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Announcements

« (Congrats on completing the Midterm! Grades will be released later

this week.

« HWS5 grades published tonight for those who used late days.

Solutions will be distributed in class on Wednesday.

« HWG6 will be released this Wednesday.



Induction Big Picture 4+ 2+...«n - " C;‘*D for all neN

Weak and Strong Induction: Prove statements over the natural numbers.

“Prove that P(n) holds for all natural numbers n”

Structural Induction: In CS, we deal with Strings, Lists, Trees, and other
objects. Now we prove statements about these objects.

"Prove that P(T) holds for all trees T

“Prove that P(x) holds for all strings x."
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Recursively Defined Sets

In order to prove a fact about all trees or all lists, we need rigorous
mathematical definitions for these sets.

We will define these sets recursively. A recursively defined set has 3
components:
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Recursively Defined Sets

For example, define a set S as follows:
Basis Step: 0 € S
Recursive Step: It x € Sthenx + 2 € S..

Exclusion Rule: Every element of S follows from the basis step or a
finite number of recursive steps.

Sed 06 O w-wganve even '\Vwe%evs\
What is S7?

Why do we need the exclusion rule?



Recursively Defined Sets

Natural Numbers (N)
BAS\s Sxep: QO&(N
Recuvewve Step: €& xeIN, Yun X+ &IV

Integers (Z)

Basis Svep: Oe & G2 and Ben

Recwws\wve Skp: & XEZ |, vy X4\ eZ and x-le Z2.

Integer coordinates in the line y = x,-.,l"),—D, (0,0), (1Y) (2, 2), .. -
Basie Ssxep: (0,0) &S

Retuvswve Sep: (& (xydes Hn (xthy+eS, og\(d\ vy DES
. 1) L=



Recursively Defined Sets

Q1. What is this set? S= §$0,12,15.18.2%24,27, .., ¢

Basis Step: 6 € §,15 € S AL Wtegers = 12 diviible

Recursive Step: If x,y € Sthenx +y € S by 3 and alco e
P Y indeqer .

Q2: Write a recursive definition for the set of powers of 3 {1,3,9,27, ...}
Basis Step: 4 € S

Recursive Step: |£€  X€S Iwn 3XeS
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Claim about a Recursively Defined Set

Let S be the set defined:

Base Case
Basis Step: 6 € S,15 € § Plo) and PLIS)
Recursive Step: if x,y € Sthenx +y € S. "
Suppose Px) amd
Y(Yy)
\ S

Claim: Every element of S is divisible by 3.

| Show PlX+y) hods
How would we prove this?



Basis: 6 € S,15 € S

StrUCtu ral |ndUCtion Idea Recursive: if X,y € S thenx + y € §S.

To show P(s) forall s € S... Pl s "3 |s™

Base Case: Show P(b) for all elements b in the basis step.
Ple) and PLIS)

Inductive-Hypothesis: Assume P() holds for arbitrary element(s) that
we've already constructed.

Suppese  POxd 4 Plyd fov avb xxﬂ

Inductive Step: Prove that P() holds for a new element constructed
using the recursive step.

Sew Ptx—t%)



Structural Induction Basis: 6 € 5,15 € S

Recursive: if x,y € Sthenx +y € S.

1. Define P(): Leyx P e '"§ 1§ divigible vy 3 Wwe  dShow
v(Y) fov all Se S oy Srvuctuval ywduchon.

2. Base Case(s):
swe 2, Pe) hode, Sinw 3(13, PO no\ds,

3. Inductive Hypothesis: 4
Suppose BCx) and PlY fov au/\o‘lw:% X\y €5. I-¢€. 3(x an |

4. Inductive Step: CG:OOt\’- po_c;gb.« 2 |xal 3 \‘j .
s 31X and 3)Yy, Hure exilis ynegers a.b
X =3Q ond \d‘:Bb. ~wwun:

Xty = 3043y = 3(a th)
SW el oo €2 , AibeR . So B\ (X"‘ﬁ)' So PDC»:(\?) hods.

5. Conclusion:  ypuy QLs) wolds fov all s€S oy SEARE

sMmch that



How does this work?

