
CSE 311 Section 10

Final Review



Announcements & Reminders
● HW8

○ Due Friday 5/31 @ 11:59
● Final Exam

○ Monday, 6/3 12:30-2:20pm KNE120

● Final Review Session 
○ Today @ 5:00-7:00pm SIG134

● Course Evaluations are out!
○ Please consider taking 10 minutes to complete both section and course 

evaluations! 



Structural Induction Problem 1





















Irregularity



Irregularity Template
Claim: L is an irregular language.  

Proof: Suppose, for the sake of contradiction, that L is regular. Then there is a DFA 𝑀 such 
that 𝑀 accepts exactly L. 

Let 𝑆 = [TODO] (𝑆 is an infinite set of strings)
Because the DFA is finite, there are two (different) strings 𝑥, 𝑦 in 𝑆 such that 𝑥 and 𝑦 go to the 
same state when read by 𝑀. [TODO] (We don’t get to choose 𝑥, 𝑦, but we can describe them 
based on that set 𝑆 we just defined) 

Consider the string 𝑧 = [TODO] (We do get to choose 𝑧 depending on 𝑥, 𝑦)

Since 𝑥, 𝑦 led to the same state and 𝑀 is deterministic, 𝑥𝑧 and 𝑦𝑧 will also lead to the same 
state 𝑞 in 𝑀. Observe that 𝑥𝑧 = [TODO], so 𝑥𝑧 ∈ L but 𝑦𝑧 = [TODO], so 𝑦𝑧 ∉ L. Since 𝑞 is can 
be only one of an accept or reject state, 𝑀 does not actually recognize L. That’s a 
contradiction! 

Therefore, L is an irregular language.



Irregularity Example from Lecture
Claim: {0𝑘1𝑘 : 𝑘 ≥ 0} is an irregular language.  

Proof: Suppose, for the sake of contradiction, that L = {0𝑘1𝑘 : 𝑘 ≥ 0} is regular. Then there is a 
DFA 𝑀 such that 𝑀 accepts exactly L. 

Let 𝑆 = {0𝑘 : 𝑘 ≥ 0}
Because the DFA is finite, there are two (different) strings 𝑥, 𝑦 in 𝑆 such that 𝑥 and 𝑦 go to the 
same state when read by 𝑀. Since both are in 𝑆, 𝑥 = 0𝑎 for some integer 𝑎 ≥ 0, and 𝑦 = 0𝑏 for 
some integer 𝑏 ≥ 0, with 𝑎 ≠ 𝑏.

Consider the string 𝑧 = 1a .

Since 𝑥, 𝑦 led to the same state and 𝑀 is deterministic, 𝑥𝑧 and 𝑦𝑧 will also lead to the same 
state 𝑞 in 𝑀. Observe that 𝑥𝑧 = 0𝑎1𝑎 , so 𝑥𝑧 ∈ L but 𝑦𝑧 = 0b1𝑎 , so 𝑦𝑧 ∉ L. Since 𝑞 is can be only 
one of an accept or reject state, 𝑀 does not actually recognize L. That’s a contradiction! 

Therefore, L is an irregular language.



Problem 2 – Irregularity
a) Let Σ = {0, 1}. Prove that {0n1n0n : n ≥ 0} is not regular.

b) Let Σ = {0, 1, 2}. Prove that {0n(12)m : n ≥ m ≥ 0} is not regular.

Work on this problem with the people around you.



Problem 2 – Irregularity
Claim: {0n1n0n : n ≥ 0} is an irregular language.  

Proof: Suppose, for the sake of contradiction, that L = {0n1n0n : n ≥ 0} is regular. Then there 
is a DFA 𝑀 such that 𝑀 accepts exactly L. 

Let 𝑆 = [TODO]
Because the DFA is finite, there are two (different) strings 𝑥, 𝑦 in 𝑆 such that 𝑥 and 𝑦 go to the 
same state when read by 𝑀. [TODO] .

Consider the string 𝑧 = [TODO] .

Since 𝑥, 𝑦 led to the same state and 𝑀 is deterministic, 𝑥𝑧 and 𝑦𝑧 will also lead to the same 
state 𝑞 in 𝑀. Observe that 𝑥𝑧 = [TODO] , so 𝑥𝑧 ∈ L but 𝑦𝑧 = [TODO] , so 𝑦𝑧 ∉ L. Since 𝑞 is can 
be only one of an accept or reject state, 𝑀 does not actually recognize L. That’s a 
contradiction! 

