CSE 311 Section 2

Logic and Equivalences




Administrivia & Introductions




Announcements & Reminders

e Sections are Graded
o You will be graded on section participation, so please try to come ©

e HW1 due yesterday 10PM on Gradescope
o Remember, you have 6 late days to use throughout the quarter
o You can use up to 3 late days on any 1 assignment
o You don’t get extra credit for having any unused late days, so feel free to use them if you
need them!

e Checkthe course website for OH times!
o There are office hours every day, so come visit if you have questions!



References

e Helpful reference sheets can be found on the course website!

o https://courses.cs.washington.edu/courses/cse311/23wi/resources/
e How to LaTeX (found on Assignments page of website):

o https://courses.cs.washington.edu/courses/cse311/23wi/assignments/HowTolLaTeX.pdf
e Equivalence Reference Sheet

o https://courses.cs.washington.edu/courses/cse311/23wi/resources/reference-logical equiv.pdf
o  https://courses.cs.washington.edu/courses/cse311/23wi/resources/logicalConnectPoster.pdf

e Boolean Algebra Reference Sheet
o  https://courses.cs.washington.edu/courses/cse311/23wi/resources/reference-boolean-alg.pdf

® Plus more!



https://courses.cs.washington.edu/courses/cse311/23wi/resources/
https://courses.cs.washington.edu/courses/cse311/23wi/assignments/HowToLaTeX.pdf
https://courses.cs.washington.edu/courses/cse311/23wi/resources/reference-logical_equiv.pdf
https://courses.cs.washington.edu/courses/cse311/23wi/resources/logicalConnectPoster.pdf
https://courses.cs.washington.edu/courses/cse311/22sp/resources/reference-boolean-alg.pdf

Typesetting

® You are STRONGLY ENCOURAGED to use LaTeX for your assignments.
® We have lots of resources available to help you get started typesetting with LaTeX!
® Come to office hours and we are happy to answer any questions!!

\begin{align*}
\neg p \rightarrow (g \rightarrow r) &\equiv \neg \neg p \vee (q \rightarrow r) &&\text{Law Of Impl.} \\
&\equiv p \vee (q \rightarrow r) &&\text{Double Neg} \\
&\equiv p \vee (\neg g \vee r) &&\text{Law of Impl.} \\
&\equiv (p \vee \neg q) \vee r &&\text{Assoc.} \\
&\equiv (\neg gq \vee p) \vee r &&\text{Comm.} \\
&\equiv \neg q \vee (p \vee r) &_&\text{Assoc.} \\
&\equiv q \rightarrow (p \vee r) &&\text{Law of Imp.}

\end{align*}

p->(@->1r)=--pV(goT) Law of Impl.
=pv(qg-r) Double Neg
=pVv(nqVr) Law of Impl.
=(pVv-aqVr Assoc.
=(nqVvpVr Comm.
=-qVv(Vvr) Assoc.
=q->(Vvr) Law of Imp.




Symbolic Proof




Equivalence Proof Review

pA(P—->q9)=pA(-pVQ)
=(@A-p)VPAQ)
=FVv({pArq)
=(PAqQVF
=pAq

Law of Implication]

Distributivity]

[
[
[Negation]
[Commutativity]
[

|dentity]



Problem 4 - Equivalences

Prove that each of the following pairs of propositional formulae are equivalent
using propositional equivalences.

a) poq=@AqQV(=pAq)
You may usetherule:p < g = (p - q) A (g = p)

b) -p->(@-r)=q->(pVr)

Work on part (b) with the people around you, and then we’ll go over it together!



Problem 4 - Equivalences

b) —p—=>(@—-1=q->(@Vr)



Problem 4 - Equivalences
b) —p=>(@-r)=qg->(PVr)

-p->(@->r1)=..

