CSE 311: Foundations of Computing

Topic 2: Equivalence

AND OVER THERE WE HAVE THE LABYRINTH GUARDS.
ONE ALWAYS LIES, ONE ALWAYS TELLS THE TRUTH, AND
ONE STABS PEOPLE WHO ASK TRICKY QUESTIONS.




Tautologies!

Terminology: A compound proposition is a...
— Tautology if it is always true
— Contradiction if it is always false
— Contingency if it can be either true or false
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Tautologies!

Terminology: A compound proposition is a...
— Tautology if it is always true
— Contradiction if it is always false
— Contingency if it can be either true or false
pPYv —p

This is a tautology. It's called the “law of the excluded middie”.
If p is true, then p v —p is true. If p is false, then p v —p is true.

pe®p
This is a contradiction. It's always false no matter what truth
value p takes on.

(p—>nAp
This is a contingency. When p=T, r=T, (T > T)AT is true.
When p=T, r=F, (T = F)AT is false.



Mapping Truth Tables to Logic Gates

Given a truth table:

1.

2.
3.
4

This will give us some circuit.

Write the output in a table
Write the Boolean expression
Draw as gates

Map to available gates

But is it the best circuit?
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Logical Equivalence

A = B means A and B are the same thing written twice:
— PAFr=pAr

— PAFFFrAp



Logical Equivalence

A = B means A and B are same thing written twice:
— PAF=pPAYr
These are equal, because they are character-for-character identical.
— PAFFraAp

These are NOT equal, because they are different sequences of
characters. They “mean” the same thing though.

in more detail, “=" means same parse tree (see week 8),
so we can ignore differences in whitespace etc.



Logical Equivalence

A = B means A and B are same thing written twice:
— PAFr=pAr
These are equal, because they are character-for-character identical.
— PAFFFrAp

These are NOT equal, because they are different sequences of
characters. They “mean” the same thing though.

A = B means A and B have identical truth values:
— PAF=pAY

— PAF=FAP

— PAFEFrVp



Logical Equivalence

A = B means A and B are same thing written twice:
— PAFr=pAYF
These are equal, because they are character-for-character identical.
— PAFFraAp
These are NOT equal, because they are different sequences of
characters. They “mean” the same thing though.

A = B means A and B have identical truth values:
— PAF=pPAY
Two formulas that are equal also are equivalent.
— PAF=rAp
These two formulas have the same truth table!

— PAFEFrvVp
When p=T and r=F, p Aris false, but p V r is true!



A< B vs. A=B

A <> B is a proposition that may be true or false
depending on the truth values of A and B.

A = B is an assertion over all possible truth values
that A and B always have the same truth values.

A =B and (A <> B) =T have the same meaning
as does “A <> B is a tautology”



Logical Equivalence A=B

A = B is an assertion that two propositions A and B
always have the same truth values.

A =B and (A <> B) =T have the same meaning.

PAF=rAp

r\ rap (pATr)e (rAap)
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Examples from Last Lecture

We previously saw 3 different ways of writing XOR

a b a’ b’ a’b ab’ a’b +b’a
1 1 0 0 0 0 0

1 0 0 1 0 1 1

0 1 1 0 1 0 1

0 0 1 1 0 0 0

a b +b a’ b’ a’+b’ | (a+b)(a’+b’)
1 1 1 0 0 0 0

1 0 1 0 1 1 1

0 1 1 1 0 1 1

0 0 0 1 1 1 0

sum of
products

product
of sums



Exercise: XOR

We previously saw 3 different ways of writing XOR

a b a’ b’ a’b ab’ a’b +b’a
1 1 0 0 0 0 0

1 0 0 1 0 1 1

0 1 1 0 1 0 1

0 0 1 1 0 0 0

a b a+b ab (ab)’ (a+b)(ab)’