Therefore, L is an irregular language.

(a)   Let Σ = {0, 1}. Prove that {0n1n0n : n ≥ 0} is not regular.



Problem 2 – Irregularity
Claim: {0n1n0n : n ≥ 0} is an irregular language.  

Proof: Suppose, for the sake of contradiction, that L = {0n1n0n : n ≥ 0} is regular. Then there 
is a DFA 𝑀 such that 𝑀 accepts exactly L. 

Let 𝑆 = {0n1n : n ≥ 0}
Because the DFA is finite, there are two (different) strings 𝑥, 𝑦 in 𝑆 such that 𝑥 and 𝑦 go to the 
same state when read by 𝑀. [TODO] .

Consider the string 𝑧 = [TODO] .

Since 𝑥, 𝑦 led to the same state and 𝑀 is deterministic, 𝑥𝑧 and 𝑦𝑧 will also lead to the same 
state 𝑞 in 𝑀. Observe that 𝑥𝑧 = [TODO] , so 𝑥𝑧 ∈ L but 𝑦𝑧 = [TODO] , so 𝑦𝑧 ∉ L. Since 𝑞 is can 
be only one of an accept or reject state, 𝑀 does not actually recognize L. That’s a 
contradiction! 

Therefore, L is an irregular language.

(a)   Let Σ = {0, 1}. Prove that {0n1n0n : n ≥ 0} is not regular.



Problem 2 – Irregularity
Claim: {0n1n0n : n ≥ 0} is an irregular language.  

Proof: Suppose, for the sake of contradiction, that L = {0n1n0n : n ≥ 0} is regular. Then there 
is a DFA 𝑀 such that 𝑀 accepts exactly L. 

Let 𝑆 = {0n1n : n ≥ 0}
Because the DFA is finite, there are two (different) strings 𝑥, 𝑦 in 𝑆 such that 𝑥 and 𝑦 go to the 
same state when read by 𝑀. Since both are in 𝑆, 𝑥 = 0𝑎1𝑎 for some integer 𝑎 ≥ 0, and 𝑦 = 0𝑏1b 
for some integer 𝑏 ≥ 0, with 𝑎 ≠ 𝑏.

Consider the string 𝑧 = [TODO] .

Since 𝑥, 𝑦 led to the same state and 𝑀 is deterministic, 𝑥𝑧 and 𝑦𝑧 will also lead to the same 
state 𝑞 in 𝑀. Observe that 𝑥𝑧 = [TODO] , so 𝑥𝑧 ∈ L but 𝑦𝑧 = [TODO] , so 𝑦𝑧 ∉ L. Since 𝑞 is can 
be only one of an accept or reject state, 𝑀 does not actually recognize L. That’s a 
contradiction! 

Therefore, L is an irregular language.

(a)   Let Σ = {0, 1}. Prove that {0n1n0n : n ≥ 0} is not regular.



Problem 2 – Irregularity
Claim: {0n1n0n : n ≥ 0} is an irregular language.  

Proof: Suppose, for the sake of contradiction, that L = {0n1n0n : n ≥ 0} is regular. Then there 
is a DFA 𝑀 such that 𝑀 accepts exactly L. 

Let 𝑆 = {0n1n : n ≥ 0}
Because the DFA is finite, there are two (different) strings 𝑥, 𝑦 in 𝑆 such that 𝑥 and 𝑦 go to the 
same state when read by 𝑀. Since both are in 𝑆, 𝑥 = 0𝑎1𝑎 for some integer 𝑎 ≥ 0, and 𝑦 = 0𝑏1b 
for some integer 𝑏 ≥ 0, with 𝑎 ≠ 𝑏.

Consider the string 𝑧 = 0a .

Since 𝑥, 𝑦 led to the same state and 𝑀 is deterministic, 𝑥𝑧 and 𝑦𝑧 will also lead to the same 
state 𝑞 in 𝑀. Observe that 𝑥𝑧 = [TODO] , so 𝑥𝑧 ∈ L but 𝑦𝑧 = [TODO] , so 𝑦𝑧 ∉ L. Since 𝑞 is can 
be only one of an accept or reject state, 𝑀 does not actually recognize L. That’s a 
contradiction! 

Therefore, L is an irregular language.

(a)   Let Σ = {0, 1}. Prove that {0n1n0n : n ≥ 0} is not regular.



