CSE 311 Section 6

More Proofs, Induction




Administrivia




Announcements & Reminders

e HW4 due yesterday!
e HWs5
o due11/05 @ 11:59 pm




Proof by Contrapositive

800




Proof by Contrapositive

If we are trying to prove p -> q, it might be easier to prove the contrapositive
- p->qisequivalent to ~q — =p

example proof template
We will argue by contrapositive and show if not q, then not p

Suppose [not ql

..magic...
Thus we have shown not p

Therefore our claim is true!



The Trifecta (Question 2)

Consider the following proposition:
For each integer a, if 3 divides a?, then 3 divides a.

(a) Write the contrapositive of this claim

(b) Prove this claim using a proof by contrapositive

Hint: Think about cases based on the possible values after mod by 3

Work on this with the people around you and then we'll go over it together!



The Trifecta (Question 2)

Consider the following proposition:
For each integer a, if 3 divides a?, then 3 divides a.

(a) Write the contrapositive of this claim

For each integer a, if 3 does not divide a, then 3 does not divide a®

Remember that the contrapositive is equivalent to the original expression!



The Trifecta (Question 2)

For each integer a, if 3 does not divide a, then 3 does not divide a®

(b) Prove this claim using a proof by contrapositive

We will argue by contrapositive. Let a be an arbitrary integer.
We will show that if 3 does not divide a, then 3 does not divide a2

Suppose 3 does not divide a.

..magic...
Thus we have shown that 3 does not divide a2

Since a was arbitrary, and we proved the contrapositive, the claim holds!



The Trifecta (Question 2)

For each integer a, if 3 does not divide a, then 3 does not divide a®
(b) Prove this claim using a proof by contrapositive

We will argue by contrapositive. Let a be an arbitrary integer.
We will show that if 3 does not divide a, the bes not divide a?

We're making a claim about ALL integers, so

we introduce an arbitrary variable

Suppose 3 does not divide a.

..magic...
Thus we have shown that 3 does not divide a2

Since a was arbitrary, and we proved the contrapositive, the claim holds!



The Trifecta (Question 2)

We will argue by contrapositive. Let a be an arbitrary integer.
We will show that if 3 does not divide a, then 3 does not divide a?

Suppose 3 does not divide a.

Thus we have shown that 3 does not divide a2

Since a was arbitrary, and we proved the contrapositive, the claim holds!



The Trifecta (Question 2)

We will argue by contrapositive. Let a be an arbitrary integer.
We will show that if 3 does not divide a, then 3 does not divide a?

Suppose 3 does not divide a.

This means that a must have a remainder of either 1 or 2 when dividing by 3.
Case1:a=1(mod 3)

Case 2:a=2(mod 3)

Thus we have shown that 3 does not divide a2

Since a was arbitrary, and we proved the contrapositive, the claim holds!



The Trifecta (Question 2)

We will argue by contrapositive. Let a be an arbitrary integer.
We will show that if 3 does not divide a, then 3 does not divide a?

Suppose 3 does not divide a.

This means that a must have a remainder of either 1 or 2 when dividing by 3.
Case1:a=1(mod 3)

a can be expressed as an integer with remainderi1as;a=3k+1, k€ Z

Case 2:a=2(mod 3)

a can be expressed as an integer with remainder2as:a=3k+2, k € Z

Thus we have shown that 3 does not divide a2

Since a was arbitrary, and we proved the contrapositive, the claim holds!



- .
The Trifecta (Question 2)

We will argue by contrapositive. Let a be an arbitrary integer.
We will show that if 3 does not divide a, then 3 does not divide a2

Suppose 3 does not divide a.

This means that a must have a remainder of either 1 or 2 when dividing by 3.
Case1:a=1(mod 3)

a can be expressed as an integer with remainder1as;a=3k+1, k € Z

Then, a?asa- a=(3k+1)  (3k+1)=9k?®+6k+1=3(3k*+2k+1/3)

Case 2:a =2 (mod 3)
a can be expressed as an integer with remainder2as;a=3k+2, k € Z
Then,a®asa- a=(3k+2) (3k+2)=9gk®+12k+4=9k*+12k + 3+1=3(3k*+ 4k + 1+ 1/3)

Thus we have shown that 3 does not divide a2

Since a was arbitrary, and we proved the contrapositive, the claim holds!



does 3 divide this value..