1 1

1 0

0 1

0 0

sum of
products

original
definition



Exercise: XOR

We previously saw 3 different ways of writing XOR

a b a’ b’ a’b ab’ a’b +b’a
1 1 0 0 0 0 0

1 0 0 1 0 1 1

0 1 1 0 1 0 1

0 0 1 1 0 0 0

a b +b ab (ab)’ (a+b)(ab)’

1 1 1 1 0 0

1 0 1 0 1 1

0 1 1 0 1 1

0 0 0 0 1 0

sum of
products

original
definition



De Morgan’s Laws

—(pAr)=—p Vv r
—(pvr)=—pA-r

Negate the statement:
“My code compiles or there is a bug.”

To negate the statement,
ask “when is the original statement false”.

It’s false when not(my code compiles) AND not(there is a bug).

Translating back into English, we get:
My code doesn’t compile and there is not a bug.



De Morgan’s Laws

Example: —(pAr)=—p v —r

plr| —p —r | —pvVv-ar A —(pAT)
T|T| F F F T F
T|F F T T F T
FIT T F T F T
F|F T T T F T




De Morgan’s Laws

—(pAr)=—p Vv -r
—(pvr)=—pA-r

if (!(front != null && value > front.data)) {
front = new ListNode(value, front);

} else {
ListNode current = front;
while (current.next != null &R current.next.data < value))

current = current.next;
current.next = new ListNode(value, current.next);



De Morgan’s Laws

—(pAr)=—p Vv -r
—(pvr)=—pA-r

I'(front != null & value > front.data)

front == null || value <= front.data



Law of Implication

p—>r=—pvr

p—>r | —p | ApvVvr
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Law of Implication

p—>r=—pvr

P | r |p—>r|ap | pvr
T T T F T
T| F| F ; ;
F T T T T
F F T T T




Biconditional: p & r

e pifandonlyifr

(p iff r)

 pimplies rand rimplies p
* pis necessary and sufficient for r

p r | por | po>r| rop |[(p=>0)AT-p)
T T T T T
T F F F T
F T F T F
F F T T T




Biconditional: p & r

e pifandonlyifr

(p iff r)

 pimplies rand rimplies p
* pis necessary and sufficient for r

p r | por | po>r| rop |[(p=>0)AT-p)
T T T T T T
T F F F T F
F T F T F F
F F T T T T




Some Familiar Properties of Arithmetic

*x+y=y+x (Commutativity)

e x-(y+z)=x-y+x-z (Distributivity)

s (x+y)+z=x+(y+2z) (Associativity)



Important Equivalences

 Associative
- (vgevr=pv(qVvr)
—-@ADAT=DpA(QAT)

* Distributive
—-pA@Vr)=(@EAqQV(pAT)
—-pv@Ar) =@V A(pVrT)

e Commutative
—pvq=qVp
—PAGQ=qADp



Some Familiar Properties of Arithmetic

e x-1=x (Identity)
*x+0=x

e x-0=0 (Domination)



Important Equivalences

* |dentity
—pANT=p
—pVF=p

* Domination
—pVT=T
—pAF=F



Some Familiar Properties of Arithmetic

* Usual properties hold under relabeling:
— 0, 1 becomesF, T
— “+” becomes “Vv”’
—“ -7 becomes “A”

 But there are some new facts:
— Distributivity works for both “A” and “v”
— Domination works with T

* There are some other facts specific to logic...



