} is not regular

Suppose for contradiction that some DFA, M, recognizes P.

Let S ={(":n >0} Since S is infinite and M has finitely many
states, there must be two strings, (° and (° for some a # b that
end in the same state in M.

Consider appending )? to both strings.



Prove P = {balanced parentheses} is not regular

Suppose for contradiction that some DFA, M, recognizes P.

Let S ={(":n >0} Since S is infinite and M has finitely many
states, there must be two strings, (° and (° for some a # b that
end in the same state in M.

Consider appending )? to both strings.

Note that (?)2 € P, but (°)2 & P since a # b. But they both end up
in the same state of M, call it q. Since (?)? € P, state q must be

an accept state but then M would incorrectly accept (°)? & P so
M does not recognize P.

Thus, no DFA recognizes P.



Showing that a Language L is not regular

1.
2.

5.

“Suppose for contradiction that some DFA M recognizes L.”

Consider an INFINITE set S of prefixes (which we intend to
complete later). It is imperative that for every pair of
strings in our set there is an “accept” completion that the
two strings DO NOT SHARE.

“Since S is infinite and M has finitely many states, there
must be two strings s_ and s, in S for s_ # s, that end up at
the same state of M.”

Consider appending the (correct) completion t to each of
the two strings.

“Since s, and s, both end up at the same state of M, and
we appended the same string t, both s_t and st end at the
same state q of M. Since s_.t € Land s,t Z L, M does not
recoghize L.”

“Thus, no DFA recognizes L.”



Recall: Prove L = {0"1": n = 0} is not regular

Suppose for contradiction that some DFA, M, recognizes L.

Let S ={0": n>0}. Since S is infinite and M has finitely many
states, there must be two strings, 0° and 0° for some a # b
that end in the same state in M.

Consider appending 1°¢ to both strings.

Note that 0212 € L, but 0°12 & L since a # b. But they both end
up in the same state of M, call it q. Since 0212 € A, state q
must be an accept state but then M would incorrectly accept
0b12 ¢ L so M does not recognize L.

Thus, no DFA recognizes L.



Distinguishing Sets

* Not necessary that our construction can generate
every string in the language

* Examples:
— palindromes: only generated those of the form 0"10"
— balanced parentheses: only generated (")"

» Sufficient to find a "core" set of strings whose
prefixes must be distinguished

— this becomes our distinguishing set



Prove U = {0"1™: m > n = 0} is not regular

* Thisis asuperset: L € U

 Even though U is a bigger set, all we need to do is find an
infinite set of strings that must be distinguished
— we don't have to show that all strings in U must be distinguished

* The same strings still need to be distinguished:
S={0":n>0}={g 0, 00, 000, ...}

Let x, y € S be arbitrary. Suppose that x # .
By the definition of S, x = 02 and y = 0° for some a # b.

Consider z = A min@pb)



Important Notes

* It is not necessary for our strings xz with x € L to
allow any string in the language

— we only need to find some infinite set of strings that
must be distinguished by the machine

* Itis not true that, if L is irregular and L € U, then
U is irregular!
— we always have L < {0,1}* and {0,1}* is regular!



Proving {0,1}* is not regular fails!

S={0":n2>0}={g 0,00, 000, ...}

Why is this no longer a distinguishing set?
Let x, y € S be arbitrary. Suppose that x # .

By the definition of S, x = 02 and y = O° for some a, b 2 0.
Note that we must have a # b. (Otherwise, we would have x =.)

Consider z = 12. We can see that x*z= 0212 € {0,1}* (since a = a)
andyez =012 ¢ {0,1}* since (b # a).

[ No longer true that O° 12 ¢ {0,1}*! ]




Important Notes

* It is not necessary for our strings xz with x € L to
allow any string in the language

— we only need to find a small “core” set of strings that
must be distinguished by the machine

* Itis not true that, if L is irregular and L € U, then
U is irregular!
— we always have L € Z* and Z* is regular!

— our argument needs different answers: (xz€ L) # (yz € L)
and for Z*, both strings are always in the language

Do not claim in your proof that,
because L € U, U is also irregular




Prove U = {0"1™: m > n = 0} is not regular

Suppose for contradiction that some DFA, M, recognizes U.

Let S ={0": n>0}. Since S is infinite and M has finitely many
states, there must be two strings, 0° and 0° for some a # b
that end in the same state in M.

