Warm-Up

Find an expression in terms of n forthesum 1+ 2+ 4 + -

Hint:

e n=20 1 =

e n=1 1+ 2 =3
e n=272 1+2+4 =

e n=3 1+2+4+4+8 =15
e n=4 1+2+4+8+16 =31




Induction

Computing |
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Announcements

 HW4 due 11:59 pm tonight

 HWS5 will be released tonight, due next Wednesday at 11:59 pm

- We want to release feedback before your midterm next Friday (July 28™)

- There will be 2 submission spots on Gradescope:

HWS5 (no late days) and HW5 (with late days)

- Feedback before the midterm is only guaranteed if you don't use late days

« Today is the last day of new content covered on the midterm

- More details about the midterm in Friday's lecture



~ ' Induction Motivation



Proof Strategies so Far

» Direct Proof

* Proof by Contrapositive
 Proof of Biconditional

» Proof by Cases

» Existence Proof

/. .
There are claims we
cannot prove using

kthese strategies!

\

)




Find an expression inn forthesum 1+ 2+ 4+ .- 4+ 2"

e n=10 1 =1 7 ZZL

- n=1 1+2 =3 v

e n=>2 1+2+4 =7 3 EY\*\ ]
¢ n=23 1+2+4+8 =15 (b —
. n={4) 1424448416 =3132 9' - (o

25 -\ = 2\v
't looks like this sum is 2™t — 1.



Find an expression inn forthesum 1+ 2+ 4+ .- 4+ 2"

n+\

Claim: for al ne€IN, 1+2+Y4+..+2" =3 -|

In Logic:_ YnelN (Pn) whre P is A bedlicate

le2aM Gy o 2N L M T

—_—

How could we prove this claim?
o NaTutly: P(0), PLD), PL2),P(3) ...

o Dwvett Pwot : Lexr nEIN be arbivavy.,
t24+d 4242 = Lo = 2 )




|dea! 6 vz 2
Observe that: v V4 4 y
¥ Pn) = POA PLD A P(2) APRA ..

W

oty p (e = os) A (PPN - .

PO N ¥R (P(K) —> PCx)))

W

Induction:

cCveck Yad Po) holds

° Ut ¥ e an avoivary. nt >0. ASS\LMPCEU(\,)). Prove
).



The Principle of Mathematical Induction

\fn PN = P(0) AVk (P(k) > P(k + 1))
[ Base Case 1
Prove P(0) holds.

-

Inductive Hypothesis\

Let k = 0 be an
arbitrary integer.
KSuppose P(k) holds.j

Inductive Step
Prove that P(k + 1)
holds (using P(k))




Provel+2+4+--+2"=2""1 — 1 foralln € N. | Toprove vnP(n), prove
1. Lew Pn) be " l+25Y4. 420 = 27\ Y (e P(0) AVk (P(k) > P(k + 1))

proic  (n) oy Al ynE IN \Q\é mdUuch on.

2. Bose CasSe (n=0): T\ LHS evawuates to 1. TWw RHS €Valuates +o
22 1= 2-0=1. Sl (=, e blre (A holds.

3. |H: suppeke Pl hold{ for an mvb'l’rvamél \'V\Hqﬂ/ FZ0. Tat s

a2tk =5y

’—A —
9.1 |Goot Plzey)  Lizeqs .. v 2K =9 F*2 |
IR Lo LI POFSVIRR S LY~ L
=270 a2 By N
;2_,2\0\'\ "l
= 21&-\'2 -\

—

Taul  PCe4l) wolds
B. (padiusion: Taus P wodld fov all WEIN \03 induchon,



‘ Induction Template



Induction Template
1 befiyw PW. Srate Har e pvoot s bbt'moluch'ovu

> Base ace : Gnow  Blb) 15 ue  for baye (@se b.