Important Equivalences

* |dempotent * Absorption
—pVp=Ep -pV(pAgqQ)=p
—pApP =D -pA(PVg =p

 Negation
—pV-ap=T

—pA-p=F



Important Equivalences

Identity .
—pANT=p

—pVF=p

Domination .
—pVT=T

—pAF=F

Idempotent .
—pPVpPp=EPp

—PADP=D

Commutative .
—pVqg=qVp

—PAQ=qADp

Associative

- (pvgeVvr=pv(qVvr)

- @AQDAT=pA(GAT)
Distributive
—-pA@Vr)=(@EAqQV(pAT)
-pV@Ar)=(@EVgA(pVrT)
Absorption

-pV(pAgqQ)=p
-pA(PVg =p
Negation
—pVap=T

—pAp=F



Using Equivalences

* Note that p, q, and r can be any propositions
(not just atomic propositions)

s Ex: ro>os)A(-t)=(—-t)A(r—s)

— apply commutativity: pAg=qgAp
withp:=r—s
and q := —t



One more easy equivalence

Double Negation

p = ——p




Understanding logic and circuits

When do two logic formulas mean the same thing?
When do two circuits compute the same function?

What logical properties can we infer from other ones?



Basic rules of reasoning and logic

* Working with logical formulas
— Simplification
— Testing for equivalence

* Applications
— Query optimization
— Search optimization and caching
— Artificial Intelligence
— Program verification



Computing Equivalence

Given two propositions, can we write an algorithm to
determine if they are equivalent?

What is the runtime of our algorithm?



Computing Equivalence

Given two propositions, can we write an algorithm to
determine if they are equivalent?

Yes! Generate the truth tables for both propositions and check
if they are the same for every entry.

What is the runtime of our algorithm?

Every atomic proposition has two possibilities (T, F). If there are
n atomic propositions, there are 2™ rows in the truth table.



Another approach: Logical Proofs

To show A is equivalent to B

— Apply a series of logical equivalences to
sub-expressions to convert Ato B

To show A is a tautology

— Apply a series of logical equivalences to
sub-expressions to convert Ato T



Another approach: Logical Proofs

To show A is equivalent to B

— Apply a series of logical equivalences to
sub-expressions to convert Ato B

Example:
Let Abe “pV (p Ap)”, and B be “p”.
Our general equivalence proof looks like:

pV(pAp)=( )
=p



Another approach: Logical Equivalences

* Identity
—-pAT=p
-pVF=p

* Domination
—-pVT=T
—pAF=F

* |dempotent
—PVp=D
—PAP=D

* Commutative
-pPvVqg=EqVp
—PAQ=qAp

Example:

* Associative

- (pveVvr=pv(qvr)
- (A ATr=pA(qAT)

* Distributive

-pA@Vr)=(@EAQV(pAT)
—-pVv@Ar) =@V A(pVr)

* Absorption

-pV(PAgQ =p
-pA(pV@ =p

* Negation

De Morgan’s Laws

—(PArq)=—pPV—q
—(Pva)=—pPAr—q
Law of Implication
bp—>q=-—-pvq
Contrapositive
p—>q=-—-q9—>—p
Biconditional

p<>q=@>q9(@q—>p)
Double Negation
p=——p

Let Abe “pV (p Ap)”, and B be “p”.
Our general equivalence proof looks like:

pV(pAp)=(

=P



Logical Equivalences

* Identity * Associative
-pAT=p - (vevr=pvigvr)
-pVF=p - (@PAQAT=pA(gAT)
* Domination * Distributive
-pVT=T -pAQ@Vr)=(@AQV(PAT)
- pAF=F -pV(@Ar)=(@VA(pVT)
* |dempotent * Absorption
- PVP=D -pVAg =p
- PAP=D -pA(pVg =p
* Commutative * Negation
- pVvVqg=qVp —pV-ap=T
—pAQ=qAp —pA=-p=F
Example:

De Morgan’s Laws
—(PArq)=—pPV—q
—(Pva)=—pPAr—q

Law of Implication

bp—>q=-—-pvq
Contrapositive
p—>q=-—-q9—>—p

p<>q=@>q9(@q—>p)
Double Negation
p=——p

Let Abe “pV (p Ap)”, and B be “p”.
Our general equivalence proof looks like:

pV(pAp)=( pVp

=P

) ldempotent

Idempotent



Logical Equivalences

To show A is a tautology

— Apply a series of logical equivalences to
sub-expressions to convert Ato T

Example:
LetAbe “—pV (pVDp)".
Our general equivalence proof looks like:

pV(pVp) =( )