Let c = min(a, b) and d = max(a, b). Consider appending 1¢ to
both strings. We can see that 0¢1¢€ U (since c 2 c¢) but
091¢¢& U (since c < d). Note that 0¢1¢ and 091¢ are 021¢ and 0°1°.

Both 021¢ and 0°1¢ end up in the same state of M, so M either
accepts or rejects both strings. Since 021c€ U # 0°1c€e U, M
gives the wrong answer for one, so M does not recognize U.

Thus, no DFA recognizes U.



Last time: Languages and Representations

Context-Free

e.g. palindromes, balanced parens, {0"1":n20}

Finite

{001, 10, 12}




Computers from Thought

Computers as we know them grew out of a desire to avoid bugs in
mathematical reasoning.

Hilbert in a famous speech at the International Congress of Mathematicians in
1900 set out the goal to mechanize all of mathematics.

In the 1930s, work of Godel and Turing showed that Hilbert’s program is

impossible. .
Godel’s Incompleteness Theorem

Undecidability of the Halting Problem

Both of these employ an idea we will see called diagonalization.

The ideas are simple but so revolutionary that their inventor Georg Cantor
was initially shunned by the mathematical leaders of the time:

Poincareé referred to them as a “grave disease infecting mathematics.”

Kronecker fought to keep Cantor’s papers out of his journals.

Full employment for mathematicians
and computer scientists!!




Cardinality

What does it mean that two sets have the same size?
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Cardinality

What does it mean that two sets have the same size?




1-to-1 Functions

A function f : A — B is one-to-one (1-to-1) if every output
corresponds to at most one input;
i.e. f(x) = f(x') = x=x"forall x,x' € A.

1-to-1

’“@\@p ® ©



Onto Functions

A function f : A — B is onto if every output gets hit;
i.e. for every y € B, there exists x € 4 such that f(x) = y.

not onto

”@\@p ® ©



1-to-1 Functions

A function f : A — B is one-to-one (or "injective") if every
output corresponds to at most one input;
e, f(x) = f(x') = x=x"forall x,x’ € A.

Pigeonhole Principle: if A is larger than B (i.e., |A| > |B|),
then there is no 1-to-1 function 4 - B

e.g., the machine M takes two strings to the same state

Contrapositive: if there is a 1-to-1 function 4 — B,
then A4 is not larger than B (i.e., |A| < |B|)




Onto Functions

A function f : A — B is onto (or "surjective") if every output
gets hit; i.e., for every y € B, there is an x € A with f(x) =y

New Principle: if A4 is smaller than B (i.e., |4| < |B|),
then there is no onto function 4 - B

there is some y € B such that no x € A is taken to y by f

Contrapositive: if there is an onto function A — B,
then A4 is not smaller than B (i.e., |A| = |B|)




1-to-1 and Onto Functions

A function f : A — B is one-to-one and onto is also called a
"one-to-correspondence"” (or "bijective").

Contrapositive 1: if there is a 1-to-1 function A — B,
then A4 is not larger than B (i.e., |A| < |B|)

Contrapositive 2: if there is an onto function 4 — B,
then 4 is not smaller than B (i.e., |A| = |B|)

Corollary: if there is a onto correspondence A — B,
then 4 is the same sizeas B (i.e., |4| = |B|)




Cardinality

Definition: Two sets A and B have the same cardinality if there is a
ohe-to-one correspondence between the elements of A and those
of B. More precisely, if there is a 1-1 and onto function f : A — B.

H

1-1 proves <
onto proves 2

:“1@/\@099
AHE BN

B

The definition also makes sense for infinite sets!



Cardinality

Do the natural numbers and the even natural numbers have
the same cardinality?

Yes!

01 2 3 4 5 6 7 8 9 10111213 14..
0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 ...

What’sthemap f : N - 2N ? f(n) =2n



Countable sets

Definition: A set S is countable iff it has the same cardinality as
some subset of N (i.e., |S| < |N]).

Equivalent: A setS is countable iff there is an onto
functiong : N —> §

Equivalent: A setS is countable iff we can order the elements
S = {xo, X1,X2,X3, ... }




The set Z of all integers




The set Z of all integers

01 2 3 45 6 7 8 9 10111213 14..
o01-12-23 -3 4-45-5©6-6 7 -7..



The set Q of rational numbers

We can’t do the same thing we did for the integers.

Between any two rational numbers there are an infinite number
of others.