=q->(Vr)



Problem 4 - Equivalences
b) —p=>(@-r)=qg->(PVr)

p->(@—->r)=--pV(g-oT)

=-qV(pVr)
=q-(Vvr)

[Law of Implication]

[Law of Implication]



Problem 4 - Equivalences
b) —p->(@->1r)=q->(Vr)

p->(@—->r)=--pV(g-oT)
=pVv(q—r)

=-qV(pVr)
=q-(Vvr)

[Law of Implication]
[Double Negation]

[Law of Implication]



Problem 4 - Equivalences

b) -p->@-r)=q->(pVr)

—p—->(@->r)=--pV(qg-T) [Law of Implication]
=pVv(qg—or) [Double Negation]
=pV(aqVr) [Law of Implication]
=-qV(pVvr)

=qg->(pVr) [Law of Implication]



Problem 4 - Equivalences
b) —p->(@->1r)=q->(Vr)

p—->(Q@->1)=--pV(g—oT) Law of Implication]

[
=pVv(qg—or) [Double Negation]
=pV(aqVr) [Law of Implication]
=(ppV-oq)Vr [Associativity]
=-qV(pVr)

=qg->(pVr) [Law of Implication]



Problem 4 - Equivalences

b) -p->@-r)=q->(pVr)

—p—->(@->r)=--pV(qg-T) [Law of Implication]
=pVv(qg—or) [Double Negation]
=pV(aqVr) [Law of Implication]
=(ppV-q)Vr [Associativity]
=(-qVp)Vr [Commutativity]
=-qV(pVr)

=qg->(pVr) [Law of Implication]



Problem 4 - Equivalences

b) -p->@-r)=q->(pVr)

—p—->(@->r)=--pV(qg-T) [Law of Implication]
=pVv(qg—or) [Double Negation]
=pV(aqVr) [Law of Implication]
=(ppV-q)Vr [Associativity]
=(-qVp)Vr [Commutativity]
=-qV(pVr) [Associativity]
=qg->(pVr) [Law of Implication]



. a) peq=@AQV(pAg)
PrOblem 4 - EqU|Valences Youmayusetherule:p > qg=pP->9)A(q@—-Dp)

iff is two implications]
Law of Implication]
Law of Implication]
Distributivity]
ommutativity]

poq=@P->9N(q~->p) [
=(pVvaAr(q—p) [
=PV A(=qVp) [
=((=pve)A=q)V((=pVqg)Ap) [
=(gA(=pVq)V((=pVg)Ap) [C
=((gNAN-p)V(gAq)V((=pVqg)Ap) [Distributivity]
=((=gA=p)V(@Ar=q)V((=pVq) Ap) [Commutativity]
= ((=gqA=p)VF)V((=pVq) Ap) [Negation]
=(mgA-p)V((=pVq) Ap) [Identity]
=(pA=q)V((=pVq) Ap) [Commutativity]
=(CEpA=QV(PAGPV) [Commutativity]
=(CEp A VAPV (PAQ) [Distributivity]
=(Ep A VEFEV(PAQ) [Negation]
=(pAq)V((PAQVF) [Commutativity]
=(EpAqQ)V(PAQ) [Identity]
=(PAQV(=pA-q) [Commutativity]



Normal Forms




(Canonical) Normal Forms

e Standard ways of translating a truth table into a proposition.

e We already did these in lecture when we translated implications into an
expression only using ands, ors, and nots!

e Onceyou translate into one of these forms, don’t simplify your
expression any further! It often looks like you can factor variables out to
make it prettier, but the whole point is to write the expression into this
standardized way, so just leave it as-is ©



DNF (OR of ANDs)

e Disjunctive Normal Form
o OR of ANDs
o Method:
1. Read the TRUE rows of the truth table
2. AND together all the variable settings in a given (true) row
3. ORtogetherthe true rows



Read the TRUE rows of the truth table

1.
DNF (OR Of AN DS) 2. AND together all the variable settings in

a given (true) row
3. ORtogetherthe true rows

p q | G(p,q)

[ T |7 T } DA
T | F F

[ Fl T T }ﬂp,\q
F | F :

G, ) =@AqQV(—pAQq)