The Trifecta (Question 2)

We will argue by contrapositive. Let a be an arbitrary integer.
e will show that if 3 does not divide a, then 3 does not divide a2

Suppose 3 does not divide a.

This means that a must have a remainder of either 1 or 2 when dividing by 3.

Case1:a=1(mod 3)

a can be expressed as an integer with remainderi1as:a=3k+1,a=3k+1, k€ Z

Then, a®asa- a=(3k+1) (3k+1)=9k®+ 6k +1=3(3k?+2k +1/3)

By closure under add and multiplies, 3k® + 2k is an integer, but adding ¥5 makes this a fraction!
Case 2:a=2(mod 3)

a can be expressed as an integer with remainder2 as:a=3k+2,a=3k+2, k€ Z
Then,a?asa-a=(3k+2) (3k+2)=9k®+12k + 4 =9k®+12k + 3+ 1= 3(3k® + 4k + 1 + 1/3)

By closure under add and multiplies, 3k® + 4k + 1 is an integer, but adding %5 makes this a fraction!

Thus we have shown that 3 does not divide a?

Since a was arbitrary, and we proved the contrapositive, the claim holds!



The Trifecta (Question 2)

We will argue by contrapositive. Let a be an arbitrary integer.
e will show that if 3 does not divide a, then 3 does not divide a2

Suppose 3 does not divide a.

This means that a must have a remainder of either 1 or 2 when dividing by 3.

Case1:a=1(mod 3)

a can be expressed as an integer with remainderi1as:a=3k+1,a=3k+1, k€ Z

Then, a®?asa- a=(3k+1) (3k+1)=9k?+6k+1=3(3k?+2k +1/3)

By closure under add and multiplies, 3k? + 2k is an integer, but adding ¥ makes this a fraction!
Case 2:a=2(mod 3)

a can be expressed as an integer with remainder2 as:a=3k+2,a=3k+2, k€ Z

Then,a?asa- a=(3k+2) (3k+2)=9k®+12k + 4 =9k®+12k + 3+ 1= 3(3k® + 4k + 1 + 1/3)

By closure under add and multiplies, 3k® + 4k + 1 is an integer, but adding %5 makes this a fraction!

Thus we have shown that 3 does not divide a2

Since a was arbitrary, and we proved the contrapositive, the claim holds!



Proof by Contradiction




Proof by Contradiction

If we are trying to prove p, we may show it's impossible for -p to be true

example proof template
For the sake of contradiction suppose not p

This means that ..
..magic....

But we have found a CONTRADICTION!!

Therefore p must be true



Prime Checking (Question 4)

We will use “nontrivial divisor” to mean a factor that isn't 1 or the number itself.
Formally, a positive integer k being a “nontrivial divisor” of n means that k|n, k # 1 and k = n.

Claim: For every positive integer n, if n has a nontrivial divisor, then it has a nontrivial divisor at most Vn.



Prime Checking (Question 4)

We will use “nontrivial divisor” to mean a factor that isn't 1 or the number itself.
Formally, a positive integer k being a “nontrivial divisor" of n means that k|n, k # 1and k = n.

Claim: For every positive integer n, if n has a nontrivial divisor, then it has a nontrivial divisor at most vn.

Let's start by taking the negation of this claim.

1. Write in predicate logic:
Let D(n, k) be true iff k is a nontrivial divisor of n.
V n(3 k(D(n, k)) — T k(D(n, k) A k=+n))

2. Take the negation:
I nl[3 k(D(n, k) A Vk(D(n, k) — (k >Vn))]

3. Convert back to English:
There is an n such that n has a non-trivial divisor and all its nontrivial divisors are greater than vn



Nontrivial divisor if the divisor is not 1 or the number itself

Prime Checking (Question 4)

Suppose for the sake of contradiction that there is an n such that n has a non-trivial
divisor and all its nontrivial divisors are greater than vn

This means that ..

..magic...
But we have found a CONTRADICTION!!

Therefore it must be true that for every positive integer n, if n has a nontrivial divisor,
then it has a nontrivial divisor at most Vn.

Work on filling in the “magic” with the people around you!



