AND OVER THERE WE HAVE THE LABYRINTH GUARDS.
ONE ALWAYS LIES, ONE ALWAYS TELLS THE TRUTH, AND
ONE STABS PEOPLE WHO ASK TRICKY QUESTIONS.

Propositional Logic,
Equivalences

CSE 311: Foundations of
Computing |
Lecture 2




Announcements

« HWT1is posted on the course website
- Due Friday, 11:59 pm
- Submit on Gradescope

* OH begin on Monday



‘ Review



Recall: Atomic Propositions

« Atomic Propositions are true or false statements that cannot be
broken down any further

« Propositional variables: p,q,1,s ...



Recall: Logical Connectives

 Name Logical Symbol
 Not —p
 And pA(q
 Or pVq

* XOR pDq

« Implication p—q

 Biconditional p < q



Recall: Implication

“If it's raining, then | have my umbrella” p q P -
p: Itisraining q: | have my umbrella T T T
p—q T F F

F | T T
F F T
Equivalently:

* Whenever it is raining, | have my umbrella.

 |tisraining only if | have my umbrella.

« For it to be raining, it is necessary that | have my umbrella.




Recall: Compound Proposition

- Unless | go to a café or to campus, | do not drink coffee, but also |
don't go to cafés.

- What does this mean? Find the atomic propositions and translate to
logic.

- p:lgotoacafé (=(pvg) > ar)A-p
- @1 goto campus
- r: I drink coffee



Recall: Truth Table (from section)

P |q pvq | ~(pvq | v |~V ->-r | —p |[(=(Ve - r)A(=p)
T |T T F F T F F
T |T T F T T F F
T |F T F F T F F
T |F T F T T F F
F [T T F F T T T
F [T T F T T T T
F | F F T F F T F
F | F F T T T T T




. Normal Forms



Normal Forms

- Given any truth table, can we create a propositional logic expression
that generates that truth table?

F(p,q)
T

| m a1
3 TR

F
T
F




Disjunctive Normal Form (DNF)

- ORs of ANDs
Read the true rows of the truth table
2. AND together all settings in a true row

1.

3. OR together the true rows

F(p,q)

T

1S

TR

F
T
F

Fip,g) =(@Aq)V(mpAq)



Conjunctive Normal Form (CNF)

- ANDs of ORs
Read the false rows of the truth table
2. OR together the negation of all settings in a false row

1.

3. AND together the false rows

F(p,q)

T

1S

TR

F
T
F

Fip,g) =(=pvqa)A(pVq)



Normal Forms

* Don't simplify CNF / DNF further

* These are standard forms — everyone's CNF / DNF formulas will be
the same (up to commutativity)



Normal Form Example

Write the CNF and DNF of the following truth table:

p
I
I
F
F

M| A m |4 R

R N =

DNF: (pAq)V (=p Aq) V (=p A =q)
CNF: (=p V q)



‘ Logical Equivalence



Logical Equivalence

- Definition:
Two propositions are logically equivalent if they have identical truth

values.

- The notation for A and B being logically equivalent is A = B.

- Examples:
- pVvVg=qVp
- peq=@->q9 NG —Dp)



= VS. = VS, &

- A =B means A, B are the exact same “strings” or “references”.

Eg.pvg=pVvgqg butpvqg+#qVp. Wehardly use = with

propositions!

A = B is an assertion that A, B always have the same truth value.
Eg.pVg=qVp.

A & B s a proposition that might be true or false.

E.g.pV g e pAqisafalse proposition.

A = B has the same meaningas (A< B) =T.



Tautologies:

Terminology: A compound proposition is a...
- Tautology if it is always true

- Contradiction if it is always false
- Contingency if it can be either true or false

pv—p

This is a tautology. It's called the “law of the excluded middle”.
If p is true, then p v —p is true. If p is false, then p v —p is true.

pPOp
This is a contradiction. It's always false no matter what truth
value p takes on.

