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Modular Arithmetic
To say “the same” we don’t want to use = … that means the normal =

We’ll write 13 ≡ 1(mod 12)

 ≡ because “equivalent” is “like equal,” and the “modulus” we’re using in 
parentheses at the end so we don’t forget it. 
(we’ll also say “congruent mod 12”)

The notation here is bad. We all agree it’s bad. Most people still use it.
 13 ≡ଵଶ 1 would have been better. “mod 12” is giving you information 
about the ≡ symbol, it’s not operating on 1.

Claim: for all 𝑎, 𝑏, 𝑐, 𝑛 ∈ ℤ, 𝑛 > 0: 𝑎 ≡ 𝑏 mod 𝑛 → 𝑎 + 𝑐 ≡ 𝑏 + 𝑐 (mod 𝑛)

Before we start, we must know:
1. What every word in the statement means.
2. What the statement as a whole means.
3. Where to start.
4. What your target is.

Let 𝑎 ∈ ℤ, 𝑏 ∈ ℤ, 𝑛 ∈ ℤ and 𝑛 > 0.
We say 𝑎 ≡ 𝑏 (𝑚𝑜𝑑 𝑛) if and only if 𝑛|(𝑏 − 𝑎)

Equivalence in modular arithmetic

For integers 𝑥, 𝑦 we say 𝒙|𝒚 (“𝒙 divides 𝒚”) iff
there is an integer 𝒛 such that 𝒙𝒛 = 𝒚.
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By contrapositive
Claim: For all integers, 𝑎, 𝑏, 𝑐: Show that if 𝑎 ∤ (𝑏𝑐) then 𝑎 ∤ 𝑏 or 𝑎 ∤ 𝑐.
We argue by contrapositive.
Let 𝑎, 𝑏, 𝑐 be arbitrary integers, and suppose 𝑎|𝑏 and 𝑎|𝑐. 

Therefore 𝑎|𝑏𝑐

More proofs
Show that if 𝑎 ≡ 𝑏 𝑚𝑜𝑑 𝑛 and 𝑐 ≡ 𝑑 (𝑚𝑜𝑑 𝑛) then 𝑎𝑐 ≡ 𝑏𝑑 (𝑚𝑜𝑑 𝑛).

Step 1: What do the words mean? 
Step 2: What does the statement as a whole say?
Step 3: Where do we start?
Step 4: What’s our target?
Step 5: Now prove it.