Prime Checking (Question 4)

Suppose for the sake of contradiction that there is an n such that n has a non-trivial
divisor and all its nontrivial divisors are greater than vn

Let k be a nontrivial divisor of n. Since k is a divisor, n = kc for some integer c.

?7?7?
But we have found a CONTRADICTION!!

Therefore it must be true that for every positive integer n, if n has a nontrivial divisor,
then it has a nontrivial divisor at most +n.



and making “random’ observation..

Prime Checking (Question 4)

Suppose for the sake of contradiction that there is an n such that n has a non-trivial
divisor and all its nontrivial divisors are greater than vn

Let k be a nontrivial divisor of n. Since k is a divisor, n = kc for some integer c.
Observe that c is also a divisor c|n since there is a integer k such that n = ck.

?7?7?
But we have found a CONTRADICTION!!!

Therefore it must be true that for every positive integer n, if n has a nontrivial divisor,
then it has a nontrivial divisor at most vn.



and making “random’ observation..

Prime Checking (Question 4)

Suppose for the sake of contradiction that there is an n such that n has a non-trivial
divisor and all its nontrivial divisors are greater than vn

Let k be a nontrivial divisor of n. Since k is a divisor, n = kc for some integer c.
Observe that c is also is divisor c|n since there is a integer k such that n = ck.

c is also nontrivial, since we know that k is not n nor 1 by def. of nontrivial, and if ¢
were 1 or n then k would have to be n or 1.

?7?7?
But we have found a CONTRADICTION!!

Therefore it must be true that for every positive integer n, if n has a nontrivial divisor,
then it has a nontrivial divisor at most +n.



does anyone smell a contradiction???

Prime Checking (Question 4)

Suppose for the sake of contradiction that there is an n such that n has a non-trivial
divisor and all its nontrivial divisors are greater than vn

Let k be a nontrivial divisor of n. Since k is a divisor, n = kc for some integer c.

Observe that c is also is divisor c|n since there is a integer k such that n = ck.

c is also nontrivial, since we know that k is not n nor 1 by def. of nontrivial, and if ¢ were
1 or n then k would have to be n or 1.

Since both k and c are non-trivial divisors, we have that k > vn and ¢ > Vn.
Thus,kc>vn*+Yn=n

?7?7?
But we have found a CONTRADICTION!!!

Therefore it must be true that for every positive integer n, if n has a nontrivial divisor,
then it has a nontrivial divisor at most vn.



Prime Checking (Question 4) |

Suppose for the sake of contradiction that there is an n such that n has a non-trivial
divisor and all its nontrivial divisors are greater than vn

Let k be a nontrivial divisor of n. Since k is a divisor, n = kc for some integer c.

Observe that c is also is divisor c|n since there is a integer k such that n = ck.

c is also nontrivial, since we know that k is not n nor 1 by def. of nontrivial, and if ¢ were
1 or n then k would have to be n or 1.

Since both k and ¢ are non-trivial divisors, we have that k > ¥n and ¢ > Vn.
Thus, kc >VYn"Vn=n

But we have kc = n, and kc can't also be » n - we have found a CONTRADICTION!!!

Therefore it must be true that for every positive integer n, if n has a nontrivial divisor,
then it has a nontrivial divisor at most vn.



Set Practice




How Many Elements? (Question 5)

For each of these, how many elements are in the set?

(@) A=11, 2, 3, 2}

(b) B =10, {2}, {2, o}, {2, 0, 2}, ... ]

(c)C=Ax(B U
{71h



How Many Elements? (Question 5)

For each of these, how many elements are in the set?

(@Q)A={1,2,3,21 |Al=3

Sets only care about the distinct elements: 1, 2, 3



How Many Elements? (Question 5)

For each of these, how many elements are in the set?

(@Q)A={1,2,3,21 |Al=3

Sets only care about the distinct elements: 1, 2, 3




How Many Elements? (Question 5)

For each of these, how many elements are in the set?

(@Q)A={1,2,3,21 |Al=3

Sets only care about the distinct elements: 1, 2, 3
(b) B = {g, {2}, {2, 2}, {2, 9, o}, ... ]

There are all the same as {gl because duplicates don't count!



How Many Elements? (Question 5)

For each of these, how many elements are in the set?