3. Induokve  Aypotredis s Suppose  Plie)  holds tor
oW avb\wavg nteger ke 2o

4. \wnduckve Sepr Pyove Plen)) — use 1R,

5. ConcuSon - Syale Mad P hods fov all  Yinkegeys
n=bv Ty ndu thion.



I~ Induction Examples



Prove that the sum of the first n positive integers is @

Examples
nN=3 (+233 = VL
Forvnule = 2.4 _ 12 = bV
2 7
h=95 | € 2¥5%4x S = |5
Yymulg : S-b | 39 -
v A 2 T Tz s/

Carl Friedrich Gauss
(1777-1855)



Prove that the sum of the first n positive integers is nntl)

2
- ek P be "Y1x233+_..tn= Nt ™ e prolt Pln) Loy
a\l ‘\V\A-eqtvs n 21 o {md\AOh‘on,?/

L. Base case (n=1): vty evaluares o 1. RHKS evalualkes +o

-2 =1, Since =1, e bdie (A nold §.
2. 1r: Suppose PCB) helds fov an Qrolivany nteger K =1,
‘ : e Cex\)
Tnak (5, +24. —Fle = ——"" B
d. 19 Ky’oaﬁ, \t 24 o1l C,m"‘%—c\é’ca?
Dbserve:  l+2+ ... 4 (ex\) = 1%2%. .-+ K 5 Cleal)
= kles) 4D oy. 1H
2-
= Llkex) , Z2Ckr) - (e 2
V6 PN nods = + 2L -

b

5, Conclusion > TNus Plh) hod§ oy all inkged n2|
"mad wehon,



Prove that 3™ > n? + 3 for all integers n = 2.

30
28
25
24
22
20
18
16
14
12

10

[Not a proof! 1

0.5 0 05 1 15 2 2.5 3 35 4 45 5




Prove that 3™ > n® + 3 for all integers n > 2. |

1L Lex PLn) be 11372 yF 3 We pywve Pln) for all it n22 \a\dmducﬁa
2.8as¢ Cse (n=2): LHSevalvatrey o 32 =4, Twe RHS evalua#<
t0 22°v2="7. Swle 94=7, ‘oase cCale ho\dS':

3.1 Suppost °Ue) wods  fov an  Avbiwavy wleger k2. L-e.
3% >k +3,

U. \S =< Eo\c\\‘. PUA) - %Lﬂ 2 L\Lm%ﬂ

3\"\\ - 3. Sk
> 2.(k%x3) oy, IH
= 3+ q 4
= g1 Ak* %
. ’ W2 52k 0 LWt k=1, k*2k, 80 2k* 22K
2 X ] i
"> | 8 -
> k2 4 4 SWlCqu > 4 il«i T\/\\\:‘i{;;’?v\\g}\gsbﬁ\/
2 (b)*+3 7w PULL)) \nbldS?l indw Cheon




Checkerboard Tiling

Imagine a 2™ x 2" checkerboard with a single square removed.

Can you tile the board with pieces? You may rotate and flip the
pieces around.

[

4 LV
Claim: All 2™ x 2™ boards with one square removed can be tiled with

pieces




Checkerboard Tiling: Base Case

Consider all 2 x 2 boards with one piece missing.

— B H |

We can definitely tile these with one piece!



Checkerboard Tiling: Inductive Hypothesis

Assume you could tile any 2¥ x 2% board with one piece missing.



Checkerboard Tiling: Inductive Step

Now consider a 2¢*1 x 2k*1 board with one piece missing.




Checkerboard Tiling: Inductive Step

Now consider a 2¢*1 x 2k*1 board with one piece missing.
R 2

Divide the board into four quadrants of dimension 2% x 2¥.



Checkerboard Tiling: Inductive Step

Now consider a 2¢*1 x 2k*1 board with one piece missing.

|

a—
) i EI_V

Place a single piece to occupy the three quadrants that aren’t missing a
piece.



Checkerboard Tiling: Inductive Step

Now consider a 2¢*1 x 2k*1 board with one piece missing.

Each quadrant is now a 2% x 2% board with one piece missing.
We can tile each of these by the IH.



Checkerboard Tiling

1.

2.

1

Let P(n) be “all 2™ x 2™ boards with one square removed can be tiled with pieces.
We prove P(n) for all integers n = 1 by induction.

Base Case (n = 1): Observe that we can tile all 2 x 2 checkerboards:

So the base case holds.

Inductive Hypothesis: Suppose P(k) holds for an arbitrary integer k = 1. That is,
assume we can tile all 2% x 2¥ checkerboards with one piece missing.

Inductive Step: We aim to show P(k + 1). Consider an arbitrary 25+1 x
251 checkerboard. We can divide the board into four quadrants, with
one piece missing in one quadrant. Now place a single piece to occupy l
the three quadrants that aren’t missing a piece. We now have four
2% x 2% quadrants that are effectively each missing a piece. By the IH, L

we can tile each quadrant. Thus we can tile the entire checkerboard. So
P(k + 1) holds.

Conclusion: Thus P(n) holds for all integers n = 1 by induction.
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