The set of positive rational numbers

1/1 1/2 1/3

2/1
3/1
4/1
5/1
6/1
7/1

2/2
3/2
a/2
5/2
6/2
7/2

2/3
3/3
4/3
5/3
6/3
7/3

1/4
2/4
3/4
4/4
5/4
6/4
7/4

1/5 1/6 1/7 1/8 ..
2/5 2/6 2/7 2/8 ..
3/5 3/6 3/7 3/8 ..
4/5 4/6 4/7 4/8 ...

5/5 5/6 5/7 ..
6/5 6/6 ...
7/5 ...



The set of positive rational numbers

1/1

1/2

1/4

1/5

1/6

1/7

2/1

2/2

2/4

2/5

2/6

3/1

3/2

3/4

3/5

4/1

4/2

5/1

5/2

6/1

6/2

7/1

7/2

4/5
5/5
6/5

3/6
4/6
5/6

1/8 ..
2/7 2/8 ...
3/7 3/8 ...
4/7 4/8 ...

5/7 ..
6/6 ...
7/5 ...



The set of positive rational numbers

The set of all positive rational numbers is countable.
Q+
= {1/1, 2/1,1/2,3/1,2/2,1/3, 4/1,2/3,3/2,1/4,5/1, 4/2, 3/3, 2/4,1/5, ...}

List elements in order of numerator+denominator, breaking ties
according to denominator.

Only k numbers have total of sum of k + 1, so every positive
rational number comes up some point.

The technique is called “dovetailing.”

More generally:
* Put all elements into finite groups
* Order the groups
* List elements in order by group (arbitrary order within each group)



Claim: X" is countable for every finite -

Dictionary/Alphabetical/Lexicographical order is bad
— Never get past the A’s
— A, AA, AAA, AAAA, AAAAA, AAAAAA, ....



Claim: X" is countable for every finite -

Dictionary/Alphabetical/Lexicographical order is bad
— Never get past the A’s
— A, AA, AAA, AAAA, AAAAA, AAAAAA, ....

Instead, use same “dovetailing” idea, except that we group
based on length: only |X|* strings of length k.

e.g. {0,1}* is countable:

{¢,0,1,00,01, 10, 11, 000, 001, 010, 011, 100, 101, 110, 111, ... }



The set of all Java programs is countable

Java programs are just strings in X* where X is the
alphabet of ASCII characters.

Since X* is countable, so is the set of all Java programs.

More generally, any subset of a countable set is countable:
it has same cardinality as an (even smaller) subset of N



OK OK... Is Everything Countable ?!!




Are the real numbers countable?

Theorem [Cantor]:
The set of real numbers between 0 and 1 is not countable.

Proof will be by contradiction.
Uses a new method called diagonalization.



Real numbers between 0 and 1: [0,1)

Every number between 0 and 1 has an infinite decimal
expansion:

1/2 = 0.50000000000000000000000...
1/3 = 0.33333333333333333333333...
1/7 = 0.14285714285714285714285...

changing just one digit
-3 = 0.14159265358979323846264... gives a different number
1/5 = 0.19999999999999999999999...

= 0.20000000000000000000000...

Representation is unique except for the cases that
the decimal expansion ends in all O’s or all 9’s.
We will never use the all 9’s representation.



Proof that [0,1) is not countable

Suppose, for a contradiction, that there is a list of them:

0.50000000...
0.33333333...
0.1428571A4...
0.14159265...
0.12122122...
0.25000000...
0.71828182...
0.61803394...



Proof that [0,1) is not countable

Suppose, for a contradiction, that there is a list of them:

1 2 3 4 5 6 7 8 9
r 0. 5 0 0 0 0O O 0 O
, 00 3 3 3 3 3 3 3 3
, 0. 1 4 2 8 5 7 1 4
r, 0. 1 4 1 5 9 2 6 5
, 0. 1 2 1 2 2 1 2 2
r 0. 2 5 0 0 0 0 0 O
, 0. 7 1 8 2 8 1 8 2
, 0. 6 1 8 0 3 3 9 4



Proof that [0,1) is not countable

Suppose, for a contradiction, that there is a list of them:

1 2 3 4 5 6 7 8 9
r 0. 5 0 0 0 0 0 0 O
, 00 3 3 3 3 3 3 3 3
, 0. 1 4 2 8 5 7 1 4
r, 0. 1 4 1 5 9 2 6 5
. 0. 1 2 1 2 2 1 2 2
r 0. 2 5 0 0 0 0 0 O
, 00 7 1 8 2 8 1 8 2
,r, 0. 6 1 8 0 3 3 9 4



