Section 10: Irregularity, Cardinality & Uncomputability

1. Irregularity

(@) Let ¥ = {0, 1}. Prove that {0"1"0™ : n > 0} is not regular.

(b) Let X = {0,1,2}. Prove that {0"(12)"™ : n > m > 0} is not regular.

2. Cardinality
(a) You are a pirate. You begin in a square on a 2D grid which is infinite in all directions. In other words, wher-

ever you are, you may move up, down, left, or right. Some single square on the infinite grid has treasure on
it. Find a way to ensure you find the treasure in finitely many moves.

(b) Prove that {3z : x € N} is countable.

(c¢) Prove that the set of irrational numbers is uncountable.
Hint: Use the fact that the rationals are countable and that the reals are uncountable.

(d) Prove that P(N) is uncountable.

3. Countable Unions

(a) Show that N x N is countable.

Hint: How did we show the rationals were countable?

(b) Show that the countable union of countable sets is countable. That is, given a collection of sets S}, S5, S5, ...
such that S, is countable for all i € N, show that

S=5USyU-={z:2 €S, for some i}
is countable.

Hint: Find a way labeling the elements and see if you can apply the previous part to construct an onto function
from N to S.

4. Uncomputability

This is content covered in Friday’s lecture (12/5) and is not on the final.



(a) Let ¥ = {0, 1}. Prove that the set of palindromes is decidable.

(b) Prove that the set {(CODE(R),z,y) : Risaprogram and R(z) # R(y)} is undecidable where R(z) is the
output string that R produces on input z if R halts and we write R(z) =7 if R runs forever.

(a) Given a CFQG, it is impossible to determine that it defines a regular language. (T/F)

(b) All uncountable sets have the same cardinality as the real numbers. (T/F)

(c) The set of all valid python programs has the same cardinality of the set of integers.(T/F)

5. Final Review: Translations

Translate the following sentences into logical notation if the English statement is given or to an English statement
if the logical statement is given, taking into account the domain restriction.

Let the domain of discourse be students and courses.

Use predicates Student, Course, CseCourse to do the domain restriction.

You can use Taking(z,y) which is true if and only if « is taking y. You can also use RobbieTeaches(z) if and only if
Robbie teaches = and ContainsTheory(z) if and only if = contains theory.

Find the contrapositive and contradiction of the logical predicate for questions (a) - (c).

(a) Every student is taking some course.

(b) There is a student that is not taking any cse course.

(c) Some student is taking only one cse course.

(d) Vz[(Course(x) A RobbieTeaches(z)) — ContainsTheory(z)]

(e) JxCseCourse(x) ARobbieTeaches(x)AContainsTheory(z) A Vy((CseCourse(y) ARobbieTeaches(y)) — = =y)



6. Review: Proof Skeletons Setup

In this problem, we’ll review how to set up proof by contradiction, contrapositive, and direct proof.
(a) Prove by contradiction: For all real numbers z,y, if © # y,z > 0,y > 0, then T+ 2> 2.

(i) How would you start your proof by contradiction? Remember to introduce all variables needed and all
starting assumptions.

(i) What would your target be? Do not write the full proof. If the target is unclear, describe the statement
you should target instead.

(b) Prove by contrapositive: every multiple of 3 can be written as a sum of three consecutive integers.

(i) How would you start your proof by contrapositive? Remember to introduce all variables needed and all
starting assumptions.

(i) What would your target be? Do not write the full proof. If the target is unclear, describe the statement
you should target instead.

(¢) Prove with direct proof: n? — 3 is even if n is odd, for some integer n.

(i) How would you start your direct proof? Remember to introduce all variables needed and all starting
assumptions.

(i) What would your target be? Do not write the full proof. If the target is unclear, describe the statement
you should target instead.

7. Review: Set Theory

Suppose that A C B. Prove that P(A) C P(B).



8. Review: Functions

Let f: X — Ybe a function. For a subset C of X, define f(C) to be the set of elements that f sends C to. In other
words, f(C) = {f(c):ce C}.

Let A, B be subsets of X. Prove that f(AN B) C f(4) N f(B).

9. Review: Induction

(a) A Husky Tree is a tree built by the following definition:
Basis: A single gold node is a Husky Tree.
Recursive Rules:

1. Let T}, T, be two Husky Trees, both with root nodes colored gold. Make a new purple root node and
attach the roots of 77, T}, to the new node to make a new Husky Tree.

2. Let T, T, be two Husky Trees, both with root nodes colored purple. Make a new purple root node and
attach the roots of 73,75, to the new node to make a new Husky Tree.

3. Let T3, T, be two Husky Trees, one with a purple root, the other with a gold root. Make a new gold root
node, and attatch the roots of 7, T, to the new node to make a new Husky Tree.

Use structural induction to show that for every Husky Tree: if it has a purple root, then it has an even number
of leaves and if it has a gold root, then it has an odd number of leaves.

(b) Use induction to prove that for every positive integer n,

145494+ (4n—3)=n(2n—1)



10. Review: Languages

(a) Construct a regular expression that represents binary strings where no occurrence of 11 is followed by a 0.

(b) Construct a CFG that represents the following language: {1¥2Y3Y4% : z,y > 0}

(c) Construct a DFA that recognizes the language of all binary strings which, when interpreted as a binary number,
are divisible by 3. e.g. 11 is 3 in base-10, so should be accepted while 111 is 7 in base-10, so should be rejected.
The first bit processed will be the most-significant bit.

Hint: you need to keep track of the remainder %3. What happens to a binary number when you add a 0 at
the end? A 1? It’s a lot like a shift operation...

(d) Construct a DFA that recognizes the language of all binary strings with an even number of 0’s and each O is
(immediately) followed by at least one 1.



(e) Construct a NFA that recognizes the language of all strings constructed from the alphabet {a, b, ¢} that can be
split into xy where:

* rhasn, +n, =1 (mod 3) where n, and n, is the number of a’s and b’s in « respectively
 y starts with ’ab’ or 'ba’, and has an even number of c’s

Hint: This problem has a lot of parts, so try working on different parts separately, and then thinking about
how to connect it!

11. Review: Uncountability

Let S be the set of all real numbers in [0, 1) that only have 0s and 1s in their decimal representation. Prove that S is
uncountably infinite.
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