Problem 2 – Irregularity
Claim: {0n1n0n : n ≥ 0} is an irregular language.  

Proof: Suppose, for the sake of contradiction, that L = {0n1n0n : n ≥ 0} is regular. Then there 
is a DFA 𝑀 such that 𝑀 accepts exactly L. 

Let 𝑆 = {0n1n : n ≥ 0}
Because the DFA is finite, there are two (different) strings 𝑥, 𝑦 in 𝑆 such that 𝑥 and 𝑦 go to the 
same state when read by 𝑀. Since both are in 𝑆, 𝑥 = 0𝑎1𝑎 for some integer 𝑎 ≥ 0, and 𝑦 = 0𝑏1b 
for some integer 𝑏 ≥ 0, with 𝑎 ≠ 𝑏.

Consider the string 𝑧 = 0a .

Since 𝑥, 𝑦 led to the same state and 𝑀 is deterministic, 𝑥𝑧 and 𝑦𝑧 will also lead to the same 
state 𝑞 in 𝑀. Observe that 𝑥𝑧 = 0𝑎1𝑎0𝑎 , so 𝑥𝑧 ∈ L but 𝑦𝑧 = 0b1b0𝑎 , so 𝑦𝑧 ∉ L. Since 𝑞 is can be 
only one of an accept or reject state, 𝑀 does not actually recognize L. That’s a contradiction! 

Therefore, L is an irregular language.

(a)   Let Σ = {0, 1}. Prove that {0n1n0n : n ≥ 0} is not regular.



Problem 2 – Irregularity
Claim: {0n(12)m : n ≥ m ≥ 0} is an irregular language.  

Proof: Suppose, for the sake of contradiction, that L = {0n(12)m : n ≥ m ≥ 0} is regular. Then 
there is a DFA 𝑀 such that 𝑀 accepts exactly L. 

Let 𝑆 = [TODO]
Because the DFA is finite, there are two (different) strings 𝑥, 𝑦 in 𝑆 such that 𝑥 and 𝑦 go to the 
same state when read by 𝑀. [TODO] .

Consider the string 𝑧 = [TODO] .

Since 𝑥, 𝑦 led to the same state and 𝑀 is deterministic, 𝑥𝑧 and 𝑦𝑧 will also lead to the same 
state 𝑞 in 𝑀. Observe that 𝑥𝑧 = [TODO] , so 𝑥𝑧 ∈ L but 𝑦𝑧 = [TODO] , so 𝑦𝑧 ∉ L. Since 𝑞 is can 
be only one of an accept or reject state, 𝑀 does not actually recognize L. That’s a 
contradiction! 

Therefore, L is an irregular language.

(b)   Let Σ = {0, 1, 2}. Prove that {0n(12)m : n ≥ m ≥ 0} is not 
regular.



Problem 2 – Irregularity
Claim: {0n(12)m : n ≥ m ≥ 0} is an irregular language.  

Proof: Suppose, for the sake of contradiction, that L = {0n(12)m : n ≥ m ≥ 0} is regular. Then 
there is a DFA 𝑀 such that 𝑀 accepts exactly L. 

Let 𝑆 = {0n : n ≥ 0}
Because the DFA is finite, there are two (different) strings 𝑥, 𝑦 in 𝑆 such that 𝑥 and 𝑦 go to the 
same state when read by 𝑀. [TODO]

Consider the string 𝑧 = [TODO] .

Since 𝑥, 𝑦 led to the same state and 𝑀 is deterministic, 𝑥𝑧 and 𝑦𝑧 will also lead to the same 
state 𝑞 in 𝑀. Observe that 𝑥𝑧 = [TODO] , so 𝑥𝑧 ∈ L but 𝑦𝑧 = [TODO] , so 𝑦𝑧 ∉ L. Since 𝑞 is can 
be only one of an accept or reject state, 𝑀 does not actually recognize L. That’s a 
contradiction! 

Therefore, L is an irregular language.

(b)   Let Σ = {0, 1, 2}. Prove that {0n(12)m : n ≥ m ≥ 0} is not 
regular.



Problem 2 – Irregularity
Claim: {0n(12)m : n ≥ m ≥ 0} is an irregular language.  

Proof: Suppose, for the sake of contradiction, that L = {0n(12)m : n ≥ m ≥ 0} is regular. Then 
there is a DFA 𝑀 such that 𝑀 accepts exactly L. 