Proof that [0,1) is not countable

Suppose, for a contradiction, that there is a list of them:

©O 0 0 0 2 0 0@

=

A NN =R = =W U;n

N

B = U N DM DA W O

W

0 00 O = = N W O

=

O N O N UI 00 W O

Flipping rule:
Only if the other driver deserves it.
3 3 3
7 1 4
2 6 5
1 2 2
0 0 0
1 8 2
3 9 &

W 0 O N O U



Proof that [0,1) is not countable

Suppose, for a contradiction, that there is a list of them:

©O 0 0 0 2 0 0@

=

A NN =R = =W U;n

=

N

B = U N DM DA W O

Ul

W

0 00 O = = N W O

U

=

=

©O N O N U1 00 W O

-

Flipping rule:
If digit is 5, make it 1.
If digit is not 5, make it 5.

_
5 7 1 4
9 2 6 5
2° 1 2 2
0 02 0 O

5
8 1 8 2
3 3 9 43




Proof that [0,1) is not countable

Suppose, for a contradiction, that there is a list of them:

1 2 3 4
rr 0. 51 0 0 0
r, 0. 3 3° 3 3
, 0. 1 4 2° 8
b 0. 1 4 1 5
0 1 2 1 2
r 0. 2 5 0 0
r, 0. 7 1 8 2

4 )
Flipping rule:

If digit is 5, make it 1.

If digit is not 5, make it 5.
\§ J

5 7 1 4

2
5

5

9 6 5

2 2 2

0 0 0
5

8 8 2

=m O R

If diagonal elementis 0. x11X22X33X44X=5 -+ then let’s call the flipped

number 0. f11322333f44/x\55 oo

It cannot appear anywhere on the list!



Proof that [0,1) is not countable

Suppose, for a contradiction, that there is a list of them:

4 )
1 1 2 3 4 Flipping rule:
rp 0. 57 0 0 0 | fdigitis5, makeit 1.
ry 0. 3 35 3 3 If digit is not 5, make it 5.
5 \__ J
rs 0. 1 4 2 8 5 7 1 4 .
ry 0. 1 4 1 5:l 9 2 6 5
(For everyn = 1: ) 25 1 2 2
rp # 0.X11X22X33X44X55 0o 0% 0 o
because the numbers differ on 5
\ the n-th digit! y 8 1 8 2

If diagonal elementis 0. x11X22X33X44X=5 -+ then let’s call the flipped
number 0. 321156\2256\3356\445255
It cannot appear anywhere on the list!



Proof that [0,1) is not countable

Suppose, for a contradiction, that there is a list of them:

4 )
1 1 2 3 4 Flipping rule:
rp 0. 57 0 0 0 | fdigitis5, makeit 1.
ry 0. 3 35 3 3 If digit is not 5, make it 5.
5 \__ J
rs 0. 1 4 2 8 5 7 1 4 .
ry 0. 1 4 1 5:l 9 2 6 5
(For everyn = 1: ) 25 1 2 2
rp # 0.X11X22X33X44X55 0o 0% 0 o
because the numbers differ on 5
\the n-th digit! y 8 1 8 2

So the list is incomplete, which is a contradiction.
Thus the real numbers between 0 and 1 are not countable: “uncountable”



The set of all functions f : N — {0, ..., 9} is uncountable




The set of all functions f : N — {0, ..., 9} is uncountable

Supposed listing of all the functions:

o 1 2 3 4 5 6 7
f, 5 0 0 0 0 0 0 O
f, 3 3 3 3 3 3 3 3
f, 1 4 2 8 5 7 1 4
f, 1 4 1 5 9 2 6 5
f, 1 2 1 2 2 1 2 2
f. 2 5 0 0 0 o 0 O
f. 7 1 8 2 8 1 g 2
f, &6 1 8 0 3 3 9 g4



The set of all functions f : N — {0, ..., 9} is uncountable

Supposed listing of all the functions:

0 1 2 3 /Flipping rule: A
fo s 0 0 0 If f,(n) =5,setD(n) =1
f, 3 3° 3 3 | fal) # 5 st D) =5
f, 1 4 2° 8 5 7 1 4
f5 1 4 1 51 9 2 6 5
f, 1 2 1 2 22 1 2 2
fs 2 5 0 0 0 0> 0 O
fe 7 1 8 2 8 1 35 2
f; 6 1 8 0 3 3 9 g°