11l
N’

T



Logical Equivalences

* Identity * Associative
- pAT=p - (vevr=pvigvr)
-pVF=p - (@PAQAT=pA(gAT)
* Domination * Distributive
-pVT=T -pAQ@Vr)=(@AQV(PAT)
- pAF=F -pV(@Ar)=(@VA(pVT)
* ldempotent * Absorption
- pPVp=p -pvpAg =p
- PAP=D -pA(PpVQ =p
* Commutative * Negation
- pVvVqg=qVp —pV-ap=T
—pAQ=qAp —pA=-p=F
Example:

LetAbe “—pV (pVDp)".

De Morgan’s Laws

—(PArq)=—pPV—q
—(Pva)=—pPAr—q
Law of Implication
bp—>q=-—-pvq
Contrapositive
p—>q=-—-q9—>—p

p<>q=P>9A(Gq—>p)

Example:
LetAbe“-pV (pVp)"
Our general equivalence proof looks like:

Our general equivalence proof looks like:

pV(pVp) =(
= (
=T



Logical Equivalences

* Identity * Associative De Morgan’s Laws
-pAT=p - (vevr=pv(qvVvr) (P AQ)=—DV—q
-pVF=p - (PAQAT=pA(qAT) —~(pv @) =—pAr—q

* Domination * Distributive o

Law of Implication
—pVT=T -pAQ@Vvr)=(@AQV(pAT) _
—pAF=F —pV@Ar)=(@VA(DVT) p=>4==Pvd
P - PVRAAT) =P V4 pvrT Contrapositive
* |dempotent * Absorption _
B B p—>q=—-q—>—p
~PVP=Pp —rvpArg=p Biconditional
—pAp = - DpA \% =
PAP=P P_(p QO =p p<>q=(@>9AG—>p)

* Commutative * Negation

— = — = Example:

qu - qu pv_'p =T aLme’:;be“—|pv(pr)’.
—-DPAQ=qAD —pA=-p=F Our general equivalence proof looks like:
Example:

LetAbe “—pV (pVDp)".
Our general equivalence proof looks like:

“pVp ) ldempotent

-pV (pVp)=(
( pV-ap ) Commutative
T

Negation



Prove these propositions are equivalent: Option 1

Prove:pA(p—>hN=pAr
Make a Truth Table and show:

pPA(@-o1) o@AT)=T

p|r | por |pAP-T) PAT A(@-o1) o @PAT)
T| T T T T T
T|F F F F T
F|T T F F T
F|F T F F T




Prove these propositions are equivalent: Option 2

Prove:pA(p > HN=pAr

pA(—-T)

=DAT

* Identity * Associative De Morgan’s Laws
-pPAT=p -(vevr=pvigvr) -
-pVF=p —(@PAQAT=pA(qAT) _‘gpi/\qu_‘pzﬁq

* Domination * Distributive —~PVa)=—pPAr—q
—pVT=T -pA(@Vr)=(@AqQV(PAT) Law of Implication
—-pAF=F —-pVv(@Ar)=(@VgA(pVr) p—>q=-pvq

* ldempotent * Absorption Contrapositive
—PVDP=DP -pvipAq =p p—>q=—-9—>-p
—-pApP=D —pA(pVvq) =p Biconditional

« Commutative * Negation p<q=@P>9AQ—>p)
-pVvVqg=qVp -pV-p=T Double Negation
- pPAgG=qAp —pA-p=F

p=—-p



Prove these propositions are equivalent: Option 2

pAP->1)=EpA(-pVT)
=(@A-p)V(pAT)

Prove: p A (p — 1)