CNF (AND of ORs)

e Conjunctive Normal Form

o AND of ORs

o Method:
1. Read the FALSE rows of the truth table

2. ORtogether the negations of all the variable settings in the false

row
3. AND together the false rows



1. Read the FALSE rows of the truth table

CNF (AND Of ORS) 2. ORtogether the negations of all the
variable settings in the false row
3. AND together the false rows
p | 4 | G(aq)
T T T
F T T
[ F F F } pVq

Gp,q) =(=pVa)A(VQq)



Problem 6 - Canonical Forms

Consider the functions F(A, B, C) and G (A4, B, C) specified by the following truth table:

S

B C F(ABC) G(ABC)
a) Write the DNF and CNF T

expressions for F (4, B, C).

b) Write the DNF and CNF
expressions for G(4, B, C).

m m m| M| | = - -
m m 4 4 M M -
T 4 m 4 mn 4 M -
-4 m | 4 4 m T | -
m| 4 m | 4 m M - ™



Problem 6 - Canonical Forms

Consider the functions F (A4, B, C) and G (4, B, C) specified by the following truth table:

A B C FABC GABQO
a) Write the DNF and CNF T T T F
expressions for F (4, B, C). T ' T  F T T
b) Write the DNF and CNF T F | T F F
expressions for G(4, B, C). T 1L F|F - -
F T T T T
F | T F T 2
Work on part (a) with the people around F F T F T
you, and then we’ll go over it together! F F F T F




Problem 6 - Canonical Forms

a)

Write the DNF and CNF
expressions for F(A, B, C).

A B C F(ABC G(AB,C
T T T T F
T T  F T T
T F T F F
T F F F F
FOoT | T T T
F T F T F
FF | T F T
F F F T F




Problem 6 - Canonical Forms

DNF: (OR of ANDs)

a)

Write the DNF and CNF
expressions for F(A, B, C).

A B C F(ABC G(AB,C
T T T T F
T T  F T T
T F T F F
T F F F F
FOoT | T T T
F T F T F
FF | T F T
F F F T F




a) Write the DNF and CNF

Problem 6 - Canonical Forms expressions for F(4, B, C).

DNF: (OR of ANDs)




a) Write the DNF and CNF

Problem 6 - Canonical Forms expressions for F(4, B, C).

A B C F(ABC G(ABC

AANBAC
DNF: (OR of ANDs) ANBAC

-AANBAC
—“AANBA-AC

—AN-BAAC




a) Write the DNF and CNF

Problem 6 - Canonical Forms expressions for F(4, B, C).

AANBAC
DNF: (OR of ANDs) ANBAC

-AANBAC
—“AANBA-AC

—AN-BAAC

(ANABAC)V(AABA-C)V(mAABAC)V(-AANBA-C)V (=AA-BAAC)



Problem 6 - Canonical Forms

CNF: (AND of ORs)

a)

Write the DNF and CNF
expressions for F(A, B, C).

A B C F(ABC G(AB,C
T T T T F
T T  F T T
T F T F F
T F F F F
FOoT | T T T
F T F T F
FF | T F T
F F F T F




a) Write the DNF and CNF

Problem 6 - Canonical Forms expressions for F (4, B, C).
A B C F(ABC G(ABCO
T T T T F
CNF: (AND of ORs) N I T T




a) Write the DNF and CNF

Problem 6 - Canonical Forms expressions for F (4, B, C).
A B € F(ABC G(ABCO
T T T T F
CNF: (AND of ORs) N I T T
—~AV BV ~C [ T | F | T F F ]
~aveve ([T | F | F F Fo
F T T T T
F | T  F T F
AvBv-c (| F | F | T F T ]
F  F | F T F




a) Write the DNF and CNF

Problem 6 - Canonical Forms expressions for F (4, B, C).

A B € F(ABC G(ABCO

T T T T F

CNF: (AND of ORs) N I T T

—~AV BV ~C [ T | F | T F F

~avBve || T | F | F F F

F T T T T

F | T  F T F

avBv-c (| F L F | T F T

F  F | F T F

(_IAVBV_IC)/\(_IAVBVC) /\(AVBV—|C)




Boolean Algebra




Boolean Algebra Review

Boolean algebra is another way of representing logic symbolically.