The set of all functions f : N — {0, ..., 9} is uncountable

Supposed listing of all the functions:

0 ! 2 3 /Flipping rule: A
fo s 0 0 0 If f,(n) =5,setD(n) =1
f, 3 3° 3 3 | fal) # 5 st D) =5
f, 1 4 2° 8 5 7 1 4
fy 1 4 1 51 9 2 6 5
f, 1 2 1 2 22 1 2 2
fs 2 5 0 0 0 0> 0 0O
f 7 1 8 2 8 1 35 2

For all n, we have D(n) # f,,(n). Therefore D # f,, for any n and the
listisincomplete! = {f|f:N - {0,1,...,9}} is not countable



Uncomputable functions

We have seen that:
— The set of all (Java) programs is countable
— The set of all functions f : N — {0, ..., 9} is not countable

So: There must be some function f : N — {0, ..., 9} that is not
computable by any program!

computes
Java Methods that

take integer inputs
and return 0..9

. All Functions
. f:N-{0,..,9}

cannot be an onto function



Our final language picture

All

Context-Free
Binary Palindromes

Finite

{001, 10, 12}




Last time: Countable sets

A set S is countable iff we can order the elements of § as
S = {xo,xl,xz,xg, }

Countable sets:
N - the natural numbers
Z. - the integers
Q - the rationals
2."- the strings over any finite X
The set of all Java programs



A note on this proof

* The set of rational numbers in [0,1) also have
decimal representations like this

— The only difference is that rational numbers always
have repeating decimals in their expansions 0.33333...
or .25000000...

 So why wouldn’t the same proof show that this set
of rational numbers is uncountable?

— Given any listing we could create the flipped diagonal
number d as before

— However, d would not have a repeating decimal
expansion and so wouldn’t be a rational #
It would not be a “missing” number, so no contradiction.



Uncomputable functions

We have seen that:
— The set of all (Java) programs is countable
— The set of all functions f : N — {0, ..., 9} is not countable

So: There must be some function f : N — {0, ..., 9} that is not
computable by any program!

computes
Java Methods that

take integer inputs
and return 0..9

. All Functions
. f:N-{0,..,9}

cannot be an onto function



Uncomputable functions

Interesting... maybe.

Can we come up with an explicit function that is
uncomputable?



A “Simple” Program

public static void collatz(n) {
if (n == 1) {
return 1;

}
if (n % 2 ==10) {
return collatz(n/2)

¥

else {
return collatz(3*n + 1)

¥
}

What does this program do?
. on n=11?
.. ON N=10000000000000000001 ?



A “Simple” Program

public static void collatz(n) {
if (n == 1) {
return 1;
}
if (n % 2 ==0) {
return collatz(n/2)

}
else {
return collatz(3*n + 1)
}
} Nobody knows whether or not

this program halts on all inputs!
What does this program do?

. on n=11?
. ON n=10000000000000000001 ?



Some Notation

We’'re going to be talking about Java code.
CODE (P) will mean “the code of the program P”

So, consider the following function:
public String P(String x) {
return new String(Arrays.sort(x.toCharArray());

¥
What is P(CODE(P))?

“(((())))..;AACPSSaaabceeggghiiiiInnnnnooprrrrrrrrrrrsssttttttu uwxxyy{}”



The Halting Problem

CODE (P) means “the code of the program P”

The Halting Problem

Given: - CODE(P) for any program P
- Input x

Output: true if P halts on input x
false if P does not halt on input x




Undecidability of the Halting Problem

CODE (P) means “the code of the program P”

The Halting Problem

Given: - CODE(P) for any program P
- Input x

Output: true if P halts on input x
false if P does not halt on input x

Theorem [Turing]: There is no program that solves
the Halting Problem



Proof by contradiction

Suppose that H is a Java program that solves the
Halting problem.



Proof by contradiction

Suppose that H is a Java program that solves the
Halting problem.

