CSE 311 Section 5

Number Theory & Set Theory




Announcements & Reminders

e 390z practice midterm on April 30th, 12:30pm - 2:20pm and 2:30pm - 4:20pm

e HW4 due tomorrow @ 11:00PM on Gradescope
o Make sure you tagged pages on gradescope correctly
e HWS5
o Due Friday 5/3 @11:00 PM
e Midterm Review
o Monday, May 6th 5:00-8:00PM SIG 134
e Midterm
o Wednesday, May 8th, regular class periods
e Book One-on-Ones on the course homepage!



Problem 4 - Extended Euclidean Algorithm

a) Find the multiplicative inverse y of 7 mod 33. That s, find y such that 7y = 1 (mod 33). You
should use the extended Euclidean Algorithm. Your answer should be in the range 0 <y < 33.



Problem 5 - Extended Euclidean Algorithm

a) Find the multiplicative inverse y of 7 mod 33. That s, find y such that 7y = 1 (mod 33). You
should use the extended Euclidean Algorithm. Your answer should be in the range 0 <y < 33.

First, we find the gcd:

gcd(33,7) = gcd(7,5) 33 =4 ¢« 7 + 5
= gcd(5,2) 7 =1 ¢ 5 + 2
= gcd(2,1) 5 =2 2 +1
= gcd(1,0) 2 =2 ¢1+0



Problem 5 - Extended Euclidean Algorithm

a) Find the multiplicative inverse y of 7 mod 33. That s, find y such that 7y = 1 (mod 33). You
should use the extended Euclidean Algorithm. Your answer should be in the range 0 <y < 33.

First, we find the gcd:

gcd(33,7) =

ged(7,5)
gcd(5,2)
gcd(2,1)
gcd(1,0)
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Next, we re-arrange the
equations by solving for the
remainder:

1 =5-2 2

2 =7 -1 e 5

5 =33-4 7



Problem 5 - Extended Euclidean Algorithm

a) Find the multiplicative inverse y of 7 mod 33. That is, find y such that
7y = 1 (mod 33). You should use the extended Euclidean Algorithm. Your
answer should be in therange 0 <y <33.

b) Now, solve 7z = 2 (mod 33) for all of its integer solutions z.

Try this problem with the people around you, and then we’ll go over it together!



Problem 5 - Extended Euclidean Algorithm

a) Find the multiplicative inverse y of 7 mod 33. That s, find y such that 7y = 1 (mod 33). You
should use the extended Euclidean Algorithm. Your answer should be in the range 0 <y < 33.

First, we find the gcd: Next, we re-arrange the
gcd(33,7) = gcd(7,5) 33 =4 ¢« 7 + 5 equations by solving for the
= gcd(5,2) 7 =1 ¢ 5 + 2 remainder:
= gcd(2,1) 5 =2 2 +1 1 =5-2 92
= gcd(1,0) 2 =2 ¢1+0 2 =7 -1 e 5

5 =33 -4 47

Now, we backward substitute into the boxed numbers
using the equations:

1 =5-2+2
5= 2 ¢ (7-1-5)
3e5-2¢7
3°(33-4+7)-2-7
3¢33+-14+7



Problem 5 - Extended Euclidean Algorithm

a) Find the multiplicative inverse y of 7 mod 33. That s, find y such that 7y = 1 (mod 33). You
should use the extended Euclidean Algorithm. Your answer should be in the range 0 <y < 33.

First, we find the gcd: Next, we re-arrange the
gcd(33,7) = gcd(7,5) 33 =4 ¢« 7 + 5 equations by solving for the
= gcd(5,2) 7 =1 ¢ 5 + 2 remainder:
= gcd(2,1) 5 =2 2 +1 1 =5-2 62
= gcd(1,0) 2 =2 ¢1+0 2 =7 -1 e 5

5=233-4e7
Now, we backward substitute into the boxed numbers
using the equations:

1 =5-2¢2 S0,1=333+-14-
= 5= 2+ (7-1¢5) 7. Thus, 33-14=19
= 3e5-2e¢7 is the multiplicative
= 3¢(33-4+7)-2+7 inverse of 7 mod 33

333+-14+7



Problem 5 - Extended Euclidean Algorithm

b) Now,solve7z = 2 (mod 33) for all of its integer solutions z.



