CSE 311: Foundations of Computing |

Section 5: Set Theory, Induction Solutions

1. Computing Cardinality
What is the cardinality of each of these sets? If the set has infinitely many elements, say co.
(a) A={1,2,3,2}

Solution:
3

(b) B={2, {2}, {9 9}, {9,0,0}, ...}

Solution:

B={o2, {2}, {9 9}, {9,9,0}, ...}
={2,{2}}

So, there are 2 elements in B.

(c) C={ao}
Solution:
1

(d) D ={{2},{3,4},2} xC

Solution:
3

(e) E =P(D)

Solution:
8

2. Subsets

Prove each of the following set identities.
(a) For all sets A, B,C, we have A\ BC AUC.

Solution:

Let A, B, C be arbitrary sets. Let z € A\ B be arbitrary. By definition of set difference, this means that
x € Aand z &€ B. Since x € A, we have that x € A or x € C. So by definition of union, x € AU C.
Since x was arbitrary, this shows A\ B C AUC. Since A, B,C were arbitrary sets, the claim holds.

(b) For all sets A, B,C, we have (A\ B)\C C A\ C.



Solution:

Let A, B, C be arbitrary sets. Let x € (A\ B) \ C be arbitrary. By definition of set difference, this means
that z € A\ B and = ¢ C. By definition of set difference again, this means z € A and = ¢ B. Since
x € A and x ¢ C, we have by definition of set difference that € A\ C. Since x was arbitrary, this
shows (A\ B)\ C C A\ C. Since A, B,C were arbitrary sets, the claim holds.

(c) For all sets A, B,C, D, we have (ANB) x C C Ax (CUD).

Solution:

Let A, B,C, D be arbitrary sets. Let x € (AN B) x C be arbitrary. Then, by definition of Cartesian
product,  must be of the form (y,z) where y € AN B and z € C. Since y € AN B, by definition
of intersection, y € A (and y € B). Since z € C, certainly z € C or z € D. By definition of union,
we also have z € C' U D. Thus, since y € A and z € C U D, by definition of Cartesian product we
have z = (y,2z) € A x (CU D). Since x was an arbitrary element of (A N B) x C we have proved that
(ANB) x C CAx (CUD,). Since A, B,C, D were arbitrary sets, the claim holds.

3. Set Equality

Prove using a chain of logical equivalences that that for all sets A, B, C, we have: A\ (BUC) = (A\B)N(A\C).
Solution:

Let A, B,C be arbitrary sets. Let z be arbitrary. Then:

re€A\(BUC)=ze€ AN-(z e (BUCQC)) [Def of Set Difference]
=rcAN-(xeBVzel) [Def of Union]
=rcAN(z ¢ BNz gO) [De Morgan]
=(xecANzeAN(xg BNz gO) [[dempotency]
=(xecANzgB)N(ze ANz &) [Associativity/ Commutativity]
=(xe(A\B)AN(xe (A\O)) [Def of Set Difference]
=(xe(A\B)N(4\(0)) [Def of Intersection]

Since x was arbitrary, we have shown that A\ (BUC) = (A\ B)N(A\C). Since A, B, C were arbitrary sets,
the claim holds.

4. Power Sets

Prove that for all sets A, B: P(A) UP(B) C P(AU B).

Solution:

Let A, B be arbitrary sets. Let X € P(A) U P(B) be arbitrary. Then by definition of union, X € P(A) or
X e P(B).

Case 1: X € P(A). Then by definition of powerset, X C A. Let z € X be arbitrary. Then because z € X
and X C A, we have x € A. Then certainly x € Aor x € B. So x € AU B by definition of union. Since x
was arbitrary, X C AU B. Thus by definition of powerset, X € P(AU B).

Case 2: X € P(B). Then by definition of powerset, X C B. Let z € X be arbitrary. Then because z € X
and X C B, we have x € B. Then certainly x € A or x € B. So x € AU B by definition of union. Since x
was arbitrary, X C AU B. Thus by definition of powerset, X € P(AU B).

Thus in all cases, X € P(AUB). Since X was arbitrary, we have shown that P(A4) UP(B) C P(AUB). Since
A, B were arbitrary sets, the claim holds for all sets A, B.



5.