(@Q)A={1,2,3,21 |Al=3

Sets only care about the distinct elements: 1, 2, 3

(b) B =10, {2}, {2, o}, {2, 0, 2}, ... ]




How Many Elements? (Question 5)

For each of these, how many elements are in the set?
(a) A= {1; 2, 3! 2} IAI = 3

Sets only care about the distinct elements: 1, 2, 3

(b) B =g, {2}, {0, 0}, {0, 0, @}, ..} |B|=2

B =1g, gl 1o, @}, {2, @, al, ...} = {2, {ol} - 2 elements!




How Many Elements? (Question 5)

For each of these, how many elements are in the set?

(@Q)A={1,2,3,21 |Al=3

Sets only care about the distinct elements: 1, 2, 3

(b) B =g, {2}, {0, 0}, {0, 0, @}, ..} |B|=2
B =1g, gl 1o, @}, {2, @, al, ...} = {2, {ol} - 2 elements!

(c)C=Ax(B U
{7h




How Many Elements? (Question 5)

For each of these, how many elements are in the set?

(@Q)A={1,2,3,21 |Al=3

Sets only care about the distinct elements: 1, 2, 3

(b) B =g, {2}, {0, 0}, {0, 0, @}, ..} |B|=2
B =1g, gl 1o, @}, {2, @, al, ...} = {2, {ol} - 2 elements!
(c)C=Ax(B U

{7h \ )

this union has 2 + 1 = 3 elements




How Many Elements? (Question 5)

For each of these, how many elements are in the set?

(@Q)A={1,2,3,21 |Al=3

Sets only care about the distinct elements: 1, 2, 3

(b) B =g, {2}, {0, 0}, {0, 0, @}, ..} |B|=2
B =1g, gl 1o, @}, {2, @, al, ...} = {2, {ol} - 2 elements!

(c)C=Ax(B U
{7h

C={1,2 3lxlg, {gl 71 =1(a,b) |a € {1, 2, 3}, b € {g, (g}, 7}
So, there are 3 * 3 = 9 total pairs that we will form

ICl=9




Set Proofs

Set proofs are like regular proofs we've done before, with some new notation!
for example..
e Subsets: If you want to prove A € B
o We want to show any arbitrary element we find in A must also be in B
o Formally, we are showing Vx(x € A — x € B)
m This can be done with a regular direct proof!
e Equality: If you want to prove A = B....
o We want to show any arbitrary element we find in B must also be in AAND any
arbitrary element we find in A must also be in B
o Formally we are showing Vx(ix EA-xE€BAXEB ->x€A)
e /nequality, not a subset, etc.: Take the negation and prove as normal!
o eg.AdBis-Vx(xeA->xeEB)=3ax(xeAA x¢B)
m intuitively, A isn't a subset of B if there's an element in A that's notin B

You can also still use the proof techniques we've done before like proof by
contradiction, contrapositive, cases, etc.



Set Proof (Question 8b)

Prove that (AN B) xC & Ax(C U D) for any sets A, B, C, D.

Work on this proof with the people around you and then we'll go over it together!



Set Proof (Question 8b) '

Prove that (AN B) *x C & Ax(C U D) for any sets A, B, C, D.

Let x be an arbitrary element of (AN B) x C.
MAGIC

Thus, x is also an element of A x (C U D).
Since x was arbitrary, by definition of subset, we have shown (ANB)xC S Ax (C |



Apply definitions..

Set Proof (Question 8b)

Prove that (AN B) x C & Ax(C U D) for any sets A, B, C, D.

Let x be an arbitrary element of (AN B) x C,
By definition of Cartesian product, x is of form (y, z) wherey € ANBandz € C

MAGIC

Thus, x is also an element of A x (C U D).
Since x was arbitrary, by definition of subset, we have shown (ANB)xC & Ax(C U



Apply definitions..

Set Proof (Question 8b)

Prove that (AN B) x C & Ax(C U D) for any sets A, B, C, D.

Let x be an arbitrary element of (AN B) x C,

By definition of Cartesian product, x is of form (y, z) wherey € AN Bandz € C
By definition of intersection,y € AAND y € B; in particular, note thaty € A.

MAGIC

Thus, x is also an element of A x (C U D).
Since x was arbitrary, by definition of subset, we have shown (ANB)xC & Ax(C U



Apply definitions..