=FV(pAT)
=(pAr)VF
=DAT

=p ATl

Law of Implication
Distributive

Negation
Commutative
Identity

* Identity
—-pAT=p
—-pVF=p

* Domination
—pVT=T
—pAF=F

* |dempotent
—PVP=PD
—PAP=D

* Commutative
-pPvVqg=EqVp
—PAQ=qAp

* Associative

-(vevr=pv(gvr)
- (@A AT=pA(qAT)

* Distributive

—pA(@Vvr)=(@AqQV(pAT)
-pvV@Ar) =@V A(Vr)

* Absorption

-pVAg =p
-pA(pV@ =p

* Negation

De Morgan’s Laws
—(pArg)=—pVv—q
—(pva)=—pr—q

Law of Implication

bp—>q=-pvq

Contrapositive

p—o>q=—-q9—>—p

Biconditional

p<q={@>q9(Qq—>p)
Double Negation
p=——p



Prove this is a Tautology: Option 1

(pAT)—>(rvp)

Make a Truth Table and show:

(pAT) > (rVvp) =T

PAT

rvp

(pAT) > (rVvp)

== S

m| =S |||




Prove this is a Tautology: Option 1

(pAT)—>(rvp)

Make a Truth Table and show:

(pAT) > (rVvp) =T

PAT

rvp

(pAT) > (rVvp)

== S

m| =S |||

m(m| 7|~

e R |

- - |-




Prove this is a Tautology: Option 2

(pAT)—>(rvp)

Use a series of equivalences like so:

(pAT) > (rVp)

Identity
—-pAT=p
-pVF=p

Domination
—pVT=T
— pAF=F

Idempotent
—PVpP=EP
—PAP=PD

Commutative
—pPVqa=qVp

—PAGQ=qAp

Il
-]

Associative
-(vevr=pv(qvr)

- (@A AT=pA(qAT)
Distributive
-pA@Vvr)=(@AQV (AT
-pv@Ar)=(@VA(VT)
Absorption

-pvpAgQ =p
-pA(PVg =p

Negation

—pVap=T

—-pA-p=F




Associative
-(@vgevr=pviqvr)

Prove this is a Tautology: Option 2 |- eronr=rmann

Distributive
-pA@Vvr)=(@AQV (AT
-pv@Ar)=(@VA(VT)
(p /\ r) % (r\/ p) Absorption
-pvpAgQ =p
-pA(PVg =p
Negation

Use a series of equivalences like so: CpVop=T

—-pA-p=F

-(pAT)V (rvp) Law of Implication
(-pV-r)V(rvp) De Morgan
apV (=rV (rVvp)) Associative

(pAT) > (rVp)

Identity = —p V ((—IT V 7") V p) Associative

_ 5355 =-pV(pV(arvr)) Commutative
Pominadion =(=pVp)V(arvr)  Associative

-pVvT=

— pAF=F =(pV-ap)V(@rVv-ar)  Commutative (twice)
'Ciessoge;tp = TVT Negation (twice)

- pApP=p =T Domination/ldentity
Commutative

- pvVqg=qVp

—PANQ=qADp




Logical Proofs of Equivalence/Tautology

* Not smaller than truth tables when there are only
a few propositional variables...

e ...but usually much shorter than truth table proofs
when there are many propositional variables

* A big advantage will be that we can extend them
to a more in-depth understanding of logic for

which truth tables don’t apply.



Recall: Corollaries of Circuit Construction

* —, A, V Can implement any Boolean function
we didn’t need any others to do this

* Actually... just =, A (Or —, V) are enough

follows by De Morgan’s laws

* Actually... just NAND (or NOR)



Boolean Algebra

* Usual notation used in circuit design

 Boolean algebra
— a set of elements B containing {0, 1}
— binary operations{ +, ¢ }
— and a unary operation { ' }
— such that the following axioms hold:

Forany a, b, cin B:
1. closure:

2. commutativity:
3. associativity:

4, distributivity:

atbisinB

atb=b+a
at(bb+c)=(@a+b)+c
atbbec)=(@a+b)e(atc

5. identity: at0=a
6. complementarity: ata =1
7. null: atl1=1
8. idempotency: ata=a

9. involution: (@) =a

DYDY WD

(@°*b)ec
(@eb)+(a-c)



Simplification using Boolean Algebra

uniting;:
10. a*b+a-b =a 10D. (@a+b)e(a+b)=a
absorption:
11.a+ta*b=a 11D. a* (at+hb)=a
12.(a+b’)eb=ac°b 12D.(a* b)+b=a+b
factoring:
13.(a+b) e (@’ +c¢)= 13D.a*b+a e c=
aecta b (@tc)e(@+b
consensus:
14.(@a*b)+(bec)+(a °c)= 14D.(a+b) e (b+c) e (a’'+c¢c)=
a*b+a ec (@t+b)e(@+c
de Morgan’s:

15.(a+b+..)=a * b e .. 15D.(a* b e ..)=a +b +..



o

2. commutativity: atb=b+a *a

a*b=
3. associativity: at+t(b+c)=(a+b)+c ac*(bec)=(a*hb)ec
. 4, distributivity: at+t(bec)=(@a+b)e(a+c) as(btc)=(@a*b)+(@-c
5. identity: a+0=a a*l1=a
Proving Theorems &ommenns: 21073 21aTh
7. null: atl=1 a*0=0
8. idempotency: ata=a a*a=a
9. involution: @)y =a

Using the laws of Boolean Algebra:

XOR variants: (A + B)(AB) = (A+B)(A"+ B')

De Morgan



2. commutativity: atb=b+a a*b=bea
3. associativity: at+t(b+c)=(a+b)+c ac*(bec)=(a*hb)ec
. 4, distributivity: at+t(bec)=(a+b)e(a+c) ac*(b+tc)=(@a*hb)+(@ac+c
5. identity: a+0=a a*l1=a
Proving Theorems &ommenns: 21073 21aTh
7. null: atl=1 a*0=0
8. idempotency: ata=a a*a=a
9. involution: @)y =a

Using the laws of Boolean Algebra:

XOR variants: (A+B)A +B)=AB"+ AB

(A+B)(A+B)=(A+BA + (A+B)B distributivity
= A(A + B) + B'(A + B) commutativity
= AA + AB + BA + BB distributivity
=0+AB+BA+0 complementarity
= AB + AB’ identity
= AB' + AB commuativity



2. commutativity: atb=b+a a*b=bea
3. associativity: at+t(b+c)=(a+b)+c ac*(bec)=(a*hb)ec
. 4, distributivity: at+t(bec)=(a+b)e(a+c) ac*(b+tc)=(@a*hb)+(@ac+c
5. identity: a+0=a a*l1=a
Proving Theorems &ommenns: 21073 21aTh
7. null: atl=1 a*0=0
8. idempotency: ata=a a*a=a
9. involution: @)y =a

Using the laws of Boolean Algebra:

XOR variants: (A+B)A +B)=AB"+ AB

(A+B)(A+B)=(A+BA + (A+B)B distributivity
= A(A + B) + B'(A + B) commutativity
= AA + AB + BA + BB distributivity
=0+AB+BA+0 complementarity
= AB + AB’ identity
= AB' + AB commuativity



Sum-of-Products Canonical Form

Product term (or minterm)

— ANDed product of literals - input combination for which output is true
— each variable appears exactly once, true or inverted (but not both)

A B C | minterms _ _
0 0 0 |ABC F in canonical form:
0 0 1 |ABC F(A, B,C) = AB'C + ABC + AB'C + ABC' + ABC
0 1 0 |ABC | N
0 1 1 |ABC canonical form = minimal form
1 0 0 |ABC F(A,B,C) = ABC + ABC + AB'C + ABC + ABC'
1 0 1 |ABC = (AB’ + AB + AB' + AB)C + ABC'
1 1 0 |ABC = ((A" + A)(B' + B))C + ABC'
1 1 1 |ABC =C+ ’ABC
= ABC' + C