Problem 5 - Extended Euclidean Algorithm

b) Now,solve7z = 2 (mod 33) for all of its integer solutions z.

If 7y = 1(mod 33), then 2 - 7y = 2(mod 33).



Problem 5 - Extended Euclidean Algorithm

b) Now,solve7z = 2 (mod 33) for all of its integer solutions z.

If we have 7z = 2(mod 33), multiplying both sides by 19, we get:
z=2-19(mod 33) = 5(mod 33).

This means that the set of solutions is {5 + 33k | k € Z}



Sets




Sets

e Asetisan unordered group of distinct elements
o Setvariable names are capital letters, with lower-case letters for
elements

e Set Notation:
o a€A:“aisinA” or“aisanelementofA”
o AC B:“AisasubsetofB”, everyelementofAisalsoinB
o @:“emptyset”, a unique set containing no elements
o P(A):“powersetof A”, the set of all subsets of A including the empty
setand A itself



Set Operators

Subset:
Equality:
Union:
Intersection:
Complement:

Difference:

Cartesian Product:

ACB=Vx(x€eA—->x€B)

A=B=Vx(xeA—x€EB)=ACBABCA

AUB ={x:x € AVx € B}
ANB={x:x € ANx € B}
A={x:x ¢ A}
A\B={x:x € ANx & B}
AXB={(a,b):a€ AAND € B}
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Understand Sets Visually!
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. What Set Operation is this?
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. What Set Operation is this?
Understand Sets Visually! ynion:AuB




Set Proofs




Subset Proofs

One of the most common types of proofs you will be asked to write involving
sets is a subset proof. Thatis, you will be asked to prove that A € B. We
always approach these proofs with the same proof skeleton:

Let x be an arbitrary elementof 4, so x € A.

... some steps using set definitions to show that x mustalso bein B...
Thus,x € B

Since x was arbitrary, A € B.



Using Cozy For Sets

A U B: A Union B- “Acup B”
ANB:“AcapB”

A€eB: “‘AinB”

A\B: “A\ B’

B complement- “~B” (Only one Argument)
A\B\C is implicitly (A\B)\C

New Feature: Use the text button to see what the text input for a proof should be

View. O HTML @ Text



Problem 3a - Subsets

For any sets 4, B, and C, show that it holds that AN\B & AU C

Try it on Cozy: bit.ly/SO53A



http://bit.ly/S053A

Problem 3a - Cozy Solution

For any sets 4, B, and C, show that it holds that ANBC A U C

Let x be arbitrary.

Tl s x in A \ B assumption
2 x in A and not (x in B) defof \ {A} {B} 1.1.1
1.1.3: xin A elim and 1.1.2 left
1l X in A or x in B intro or 1.1.3 (x in B) right
Aeliis X in A cup B undef cup {A} {B} 1.1.4 x
11 x in A\ B -> x in A cup B direct proof (x in A \ B -> x in A cup B) %
. forall x, x in A \ B -> x in A cup B intro forall (forall x, x in A \ B -> x in A cup B) x

2 A \ B subset A cup B undef subset {A \ B} {A cup B} 1 x



Problem 3b- Subsets

For any sets 4, B, and C, show that it holds that (ANB)NC & ANC

Try it on Cozy: bit.ly/S053B



http://bit.ly/S053B

Problem 3b- Cozy Solution

Let x be arbitrary.