Basis:6 €S,15€ S
Recursive: if x,y € Sthenx +y € S.

We proved:
Base Case: P(6) and P(15)
IH — IS: If‘P(x) and P(y), then P(x+y)




Weak Induction is a special case of Structural

Basis: 0 € N
Recursive: if k € Nthen k + 1 € N.

- —eE——
We proved:

Base Case: P(0)
IH = IS: 1t P(k), then R(k+1)




Structural Induction Template

1. Define P(). Claim that P(s) holds for all s € S. State your proof is by
structural induction.

2. Base Case: Show P(b,), ..., P(b,) holds tor each basis step by, ..., by in
S. T

3. Inductive Hypothesis: Suppose P(x;), ..., P(x,,) for all values listed in
the recursive rules.

4. Inductive Step: Show P() holds for the “new element” given by the
recursive step. You will need a separate step for every rule.

5. Conclusion: Conclude that P(s) holds for all s € S by structural
induction.




=~ | Structural Induction

On Strings



String Terminology

Tis_twe Q\pnabet, i-e. v et ofall leHers you i use W
J $4rings.

For example:

S-40.\3 > 40,016 - Tl —3

v is We ged 0% O\ S’ﬂf\m& fwviat uc)v« con bvuyild o the
leHervs

For example:
>=%20.\3 onwoo e S¥  Z=4a,.-7, —3 .
IS W QmpM Wi .‘—\O\IQ—- wndowehHon & §
8 N

Analogous to:
(€Y n Jovo % & €




Recursive definition of Strings

Y is the alphabet
X" is the set of all strings

€ is the empty string

The set of all strings £* can be defined recursively (using %, ¢):

Bans Skp- ce 2%

—d

[+t = )
—

Recursive Sep: 14 a€3 ond west  Hun

wWoe S*

¢ O g*
1 10
o0 1ol




Basis: € € XF

Functions on Strings [

- 6\ Fheecz:r‘jc,gzlezeh;\:vez* and a € X,
5%
To prove interesting facts about strings, we need functions on strings.
Length: Lew (\0Y) = «QemCLOQ r \=Len()x Z2=Lenled+ 3
W ‘oo w/ -
Len (€5 = O . = 0+3
fevi(wod) = Lev(wdt\ Loy wes* e 3
Reversal:
%R =2 (\22)% ~ 2(\7,)‘2 = 32C)%
s = 32 (e D"
cwa)® = a(wd® (230" =32\ (e)®
7 (3125 =321 €
(Wa¥ =Coaw)# = (23)%

= 32\



Claim about Strings

Claim: For any string s € 2*, len(s®) = len(s)




A

len(e) =0 ek = ¢ Basis: (€ € x* >
P ro Of len(wa) = le +1 (wa)R = aw® Recursive: T w € X" and @ € 2,

then wa € X*

S
1. Define P(): Letx PCS ve " gen(sB) = Len (s)' WwWe pwve Pl
fov A\l g & 3¥* by srvuthwval induction.

2. Base Case(s):
LUS: Ren(e%) = Len(ed=0. RHUS: Lew(ed=0- So \gamsglggﬂ
3. Inductive Hypothesis: . . -
Suppose P(wd ovds fov Ovo. We ¥, 1-e. fLen(w )= fen (w).

4. Inductive Step: _
L2+u(§u|€\iez ;F; aVb'\WMa- Goal 1§ 4o svow len( Lwa)? ) = Cen(wa,).

Lenlwa)?)

= Len(aA w®) by dek o€ vevevsad

= L r gen(w) oy |

5. Conclusion: ‘ :
TV P) novds &v all se 5% vy stucweal nducHon
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On Lists and Trees



Recursive Definition for Lists of Integers

Basis Step:

L]l & Lk

Recursive Step:
fov weZ2 and Leligy, n:t L €Llist

/\'/fl 1 @ |

g L



Recursive Definition for Binary Trees of Integers

Basis Step:
nu\y ¢ \wvte

Recursive Step:

& gez ond L REWL xun (LidRYeTre
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