Set Proof (Question 8b)

Prove that (AN B) x C & Ax(C U D) for any sets A, B, C, D.

Let x be an arbitrary element of (AN B) x C,

By definition of Cartesian product, x is of form (y, z) wherey € AN Bandz € C
By definition of intersection,y € AAND y € B; in particular, note thaty € A.
Since z € C, by definition of U, we alsohavez € C U D.

MAGIC

Thus, x is also an element of A x (C U D).
Since x was arbitrary, by definition of subset, we have shown (ANB)xC &€ Ax(C U



Set Proof (Question 8b)

Prove that (AN B) x C & Ax(C U D) for any sets A, B, C, D.

Let x be an arbitrary element of (AN B) x C,

By definition of Cartesian product, x is of form (y, z) wherey € AN Bandz € C
By definition of intersection,y € AAND y € B; in particular, note thaty € A.
Since z € C, by definition of U, we also havez € C U D.

Therefore sincey € Aand z € C U D, by definition of Cartesian product
we have x =(y,z) € Ax (C U D).

Thus, x is also an element of A x (C U D).
Since x was arbitrary, by definition of subset, we have shown (AN B)xC € Ax(C U



Set Proof (Question 8a)

Prove AN B S A\B for any sets A, B.



Proof outline :D

Set Proof (Question 8a)

Prove ANB S A\B for any sets A, B.

Let x be an arbitrary element of (AN B) x C.

MAGIC

Thus, x is also an element of A\B.
Since x was arbitrary, by definition of subset, we have shown AN B € A\B



Proof outline :D

Set Proof (Question 8a)

Prove ANB S A\B for any sets A, B.

Let x be an arbitrary element of AN B.

MAGIC

Thus, x is also an element of A\B. _
Since x was arbitrary, by definition of subset, we have shown AN B € A\B



Apply definitions..

Set Proof (Question 8a)

Prove AN B S A\B for any sets A, B.

Let x be an arbitrary element of AN B. _
By definition of intersection, x € AAND x € B.

MAGIC

Thus, x is also an element of A\B. _
Since x was arbitrary, by definition of subset, we have shown AN B & A\B



Apply definitions..

Set Proof (Question 8a)

Prove AN B S A\B for any sets A, B.

Let x be an arbitrary element of ANB.
By definition of intersection, x € AAND x € B.
By definition of complement, x ¢ B

MAGIC

Thus, x is also an element of A\B. .
Since x was arbitrary, by definition of subset, we have shown AN B & A\B



yay we are done :D

Set Proof (Question 8a)

Prove AN B S A\B for any sets A, B.

Let x be an arbitrary element of A N B.

By definition of intersection, x € AAND x € B.

By definition of complement, x ¢ B

Since, x € AAND x € B, by definition of set difference, x is an element of A\B.
Since x was arbitrary, by definition of subset, we have shown AN B S A\B



Induction




(Weak) Induction Template

Let P(n) be “(whateveryou’re trying to prove)”.
We show P(n) holds for all n by induction on n.

Base Case: Show P(b) is true.

Inductive Hypothesis: Suppose P (k) holds for an arbitrary k = b.

Inductive Step: Show P(k + 1) (i.e.get P(k) - P(k + 1))

Conclusion: Therefore, P(n) holds for all n by the principle of induction.




(Weak) Induction Template

Note: often you will
conditionn here, like
“all natural numbersn’
or‘n=0"

Let P(n) be “(whateveryou’re trying to prove)”.
We show P(n) holds for all n by induction on n.

)

Base Case: Show P(b) is true.

Inductive Hypothesis: Suppose P (k) holds for an arbitrary k = b.

Inductive Step: Show P(k + 1) (i.e.get P(k) - P(k + 1))

Conclusion: Therefore, P(n) holds for all n by the principle of induction.
Match the earlier condition onn in your conclusion!




Problem 10 - Induction with Equality

n(n+1)

a) Showusinginductionthat0+1+4+2 4+ -4+ n = foralln € N.

b) Definethetriangle numbersas A,=1+ 2 +:-- +n, wheren € N. In part (a) we
n(n+1)

showed A, = . Prove the followingequalityforalln € N :

0%+ 13+ +n3 =A%

Lets walk through part (a) together.