Then we can write this program:

public static void D(String s) {

if (H(s,s)) {
while (true); // don’t halt

} else {
return; // halt
}
}
public static bool H(String s, String x) { ... }

Does D(CODE(D) ) halt?



|Does D(CODE (D)) halt? |

public static void D(s) {

if (H(s,s)) {
while (true); // don’t halt

} else {
return; // halt
}

}




public static void D(s) {
if (H(s,s)) {

‘Does D(CODE(D) ) halt? ‘ } el\:;l;il{e (true); // don’t halt

return; // halt

}
}

H solves the halting problem implies that
H(CODE(D), s) is true if D(s) halts and is false if not



public static void D(s) {
if (H(s,s)) {

‘Does D(CODE(D) ) halt? ‘ } el\:;i;il{e (true); // don’t halt

return; // halt

}
}

H solves the halting problem implies that
H(CODE(D), s) is true if D(s) halts and is false if not, so
H(CODE(D), CODE(D)) is true if D(CODE(D)) halts and is false if not



public static void D(s) {
if (H(s,s)) {

‘Does D(CODE(D) ) halt? ‘ } el\:;i;il{e (true); // don’t halt

return; // halt

}
}

H solves the halting problem implies that
H(CODE(D), CODE(D)) is true if D(CODE(D)) halts and is false if not

Suppose that D(CODE(D) ) halts.
Then, by definition of H it must be that
H(CODE (D), CODE(D)) is true
Which by the definition of D means D(CODE (D) ) doesn’t halt



public static void D(s) {
if (H(s,s)) {

P while (true); // don’t halt
Does D(CODE (D) ) halt: \ i §

return; // halt

}
}

H solves the halting problem implies that
H(CODE(D), CODE(D)) is true if D(CODE(D)) halts and is false if not

Suppose that D(CODE(D) ) halts.
Then, by definition of H it must be that
H(CODE (D), CODE(D)) is true
Which by the definition of D means D(CODE (D) ) doesn’t halt

Suppose that D(CODE (D) ) doesn’t halt.
Then, by definition of H it must be that
H(CODE (D), CODE (D)) is false
Which by the definition of D means D(CODE (D) ) halts



public static void D(s) {
if (H(s,s)) {

‘Does D(CODE(D) ) halt? ‘ } el\:;i;il{e (true); // don’t halt

return; // halt

}
}

H solves the halting problem implies that
H(CODE(D), CODE(D)) is true if D(CODE(D)) L

Suppose that D(CODE(D) ) halts.
Then, by definition of H it mus



Done

 We proved that there is no computer
program that can solve the Halting Problem.

* This tells us that there is no compiler that can check our

programs and guarantee to find any infinite loops they
might have.



Terminology

* Talked about DFA/NFA "recognizing" language L

* With Java programs / general computation, we
say that the computer “decides” the language L iff
— it halts with output L oninputx e 2* if xeL
— it halts with output Ooninputx e 2* if x &L

(difference is the possibility that machine doesn’t halt)

* |If no machine decides L, then L is “undecidable”



Where did the idea for creating D come from?

public static void D(s) {
if (H(s,s) == true) {
while (true); // don’t halt
} else {
return; // halt
}

¥

D halts on input code(P) iff H(code(P),code(P)) outputs false
iff P doesn’t halt on input code(P)



All programs P

O
(0¢]

Connection to diagonalization |Write <P>for CODE(P)

<P,> <P,> <P,> <P,> <P.> <P¢> .... Some possible inputs x

o)

=

=)
N

mv)
w

U U U U

O
o}

N o o b

This listing of all programs really does exist
since the set of all Java programs is countable

The goal of this “diagonal” argument is not
to show that the listing is incomplete but
rather to show that a “flipped” diagonal
element is not in the listing



Connection to diagonalization |Write <P>for CODE(P)

All programs P

<P,> <P,> <P,> <P,> <P.> <P> .... Some possible inputs x
P10 1 1 01 11 0 0 0
11 1 0 1 0 1 1 0 1 1
P, 117 0 1 0 0 0 0 O O O .
P, 10 ~ o1 0 1 1 O 1 0.
P, [0 1 1 1 O O 0 1.
P | 1 0 0 0 1 0 1 1
P, |11 0 1 1 0 0 0 O 0 O .
P .10 1 1 1 1 0 1 1 O 1 0.
P

(P,x) entry is 1 if program P halts on input x
and 0 if it runs forever




All programs P

O
(0¢]

Connection to diagonalization

Write <P> for CODE(P)

<P;> <P,> <P3> <P,><P:> <P> ....

o)

=

=)
N

mv)
w

U U U U

O
o}

N o o b

Y
1 1 0 1 Want behavior of program D to be

10 0 1 O | like the flipped diagonal, so it can’t
0 10 O (O | beinthelist of all programs.