(P>nNAp
This is a contingency. When p=T, r=T, (T — T)AT is true.
When p=T, r=F, (T = F)AT is false.



I~ Proving Logical Equivalence



Motivation

- Given two propositions, we would like to know if they are equivalent.

- E.g. one developer wrote if ((p &&p) || p) {---}.
Another developer wrote if (p) {... }.

You want to confirm if those are the same.

- Given a complicated proposition, we would like to find a simpler
proposition that it's equivalent to.



Strategy 1: Truth Tables

- Make a truth table for the two propositions and check if they are the

Same.

- pvs.(pApP) VD

p pADp (pAp)Vp

T T T

F F F




Strategy 1: Truth Tables

- Truth tables do let us check if two propositions are equivalent.
- Truth tables don't give us a good way to start from a complicated
proposition, and simplify it.

- What would be the runtime of this algorithm?



Strategy 2: Manipulating Expressions

- Instead, we are going to learn logical equivalence rules to help us

simplify expressions.

Similar to algebra, where we can apply rules to transform expression:

(x+2)(x+3)=x°+2x+3x+6 Distributivity
: =x%+5x+6 Adding like terms

For each rule, we will understand why it's true, and practice using it.



I~ Logical Equivalence Rules



All the rules:

For every propositions p, g, r the following hold:

* |dentity * Associative * DeMorgan’s Laws
—pAT=p —(pvgvr=pv(gVvr) -=(pV@q) =-pAg
—-pVF=p — (A AT=pA(GAT) —=(pAq) =-pVq

* Domination * Distributive * Double Negation
- pVT=T -pAQ@Vr)=(@AgQV(PpAT) —p =P
— pAF=F —-pv@Ar) =@V A(pVr)

* |dempotent * Absorption * Law of Implication
- pVp=p —-pVv(PAqQ =p P—=>q=-pVq
-~ PADP=D -pA(pVq) =p

* Commutative * Negation * Contrapositive
—pVg=qVp —pVap=T P—=q=—q—=p

—pPAG=qAp —pA=ap=F



Double Negation

- | am not not loving propositional logic.

- I'am loving propositional logic.




De Morgan’s Laws: Intuition

Consider the following sentences:

| don't like apples or mangoes.

- Are they logically equivalent?
yes

| don't like apples, and | don't like mangoes.

—(pVq)
—p N\ q

Intuitively,



De Morgan’s Laws

- -(pVq) = -pA-q
- -(pAq) = -pV q




De Morgan’s Laws

- Example: =a(pVvq) = = p A —q
p |9 | pV -(pVQq) |=p | ~q | " pA—q
T | T T F F | F F
T | F T F F | T F
F | T T F T | F F
F | F F T T | T T




De Morgan’s Laws

- if (!(front '= null && value > front.data)) {..}

- 1f (front == null || value <= front.data) {..}



Law of Implication

- Implications are unusual. Can we write them using ANDs ORs &
NOTs?

p

| | =1 | 3
TR

=33l




Law of Implication: Intuition

- pP>q=-pVg

- Ifitis raining, then | have my umbrella.

- It is not raining, or | have my umbrella.



Law of Implication

p—=>q=-pVq
P |q|7p|p~— pVq
T|T|F | T T
T|F|F| F F
FIT|T | T T
FIF|T| T T




Converse & Contrapositive

- Implication: p - ¢ If it's raining, | have my umbrella.
- Converse:q = p If | have my umbrella, it's raining.

- Contrapositive: =g = —p If | don't have my umbrella, it's not raining.



Converse & Contrapositive

- Implication:p - g Converse:q = p Contrapositive: =q = —p

- How do these relate?

P|9 p2q9]|9>P |7p |9 | g = P
T |T T T F F T
T |F F T F T F
F|T T F T F T
F | F T T T | T T




Contrapositive

p—q=-q--p




Contrapositive: Intuition
- P>q=-q—p

- Ifan animal is a cat, then it is a mammal.