We can “fill in” our induction template to construct our proof by
induction.



Show using induction that
nn+1)

Problem 10 - Induction with Equality®*!**~+n=""

foralln € N.

Let P(n) be “”. We show P (n) holds for (some) n by induction onn.
Base Case: P(b):

Inductive Hypothesis: Suppose P (k) holds for an arbitrary k > b.
Inductive Step: Goal: Show P(k + 1):

Conclusion: Therefore, P(n) holds for (some) n by the principle of induction.




Show using induction that
nn+1)

Problem 10 - Induction with Equality®*!**~+n=""

foralln € N.

__ n(n+1),,

Let P(n) be“0+14+2+--+n= > . We show P(n) holds forall n € N by induction on n.

Base Case: P(b):
Inductive Hypothesis: Suppose P (k) holds for an arbitrary k = b.
Inductive Step: Goal: Show P(k + 1):

Conclusion: Therefore, P(n) holds for all n € N by the principle of induction.




Show using induction that

. . . _ n(n+1)
Problem 10 - Induction with Equality®*!**~+n=""
foralln € N.
Let P(n) be“0+14+2+--+n= 2O+ D s \We show P(n) holds forall n € N by induction on n.
0(0+1)

so the base case holds.

Base Case: P(0):0 +--- =0 =

Inductive Hypothesis: Suppose P (k) holds for an arbitrary k > b.
Inductive Step: Goal: Show P(k + 1):

Conclusion: Therefore, P(n) holds for all n € N by the principle of induction.




Show using induction that

. . . _ n(n+1)
Problem 10 - Induction with Equality®*!**~+n=""
foralln € N.
Let P(n) be“0+14+2+--+n= 2O+ D s \We show P(n) holds forall n € N by induction on n.
_0(0+1)

0 so the base case holds.

Base Case: P(0): 0 + -

k(k+1)
2

Inductive Hypothesis: Suppose P(k) holds foran arbitrary k > 0,i.e. 0+ 14+2 4+ -+ k =
Inductive Step: Goal: Show P(k + 1):

Conclusion: Therefore, P(n) holds forall n € N by the principle of induction.




Show using induction that

. . . _ n(n+1)
Problem 10 - Induction with Equality®*!**~+n=""
foralln € N.
Let P(n) be“0+1+2+ +n= 2+ D» e show P(n) holds forall n € N by induction on n.
__0(0+1)

so the base case holds.

Base Case: P(0):0+---=0

k(k+1)
2

Inductive Hypothesis: Suppose P(k) holds foran arbitrary k > 0,i.e.0+1+2+ -+ k =

(k+1)(k+2)

Inductive Step: Goal: Show P(k +1):0+1+ -+ k+(k+1) = >

Conclusion: Therefore, P(n) holds forall n € N by the principle of induction.




Show using induction that
nn+1)

Problem 10 - Induction with Equality®*!**~+n=""

foralln € N.

Let P(n) be“0+1+2+ +n= "(”;1)”. We show P(n) holds forall n € N by induction on n.

_0(0+1)

Base Case: P(0):0+---=0 so the base case holds.

k(k+1)
2

Inductive Hypothesis: Suppose P(k) holds foran arbitrary k > 0,i.e.0+1+2+ -+ k =

(k+1)(k+2)

Inductive Step: Goal: Show P(k +1):0+1+ -+ k+(k+1) = >

O+1+-+k+(k+1)=-

_ (k+1)(k+2)
2
Conclusion: Therefore, P(n) holds forall n € N by the principle of induction.

?




Show using induction that
nn+1)

Problem 10 - Induction with Equality®*!**~+n=""

foralln € N.

Let P(n) be“0+1+2+ +n= @”. We show P(n) holds forall n € N by induction on n.

_ 0(0+1)

Base Case: P(0):0+---=0 so the base case holds.

k(k+1)
2

Inductive Hypothesis: Suppose P(k) holds foran arbitrary k > 0,i.e.0+1+2+ -+ k =

(k+1)(k+2)

Inductive Step: Goal: Show P(k +1):0+1+ -+ k+(k+1) = >

O+1++k+(k+1)=0+1++k)+(k+1)

_ (k+1)(k+2)
2
Conclusion: Therefore, P(n) holds forall n € N by the principle of induction.

?