Induction with Equality

(a) Define the triangle numbers as A, =0+ 1+ 2+ ---+n, where n € N. It is a fact that A,, = n("2+1).
Prove the following equality for all n € N:
0+ 134+ 40 =A2
Solution:
First, note that A, = (0+1+4+2+---+n). So, we are trying to prove
O+ 13+ 4n®) =041+ - +n)
Proof: Let P(n) be the statement:
B+ 4+ 403 =0+1+---+n)
We prove that P(n) is true for all n € N by induction on n.
Base Case. 0% = 0%, so P(0) holds.
Inductive Hypothesis. Suppose that P(k) is true for some arbitrary k € N.
Inductive Step. We show P(k + 1):
B+ + (k+1P2 =0 +13+---+E)+ (k+1)> [Associativity |
=0+1+ - +k)?+(k+1)° [Inductive Hypothesis]
(k+1)
< i ) + (k+1)° [Proved in class]
2 (K 2
(k+1) (22 k+1> [Factor (k +1)7]
k? + 4k 4
(k4 1)2 < + ) [Add via common denominator]
(k+2)
(k+1)? < + > [Factor numerator]
(k+1)(k+
< + ( > [Take out the square]
=(0+1+4-+(k+1))? [Formula from class again]
Conclusion: P(n) is true for all n € N by the principle of induction.
(b) For every n € N, define S,, to be the sum of the squares of the natural numbers up to n, or
Sp=0%41%+---n%
For all n € N, prove that S, = ¢n(n+1)(2n +1).
Solution:
Let P(n) be the statement “S,, = tn(n+1)(2n+1)" defined for all n € N. We prove that P(n) is true

for all n € N by induction on n.

Base Case. Sy = 0. Since £(0)(0+ 1)((2)(0) + 1) = 0, we know that P(0) is true.
Induction Hypothesis. Suppose that P(k) is true for some arbitrary k € N.



Induction Step. Examining Sj1, we see that
Spi1 =02+ 12422 4 4 B2 4 (k+1)2 = S + (k+ 1)~

By the induction hypothesis, we know that Si, = %k(k + 1)(2k + 1). Therefore, we can substitute
and rewrite the expression as follows:

Spi1 =Sk + (k+1)2 by definition

1
= 6k(k:—|—1)(2k‘+1)+(/<:+1)2 by the I.H.
=(k+1) <ék(2k +1)+ (k+ 1)> using common factor (k + 1)

- %(k +1) (k(2k + 1) +6(k + 1))
1
"6

1
= é(k + 1) (k+2)(2k + 3) factoring the quadratic term

(k+1) (2k* 4+ 7k + 6)

_ %(;H D((k+1) + 1)(2(k + 1) + 1)

Thus, we can conclude that P(k + 1) is true.

Note: We used the fact that we needed to prove P(k + 1) as a clue to help
us figure out what the factors of that quadratic term might be. If P(k + 1)
had not been correct then this wouldn't have worked out.

Conclusion: Therefore, P(n) is true for all n € N by induction.

6. Induction with Divides

Prove that 9 | (n3 + (n + 1)3 + (n + 2)3) for all n > 1 by induction.

Solution:

Let P(n) be “9 | n® + (n+ 1)3 4+ (n + 2)3". We will prove P(n) for all integers n > 1 by induction.

Base Case (n =2): 224+ (24 12+ (2422 =8+27+64=99=9-11,50 9| 23+ (2+1)3 + (2+2)3, so
P(2) holds.

Induction Hypothesis: Assume that 9 | 53+ (j + 1) + (5 +2)2 for an arbitrary integer j > 1. Note that this
is equivalent to assuming that 53+ (j +1)3 + (j +2)3 = 9k for some integer k by the definition of divides.

Induction Step: | Goal: Show 9 | (j + 1) + (j +2)° + (j + 3)*

G+12 4G +23+ (G +3)3 = (5 +3)° 4+ 9k — 53 for some integer k& [Induction Hypothesis]
= %+ 952 + 275 + 27 + 9k — 53
=952 4+ 275 + 27+ 9k
=9(j2+3j +3+k)

Since j is an integer, j2 4+ 3j + 3 + k is also an integer. Therefore, by the definition of divides, 9 |
(G+1)3+ (G +2)2+(+3)3 so P(j) — P(j + 1) for an arbitrary integer j > 1.

Conclusion: P(n) holds for all integers n > 1 by induction.



7. Induction with Inequality

Prove that 6n + 6 < 2" for all n > 6.

Solution:

Let P(n) be “6n + 6 < 2™". We will prove P(n) for all integers n > 6 by induction on n

Base Case (n =6): 6-6+6 =42 < 64 = 2% so P(6) holds.

Inductive Hypothesis: Assume that 6k + 6 < 2F for an arbitrary integer k > 6.

Inductive Step: | Goal: Show 6(k + 1) + 6 < 28!

6(k+1)46=6k+6+6

<2F+6 [Inductive Hypothesis]

< 2k 4 2k [Since 2% > 6, since k > 6]
=2.2"

— 2k+1

So P(k) — P(k+ 1) for an arbitrary integer k > 6.

Conclusion: P(n) holds for all integers n > 6 by the principle of induction.