Remember, it is equivalent to the symbolic logic we have already learned, it
just uses different symbols!

e “And” represented by: ° (multiplication)

e “Or” represented by: + (addition)

e “Not” represented by: ’ (apostrophe after the variable)



Problem 5 - Boolean Algebra

For each of the following parts, write the logical expression using boolean algebra
operators. Then, simplify it using axioms and theorems of boolean algebra.

a) —pV(qV(@AQ)

b) —(pV(qgADp))

Work on part (a) with the people around you, and then we’ll go over it together!



Problem 5 - Boolean Algebra

a) —pV(aqV(pAqg))



Problem 5 - Boolean Algebra
a) —pV(=qV(pAq))

p' +q +pq



Problem 5 - Boolean Algebra

a) —pV(aqV(pAqg))

p' +q +pq=(pq) +pq [DeMorgan’s]



Problem 5 - Boolean Algebra

a) —pV(aqV(pAqg))

p' +q +pq=(pq) +pq [DeMorgan’s]
= pq + (pq)’ [Commutativity]



Problem 5 - Boolean Algebra

a) —pV(aqV(pAqg))

p'+q +pq= P9 +pq [DeMorgan’s]
= pq + (pq)’ [Commutativity]
=1 [Complementarity]

Remember that 1 in Boolean Algebra is equivalent to T in propositional logic.
When something always evaluates to true, itis a tautology!



Problem 5 - Boolean Algebra

a)

“pV(1qV(pAg))

We can also double check our answer by simplifying the propositional logic:

Distributivity]
Commutativity]

pV(~qV(PAqQ) =-pV((—qVD)A(—qVQq))
PV ((~qVP)A(QVQq))

[
= [
=-pV(((mqVDp)AT) [Negation]
=-pV (=qVp) [Identity]
=(—qVp)V-p [Commutativity]
=-qV(pV-p) [Associativity]
=-qVT [Negation]
=T [Domination]

Just like the Boolean Algebra expression simplified to 1, this also simplified to T! No matter
which notation we use, we end up with the same result. Yay!



Problem 5 - Boolean Algebra

b) —(pV(qADp))

(v +qp) =p'(qp)’ [DeMorgan’s]
=p'(q' +p") [DeMorgan’s]
=p'(p'+q") [Commutativity]
=p' [Absorption]



Circuits




Problem 3 - Circuitous

Translate the following circuit into a logical expression.

P
N

Work on this problem with the people around you, and then we’ll go over it together!

OR NOT ouT




Problem 3 — Circuitous Translate the following circuit into a logical expression.

>

OR

NOT

Tip: Think of
starting from the
end and working
back to create the
expression.



Problem 3 — Circuitous Translate the following circuit into a logical expression.

)

p.

OR

NOT

]

ouT

Tip: Think of
starting from the
end and working
back to create the
expression.



Problem 3 — Circuitous Translate the following circuit into a logical expression.

NOT

ouT

Tip: Think of
starting from the
end and working
back to create the
expression.



Problem 3 — Circuitous Translate the following circuit into a logical expression.

b E

OR

NOT

Tip: Think of
starting from the
end and working
back to create the
expression.



Problem 3 — Circuitous Translate the following circuit into a logical expression.

p o
b Tip: Think of

starting from the
end and working

back to create the
q b D expression.

OR NOT ouT



Problem 3 — Circuitous Translate the following circuit into a logical expression.

N
L

—|(—| .. V ( A ))

OR

NOT

Tip: Think of
starting from the
end and working
back to create the
expression.



Problem 3 — Circuitous Translate the following circuit into a logical expression.

p o
b Tip: Think of

ﬁ starting from the
on NoT our end and working

back to create the
q b p expression.

—|(—|p \% (p A ))



Problem 3 — Circuitous Translate the following circuit into a logical expression.

P>
P‘D

—(—pV (P A-9q))

OR

NOT

Tip: Think of
starting from the
end and working
back to create the
expression.



That’'s All, Folks!

Thanks for coming to section this week!
Any questions?
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