Show using induction that
nn+1)

Problem 10 - Induction with Equality®*!**~+n=""

foralln € N.

Let P(n) be“0+1+2+ +n= @”. We show P(n) holds forall n € N by induction on n.

Base Case: P(0): 0 + - = 0 = X% 0 the base case holds.
Inductive Hypothesis: Suppose P(k) holds foran arbitrary k > 0,i.e. 0+ 1+ 2+ -+ k = k(k2+1)
Inductive Step: Goal: Show P(k +1):0+1+ -+ k+ (k+1) = —(k“)z(k”)
O+1++k+k+1D)=0+1++k)+(k+1)

=5 4 (ke + 1) by LH.

; (k+1)(k+2)

?
2

Conclusion: Therefore, P(n) holds for all n € N by the principle of induction.
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foralln € N.

Let P(n) be“0+1+2+ +n= @”. We show P(n) holds forall n € N by induction on n.

Base Case: P(0): 0 + - = 0 = X2 55 the base case holds.
Inductive Hypothesis: Suppose P(k) holds foran arbitrary k > 0,i.e.0 +1+ 2+ -+ k = k(k;l)
Inductive Step: Goal: Show P(k +1):0+1+ -+ k+(k+1) = (k+1)2(k+z)
O+1++k+k+1D)=0+1++k)+(k+1)

=5 4 (ke + 1) by LH.

_ kGetD) | 2(k+1)

2 2
_ (k+1)(k+2)

?
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Conclusion: Therefore, P(n) holds for all n € N by the principle of induction.



Show using induction that
nn+1)

Problem 10 - Induction with Equality®*!**~+n=""

foralln € N.

Let P(n) be“0+1+2+ +n= @”. We show P(n) holds forall n € N by induction on n.

Base Case: P(0):0 + - =0 = 20D 6 the base case holds.
Inductive Hypothesis: Suppose P(k) holds foran arbitrary k > 0,i.e.0+1+2+ -+ k = @
Inductive Step: Goal: Show P(k +1):0+ 1+ --+k+(k+1) = (kﬂ)zﬂ
O+1++k+k+1)=0+1+-+k)+(k+1)

=04 (k+ 1) by IH.

_ k(k2+1) N 2(k2+1)

_ k(k+1)+2(k+1)

_ (k+1)(zé2+2)

,
, :
Conclusion: Therefore, P(n) holds for all n € N by the principle of induction.
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foralln € N.

Let P(n) be“0+1+2+ +n= 2(7—1;—12”. We show P(n) holds forall n € N by induction on n.

Base Case: P(0):0 + - =0 = 20D 6 the base case holds.
Inductive Hypothesis: Suppose P(k) holds foran arbitrary k > 0,i.e.0+1+2+ -+ k = k(k;l)
Inductive Step: Goal: Show P(k +1):0+ 1+ -+k+(k+1) = (kﬂ)zﬂ
oO+1+-+k+k+1D)=0+1+--+k)+(k+1)

=X 4 (k+ 1) by IH.

_ k(k2+1) N 2(k2+1)

_ k(k+1)+2(k+1)

= M factoring out (k+1)
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Conclusion: Therefore, P(n) holds for all n € N by the principle of induction.




Problem 10 - Induction with Equality

n(n+1)

a) Showusinginductionthat0+1+4+2 44+ n = foralln € N.

b) Definethetriangle numbersas A,=1+ 2 +:-- +n, wheren € N. In part (a) we
n(n+1)

showed A, = . Prove the followingequalityforalln € N :

0%+ 13+ +n3 =A%

Now try part (b) with people around you, and then we’ll go over it together!
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Problem 10 - Induction with Equality 2:="5 Proveforanen:

0°+1° 4+ +n’ =A%

Let P(n) be “”. We show P (n) holds for (some) n by induction onn.
Base Case: P(b):

Inductive Hypothesis: Suppose P (k) holds for an arbitrary k > b.
Inductive Step: Goal: Show P(k + 1):

Conclusion: Therefore, P(n) holds for (some) n by the principle of induction.
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Problem 10 - Induction with Equality 2:==5 Provefrainen:
0°+ 1%+ +n°=A32
Let P(n) be “0° + 13 + -+ n3=(0+ 1+ -+ n)?”. We show P(n) holds foralln € N by
induction on n.
Base Case: P(b):
Inductive Hypothesis: Suppose P (k) holds for an arbitrary k > b.
Inductive Step: Goal: Show P(k + 1):