=AB + C



Product-of-Sums Canonical Form

Sum term (or maxterm)
— ORed sum of literals - input combination for which output is false
— each variable appears exactly once, true or inverted (but not both)

A B C | maxterms F in canonical form:

0 0 0 |A+B+C F(A,B,C) =(A+B+C)(A+B +C)(A'+B+C)
0O 0 1 |A+B+C

0O 1 0 |A+B+C canonical form = minimal form

0 1 1 |A+B+C F(A,B,C) =(A+B+C)(A+B +C)(A +B+C)
1 0 0 [A+B+C =(A+B+C)(A+B +C)

10 1 |A+B+C (A+B+C)(A +B+C)

1 1 0 |A+B+C =(A+C)(B+C

1 1 1 |A+B+C



Recall: Truth Table to Logic

Co =dpedy *dgeL’ +dyedyedy +dyedsedg
¢, =dy ed, *dy oL’ +dy*d, *dgeL’ +dy *dyedy *L’' +dy, edysdgeL’ +dyed, ody +dyed, edgeL
Cy =dy *dsedy *L+dy *dsodgel
C3 =dy °dy’ *dy *L+dy *dy edgeL

Here's c; as a circuit:
—{NO
d, NPT

NO
dy

dolNo AND
Ny

W

o>




Simplifying using Boolean Algebra

c3=d2 +d1’+d0’eL + d2’+d1’+dO-L
=d2' ed1’ *(d0’ + dO)eL
=d2 ed1’ e 1L
=d2' ed1’ oL

d2 —iNOT
AND_‘
d1 —INoT>o | |




1-bit Binary Adder

W >

o

(Cour)

0 + 0 = 0 (with Coyy = 0)
0 + 1 = 1 (with Coy; = 0)
1 + 0 = 1 (with Coyy = 0)
1 + 1 = 0 (with Coyr = 1)



1-bit Binary Adder

A 0 + 0 = 0 (with Cyy; = O)
+_B O+1=1(W|th COUT=O)
s 1+ 0 = 1 (with Coyy = O)

(Cour) 1+ 1 =0 (with Cyy;=1)

Idea: chain these together to add larger numbers

Recall from 248
elementary school: +375




1-bit Binary Adder

-+

W >

0|

(Cour)

0 + 0 = 0 (with Coyy = 0)
0 + 1 = 1 (with Coy; = 0)
1 + 0 = 1 (with Cyyy = 0)
1 + 1 = 0 (with Coyr = 1)

Idea: These are chained together with a carry-in

COUT CIN

(€ aVaYavava
A Alallallala
+B BlBllBlB|B
S siislisis|s

(Cour)

| O = O




1-bit Binary Adder

* |nputs: A, B, Carry-in
e Outputs: Sum, Carry-out

O
2

COUT

Rk, |lolo|lo|lo] P
R|lr|lo|lo|lr|Rr|lOo|lOo]l®
Rrlo|lr|lolr|lo]lr]|oO
R |lRLr|l,r|lOo|lRr|O|O
Rr|lo|lOo|l—r|lO|lR|R|]O]lWL

Cout




1-bit Binary Adder

o . i Cour Cin
Inputs: A, B, Carry-in ANV
e Outputs: Sum, Carry-out Alallallalla
B|B||B|B|B
slslislsls

A | B | G | Cor ﬂ Derive an expression for S
0 0 0 0

A'*B'Cpy

A'*BeCy

.o | 1 | 1 | 1 § O S=AB*Cy+A *B*Cy
1 0 0 0 1 A*B °Cy’ +
1 0 1 1 A*B’*C,, +A*B*Cy
1 1 0 1 ﬂ