- |f an animal is not a mammal, then it's not a cat.



Commutativity

pvq=qVp
PAG=qAD

It Is raining or it is June.

It is June or it is raining.




Associativity

- (pvg)vr=pv(@qVr)
- pAQAT)=EpA(QAT)

They perform at 3:00 and 5:00, and also 8:00.
They perform at 3:00, and also 5:00 and 8:00.

WARNING
Only apply associativity when
all connectives are AND, or all
connectives are OR




Exercise

* Prove that p - g = =q = —p using the logical equivalences rules
we've discussed so far.

Do not use contrapositive in the proof.

¢« ag-o —p=--qVap Law of Implication
: =qV-p Double Negation
: =-pVyq Commutativity

o =p-oq Law of Implication



Distributivity: Intuition

- pA(@@Vr)=(@AqQ)V(pAT)

- You go to class, and you read the notes or the textbook.

- You go to class and read the notes, or you go to class and you read the
textbook.



Distributivity

pA(@VT)=E(@AQV(pAT)
pV@AT)=(@Vg A(@Vr)




ldentity

pAT=0p
pVF=p
pAT pVF
T T




Domination

pVT=T
pANF=F
pVT pAF
T F




ldempotency

PVPED
PAD=D
pVp PAD
T T




Negation Intuition

- pVap =T
- pAp=F
- Itis raining or it is not raining. Always true

- Itis raining and it is not raining. Always false



Negation

pVap =T
pA—p=F
pV-ap pA-—p
T F




Absorption

- pV(pAQ)=Dp
- pA(pVQq)=p

- Exercise: Build the truth tables to confirm.



Absorption

p |9 | pAq |pV(PAQ) pVq pA(PVQq)
T |T T T T T
T | F F T T T
F | T F F T F
F | F F F F F




I~ Logical Equivalence Examples



Ex 1: Prove WA @)V (=pAqQ)V (=pA=g)=p = q

pAQ)V(ApAg)V(ApA-q) = ((p Vap) A q) V(=pA-aq) Distributivity
=(TAq)V (—pA-q) Negation
=qV(apA-q) |dentity
=(qV-ap)A(QVq) Distributivity
=(qV-ap)AT Negation
=qV-p Identity
=-pVq Commutativity

=p-q L.O.l



Caveat 1: Associativity & Commutativity

« Showthat(pvq)Vv(rvs)=rv(qVs)Vp, following rules exactly.

(pvg)V(rvs)=pV (q V(rv S)) Associativity
=pVv(qVv(svr)) Commutativity
=pv((@vs)vr) Associativity
=((qvs)vr)vp Commutativity
=(rv(gvs))Vvp Commutativity

=rv(@Vvs)Vp Order of Operations



Caveat 1: Associativity & Commutativity

« Showthat(pvg)v(rvs)=rv(@Vvs)Vp.
*  We will allow abbreviated associativity & commutativity steps.

*« (pvq@)Vv(@rvs)=rv(QVvs)Vp Associativity &
Commutativity



Caveat 1: Associativity & Commutativity

« Showthat—pvp=T.

Showing all steps:
-pVp =pV-p Commutativity
=T Negation

What we allow:

pVp=T

Negation




Caveat 2: Applying a rule twice

« Expand (p = q) vV (q = r) using the Law of Implication.

« Showing all steps:
p->@Vv@->r)=(=pveVvig-r) Law of Implication
=(—=pVvqV(aqVr) Law of Implication

e What we allow:
p->qVv@->7r)=(=pVvqV(qVr) Law of Implication (x2)



Caveat 3: Applying rules to any proposition
*  We can apply equivalence rules to any proposition.

c (pbvgATr)V(pVgATr)=pVvgAr Ildempotency

e 4a(r—->-—aq)=r - g Double Negation

+ (v As)=-(pVvq)V-s DeMorgan’s Law