Conclusion: Therefore, P(n) holds for all n € N by the principle of induction.
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Problem 10 - Induction with Equality 2:==5 Provefrainen:
0°+ 1%+ +n°=A32
Let P(n) be “0° + 13 + -+ n3=(0+ 1+ -+ n)?”. We show P(n) holds foralln € N by
induction on n.
Base Case: P(0): 03 = 0 = (0)? so the base case holds.
Inductive Hypothesis: Suppose P (k) holds for an arbitrary k > b.
Inductive Step: Goal: Show P(k + 1):

Conclusion: Therefore, P(n) holds forall n € N by the principle of induction.
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Problem 10 - Induction with Equality 2:==5 Provefrainen:
0°+ 1%+ +n°=A32
Let P(n) be “0° + 13 + -+ n3=(0+ 1+ -+ n)?”. We show P(n) holds foralln € N by
induction on n.
Base Case: P(0): 02 = 0 = (0)? so the base case holds.
Inductive Hypothesis: Suppose P(k) holds for an arbitrary k > 0. e 0°+ 1%+ 4k +=(0+ 1+ +k)*
Inductive Step: Goal: Show P(k + 1):

Conclusion: Therefore, P(n) holds forall n € N by the principle of induction.
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Problem 10 - Induction with Equality 2.==5" Proveforalinen:
0°+ 1%+ +n°=A32
Let P(n) be “0° + 13 + -+ n3=(0+ 1+ -+ n)?”. We show P(n) holds foralln € N by
induction on n.
Base Case: P(0): 02 = 0 = (0)? so the base case holds.
Inductive Hypothesis: Suppose P(k) holds for an arbitrary k > 0. e 0°+ 1%+ 4k +=(0+ 1+ +k)*
Inductive Step: Goal: Show P(k + 1): 03 + 13 + -+ k* + (k + 1)*°= (0 + 1+ -+ k + (k + 1))?

Conclusion: Therefore, P(n) holds forall n € N by the principle of induction.
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Problem 10 - Induction with Equality 2.==5 Proveforalinen:
0°+1° 4+ +n’ =A%
Let P(n) be “0° + 13 + -+ n3=(0+ 1+ -+ n)?”. We show P(n) holds foralln € N by
induction on n.
Base Case: P(0): 02 = 0 = (0)? so the base case holds.
Inductive Hypothesis: Suppose P(k) holds for an arbitrary k > 0. e 0°+ 1%+ 4k +=(0+ 1+ +k)*
Inductive Step: Goal: Show P(k + 1): 03 + 13 + -+ k* + (k + 1)*°= (0 + 1+ -+ k + (k + 1))?
C+1++k+(k+1)>° ="

=O0+1+-+k+ (k+1))>
Conclusion: Therefore, P(n) holds for all n € N by the principle of induction.




Ap=1+2++n, n€N.
A,=— n(nﬂ) Prove foralln € N:
0%+ 13 + 4 nd =42

Let P(n) be “0° + 13 + -+ n3>=(0+ 1+ -+ n)?”. We show P(n) holds foralln € N by
induction on n.

Base Case: P(0): 02 = 0 = (0)? so the base case holds.
Inductive Hypothesis: Suppose P (k) holds for an arbitrary k>0, €0+ 1+ +kP+= 0+ 14 +k)?

Inductive Step: Goal: Show P(k + 1): 03 + 13 + -+ k* + (k+ 1)*=(0+ 1+ -+ k+ (k + 1))2

Problem 10 - Induction with Equality

C+1++k+k+1DP=0+1+- +k)2+(k+1)3 by I.H.
2
— ("“‘2“)) + (k +1)3 by (a)
=(k+1) ( + (k + 1)) factor out (k + 1)?
= (k+1) (k +:k+4)
=(k+1) ((k+2) ) factor numerator
_ ((k+1)(k+2)
N ( 2 )
=0+1+ - +k+ (k+1))? by (a)

Conclusion: Therefore, P(n) holds for all n € N by the principle of induction.



That's All, Folks!

Thanks for coming to section this week!
Any questions?