A*B*Cp




1-bit Binary Adder

o . i Cour Cin
Inputs: A, B, Carry-in ANV
e Outputs: Sum, Carry-out Alallallalla
B|B||B|B|B
slslislsls

Derive an expression for Cqyt

A’ *B*Cp
Cour=A'*B+Cy+A*B *C, +

A*B *Cp A*B+Cy’+A*B-C)y

A*B+Cp’
A*B+Cyp

S=A’°B’°C|N+A"B°C|N’ +A°B’°C|N’ +A'B°C|N



1-bit Binary Adder

* Inputs: A, B, Carry-in [V\C?{?\N[\
e Outputs: Sum, Carry-out Alallallalla
B||B||B|/Bf B
SIIS|IS|S|S
A B CIN cOUT S
0 0 0 0 0
0 0 1 0 1
0 1 0 0 ! | S=A"eB+Cny+A*BeCyp +A*B *Cp'+A*B*Cp
0 1 1 1 0
1 " 0 0 1 COUT=A’.B.CIN+A.B’.CIN+A.B.CIN’+A.B.C|N
1 0 1 1 0
1 1 0 1 0
1 1 1 1 1




Apply Theorems to Simplify Expressions

The theorems of Boolean algebra can simplify expressions
— e.g., full adder’s carry-out function

A'BCin + AB' Cin + ABCin’ + ABCin

ABCin + AB'Cin + ABCin’ + ABCin + ABCin
ANBCn + ABCin + AB'Cin + ABCin’ + ABCin
(A +A)BCin + AB'Cin + ABCin’ + ABCin
(1)BCin + AB'Cin + ABCin’ + ABCin

BCin + AB'Cin + ABCin’ + ABCin + ABCin

Cout

BCin + AB'Cin + ABCin + ABCin" + ABCin
BCin + A(B+B)Cin + ABCin” + ABCin
BCin + A(1)Cin + ABCin" + ABCin

BCin + ACin + AB(Cin"+ Cin)

BCin + ACin + AB(1)

BCin + ACin + AB



Apply Theorems to Simplify Expressions

The theorems of Boolean algebra can simplify expressions
— e.g., full adder’s carry-out function

Cout

A'B Cin + AB'Cin + AB Cin"+ AB Cin

A'BCin + AB'Cin + ABCin” + ABCin + ABCin

ABCn + ABCin + AB'Cin + ABCin' + ABCin
(A +A)BCin + AB'Cin + ABCin’ + ABCin
(1)BCin + AB'Cin + ABCin’ + ABCin

B Cin
B Cin
B Cin
B Cin
B Cin
B Cin
B Cin

+

+ 4+ 4+ + + +

AB Cin + ABCin" + ABCin + ABCin

AB Cin + ABCin + ABCin" + ABCin

A(B"+ B)Cin + ABCin” + ABCin

A(1)Cin + ABCin” + ABCin

A Cin + AB (Cin"+ Cin)

ACn + AB(1) _

ACin + AB adding extra terms

creates new factoring
opportunities



A 2-bit Ripple-Carry Adder

1-Bit Adder

} Cin  Cout

:){* —{>Cout 1
} Sum,

jDTT)D*—DSum

Uses the fact that
Sum Sum = A’.B’.Cm + A’.B.Cm’ + A.B’.Cm’ + A.B.C|N
is equivalent to Sum = (A @ B) @ Cy



Mapping Truth Tables to Logic Gates (Revised)

Given a truth table: A B C|F
1. Write the output in a table 8 8 (1) 8
2. Write the Boolean expression o 1 ol
3. Minimize the Boolean expression o 1 111
4. Draw as gates 1 0 010
5. Map to available gates T 0 111
1 1 0]O0
F =ABC+ABC+AB'C+ABC 1 1 111

@l = AB(C'+C)+AC(B’+B)
= AB+AC

o -
tAD— no
" BD—P—} @ —> BEO—

ALDD—H
Cho—

Al D>—r
CDo—
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e