Let 𝑆 = {0n : n ≥ 0}
Because the DFA is finite, there are two (different) strings 𝑥, 𝑦 in 𝑆 such that 𝑥 and 𝑦 go to the 
same state when read by 𝑀. Since both are in 𝑆, 𝑥 = 0𝑎 for some integer 𝑎 ≥ 0, and 𝑦 = 0𝑏 for 
some integer 𝑏 ≥ 0, with 𝑎 > 𝑏.

Consider the string 𝑧 = [TODO] .

Since 𝑥, 𝑦 led to the same state and 𝑀 is deterministic, 𝑥𝑧 and 𝑦𝑧 will also lead to the same 
state 𝑞 in 𝑀. Observe that 𝑥𝑧 = [TODO] , so 𝑥𝑧 ∈ L but 𝑦𝑧 = [TODO] , so 𝑦𝑧 ∉ L. Since 𝑞 is can 
be only one of an accept or reject state, 𝑀 does not actually recognize L. That’s a 
contradiction! 

Therefore, L is an irregular language.

(b)   Let Σ = {0, 1, 2}. Prove that {0n(12)m : n ≥ m ≥ 0} is not 
regular.



Problem 2 – Irregularity
Claim: {0n(12)m : n ≥ m ≥ 0} is an irregular language.  

Proof: Suppose, for the sake of contradiction, that L = {0n(12)m : n ≥ m ≥ 0} is regular. Then 
there is a DFA 𝑀 such that 𝑀 accepts exactly L. 

Let 𝑆 = {0n : n ≥ 0}
Because the DFA is finite, there are two (different) strings 𝑥, 𝑦 in 𝑆 such that 𝑥 and 𝑦 go to the 
same state when read by 𝑀. Since both are in 𝑆, 𝑥 = 0𝑎 for some integer 𝑎 ≥ 0, and 𝑦 = 0𝑏 for 
some integer 𝑏 ≥ 0, with 𝑎 > 𝑏.

Consider the string 𝑧 = (12)a .

Since 𝑥, 𝑦 led to the same state and 𝑀 is deterministic, 𝑥𝑧 and 𝑦𝑧 will also lead to the same 
state 𝑞 in 𝑀. Observe that 𝑥𝑧 = [TODO] , so 𝑥𝑧 ∈ L but 𝑦𝑧 = [TODO] , so 𝑦𝑧 ∉ L. Since 𝑞 is can 
be only one of an accept or reject state, 𝑀 does not actually recognize L. That’s a 
contradiction! 

Therefore, L is an irregular language.

(b)   Let Σ = {0, 1, 2}. Prove that {0n(12)m : n ≥ m ≥ 0} is not 
regular.



Problem 2 – Irregularity
Claim: {0n(12)m : n ≥ m ≥ 0} is an irregular language.  

Proof: Suppose, for the sake of contradiction, that L = {0n(12)m : n ≥ m ≥ 0} is regular. Then 
there is a DFA 𝑀 such that 𝑀 accepts exactly L. 

Let 𝑆 = {0n : n ≥ 0}
Because the DFA is finite, there are two (different) strings 𝑥, 𝑦 in 𝑆 such that 𝑥 and 𝑦 go to the 
same state when read by 𝑀. Since both are in 𝑆, 𝑥 = 0𝑎 for some integer 𝑎 ≥ 0, and 𝑦 = 0𝑏 for 
some integer 𝑏 ≥ 0, with 𝑎 > 𝑏.

Consider the string 𝑧 = (12)a .

Since 𝑥, 𝑦 led to the same state and 𝑀 is deterministic, 𝑥𝑧 and 𝑦𝑧 will also lead to the same 
state 𝑞 in 𝑀. Observe that 𝑥𝑧 = 0𝑎(12)a , so 𝑥𝑧 ∈ L but 𝑦𝑧 = 0b(12)a , so 𝑦𝑧 ∉ L. Since 𝑞 is can 
be only one of an accept or reject state, 𝑀 does not actually recognize L. That’s a 
contradiction! 

Therefore, L is an irregular language.

(b)   Let Σ = {0, 1, 2}. Prove that {0n(12)m : n ≥ m ≥ 0} is not 
regular.



Task 3c Countability 



Countability 



Countability 



Countability 



Task 5 or 6!



That’s All, Folks!

Thanks for coming to section this week!
Any questions?