% s x in A\ B\ C assumption
1.1.2. x in A \ B and not (x in C) defof \ {A \ B} {C} 1.1.1

1.1.3: x in A and not (x in B) and not (x in C) defof \ {A} {B} 1.1.2

1:1:4. not (x in C) elim and 1.1.3 right

1.1.5:; x in A and not (x in B) elim and 1.1.3 left

1.1.6.  x in A elim and 1.1.5 left

i i 7 x in A and not (x in C) intro and 1.1.6 1.1.4

L8 x in A\ C undef \ {A} {C} 1.1.7 %

1:1: XimB& XB NE€ -3 %98 B direct proof (x in A\ B\ C -> x in A\ C) %
forall s¢; x intA '\ Bi\ .= x.dn A \ C intro “forall (forall. Xy x dn-A \;B \ € -> i dnh A\ €) x

A\ B\ C subset A\ C undef subset {A\ B\ C} {A\C}1 %



Set Equality: Using Meta Theorem




Problem 4

Let A and B be sets. Consider the claim: A\(B u C) = (A\B) n (A\C).



Problem 4

Let A and B be sets. Consider the claim: A\(B u C) = (A\B) n (A\C).

Let x be arbitrary.

Since x was arbitrary, we have shown that the two sets contain the same elements.
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Since x was arbitrary, we have shown that the two sets contain the same elements.
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Since x was arbitrary, we have shown that the two sets contain the same elements.
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Problem 4

Let A and B be sets. Consider the claim: A\(B u C) = (A\B) n (A\C).

Let x be arbitrary.

re A\(BuC)=xeAA—(xe(Bul)) [Def of Set Difference]
=recAA—(xeBvzel) [Def of Union]
=xeAA(x¢Bnrxg¢() [De Morgan]|

=(rxeArzeA)A(x¢ Barz¢(C) [ldempotency]

Since x was arbitrary, we have shown that the two sets contain the same elements.



Problem 4

Let A and B be sets. Consider the claim: A\(B u C) = (A\B) n (A\C).

Let x be arbitrary.

rze A\(Bu(C)=

=(rcArnzecA)A(x¢Brz¢(C)
=(xeArzé¢B)A(xeArz¢C)

reAn—(xe(Bul))
reAA—(xeBvzel)
reAn(z¢ Brxg¢C)

[Def of Set Difference]

[Def of Union]

[De Morgan]|

[[dempotency]
[Associativity/Commutativity]

Since x was arbitrary, we have shown that the two sets contain the same elements.



Problem 4

Let A and B be sets. Consider the claim: A\(B u C) = (A\B) n (A\C).

Let x be arbitrary.

re A\(BuC)=xeAA—(xe(Bul)) [Def of Set Difference]
=rzecAA—(xeBvzel) [Def of Union]
=xeAAn(x¢ Bnrxg¢() [De Morgan]|

=(reAnrzecA)A(x¢ Barz¢(C) [ldempotency]
=(xeAnrzé¢B)A(xeAnrx¢C) [Associativity/Commutativity]
= (z € (A\B)) A (z € (A\C)) [Def of Set Difference]

Since x was arbitrary, we have shown that the two sets contain the same elements.



Problem 4

Let A and B be sets. Consider the claim: A\(B u C) = (A\B) n (A\C).

Let « be arbitrary.

re A\(BulC)=xzeAA—(xe(Bul)) [Def of Set Difference]
=rzeAA—(xeBvzel) [Def of Union]
=xeAA(x¢Bnrxg¢(C) [De Morgan]
=(rxeArzeA)A(x¢ Barz¢C) [ldempotency]
=(xeAnrzé¢B)A(xe Anrxzé¢C) [Associativity/Commutativity]
= (z € (A\B)) A (z € (A\C)) [Def of Set Difference]
= (z € (A\B) n (A\C)) [Def of Intersection]

Since x was arbitrary, we have shown that the two sets contain the same elements.



Number Theory (optional)




Problem

Prove that given a|b and bla that a=b

Try it on Cozy: bit.ly/311S05



http://bit.ly/311S05

That's all Folks!