Some possible inputs x

(P,x) entry is 1 if program P halts on input x
and 0 if it runs forever

l 1 0! 1 \u | | U U /
l 1 1 19 1 1 0 0 0
1 0 00 1 0 1 1 -
o 1 1. 0 0 ot o 0 o 1 .
11 1 1 0 1 10 0 1 0 ..




Where did the idea for creating D come from?

public static void D(s) {
if (H(s,s) == true) {
while (true); /* don’t halt */

}
else {

return; /* halt * /
}

¥

D halts on input code(P) iff H(code(P),code(P)) outputs false
iff P doesn’t halt on input code(P)

Therefore, for any program P, D differs from P on input code(P)



More Undecidable Problems...

We know can answer almost any question about REs
* Do two RegExps recognize the same language?

But many problems about CFGs are undecidable!
Do two CFGs generate the same language?

* |s there any string that two CFGs both generate?
— more general: “CFG intersection” problem

* Does a CFG generate every string?



Proving Problems Undecidable

 Can use the fact that the Halting Problem is
undecidable to show that other problems are
undecidable

General method (a “reduction”):

Prove that, if there were a program deciding B, then
there would be a program deciding the Halting Problem.

“B decidable — Halting Problem decidable”
Contrapositive:

“Halting Problem undecidable — B undecidable”
Therefore, B is undecidable



A CSE 121 assignment

Students should write a Java program that:
— Prints “Hello” to the console
— Eventually exits

Gradelt, Practicelt, etc. need to grade these
How do we write that grading program?

WE CAN’T: THIS IS IMPOSSIBLE!



Another undecidable problem

 CSE 121 Grading problem:

— Input: CODE(Q)

— Output:
True if Q outputs “HELLO” and exits
False if Q does not do that

 Theorem: The CSE 121 Grading is undecidable.

* Proof idea: Show that, if there is a program T to decide
CSE 121 grading, then there is a program H to decide the
Halting Problem for code(P) and input x.



Another undecidable problem

Theorem: The CSE 121 Grading is undecidable.

Proof: Suppose there is a program T that decide CSE 121

grading problem. Then, there is a program H to decide the
Halting Problem for code(P) and input x by

* transform P (with input x) into the following program Q...



Another undecidable problem

public class Q {

A\ 4

private static String x = “...”;

public static void main(String[] args) {
PrintStream out = System.out;
System.setOut (new PrintStream (
new WriterOutputStream (new StringWriter())):;
System.setIn (new ReaderInputStream(new StringReader(x)));

P.main (args) ;

out.println (“HELLO");

class P {
public static void main(String[] args) { ... }



Another undecidable problem

Theorem: The CSE 121 Grading is undecidable.

Proof: Suppose there is a program T that decide CSE 121

grading problem. Then, there is a program H to decide the
Halting Problem for code(P) and input x by

e transform P (with input x) into the following program Q

 run T on code(Q)

— if it returns true, then P halted
must halt in order to print “HELLO”

— if it returns false, then P did not halt
program Q can’t output anything other than “HELLO”



Our final language picture

All
Context-Free
Binary Palindromes
Regular
DFA
0* NFA
Regex
Finite
{001, 10, 12}




Equivalence Problems

* Determining if two different objects from the class

describe the same language:
— are they equivalent ways of describing the language

DFAs decidable
CFGs undecidable
Java undecidable

Last one follows from the other two...
Java equivalence would let us do CFG equivalence:
convert CFGs into Java programs recognizing those languages

This table mixes machines and non-machines...



Equivalence Problems

* Determining if two different objects from the class
describe the same language:

— are they equivalent ways of describing the language

DFAs decidable
PDAs undecidable
Java undecidable

CFGs are equivalent in power to PDAs ("push-down automata"),
just like REs are equivalent in power to DFAs



Adding Nondeterminism

 What happens if you add non-determinism
— are they equivalent ways of describing the language

NFAs equivalent to (larger) DFAs
PDAs more powerful than DPDAs
Java equivalent to Java

Almost all languages we want to parse can be recognized by DPDAs

Java can already compute everything computable,
so adding nondeterminism doesn't change anything



Adding Nondeterminism

 What if you restrict to "fast" Java programs
— those with running times polynomial in the input size
— the class of such programs is called "P"

NP almost certainly more powerful than P
treated as a law of physics

* We saw something similar with NFAs
— equivalent DFA may have exponentially more states
— we believe the same is true for Java programs
— but no one knows how to prove it for sure...



