FREQUENT USE OF
THE PHRLSE "FOR REMLST

Set Theory Cont.

CSE 311: Foundations of
Computing |
Lecture 12



Announcements

« Set Theory reference sheets are at the front for anyone who didn’t
get them last week.
All reference sheets are posted on the Resources tab of the website

as well.
« HW3 solutions are at the front, grades to be posted tonight

 HW4 due 11:59 pm on Wednesday
Hint






Sets A.¢ R )%\ = xe A XA

e
am—

* Asetis an unordered collection of distinct objects, called elements.

« The cardinality of a set is the number of elements in the set, denote
|S| for a set S.

« Sets A and B are equal if they have the same elements. A=
« Set Aisasubset of B if every elementofAisalsoinB. A ¢ R

A is a subset of B



Set Operations

Union: AU B Intersection: AN B
AUB={x:x€AVx € B} ANB={x:x€ANANx € B}




Set Operations

Set Difference: A\ B Set Complement: A = A€
A\B={x:x€AAx ¢&B) (with respect to the universe U)

A={x€eU: x & A}




Set Operations

Powerset: P (A) Cartesian Product: 4 x B
P(A) ={B: B € A} AxB ={(ab):a€ADbe B}
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‘ Subset Proofs



Claim 1

Claim 1;: For all sets A, B, we have AN B C

Intuition (Venn Diagram)

AUB

A%)B

]

KDefinitions
ACB=Vx(xeA—->x€ERB)
AUB={x:x€AVx€B}

\AnBz{x:xeA/\xEB}

~

J




[Definitions

Claim 1 ACB=Vx(x€A - x€B)
AUB={x:x€AVxE€EBY

KAnBz{x:xeA/\xEB}/

~

Claim 1: For all sets A,B, we have AN B € AU B.

Proof
Lex A R be avlovivavy cetrs.  Lex % ot avioiivavy. Supyose XeANG.

Bu det of inkvieckhon, XeA and xeB. Cleavly, X€A O
A€ B. By dck of union, Xe AUR. Sk x was
dvoircory, ANB S AUB. Sinwe A8 weve avbivavy, P

c\vn hods fov all 3 AR



Proving Subsets

To provethat X © Y, we __ 18+ AC X e (_m/\o\’tvav% __onadl

YOVC X & \{\_




. Definitions
C|a|m 2 ACB=Vx(x€A—->x€B)
P(A) ={B:B Cc A}

Claim 2: For all sets 4,B if A € B then P(4) € P(B).

Intuition (Example)

A= €1,23 B—;{),Z, Sj/x
A = £ P é:B ,z% 2(2?5
PR - 2 4 z»; €23, %33 ?hZ% $13%, 52,3,

X= %6, €33 th21333




. Definitions
Clalm 2 V}( (Xé ‘P(A—) ’bX(GCYYB)) [AQBEVx(xEA—chB)J

P(4) = {B: B < A}

Claim 2: For all sets 4,B if A € B then P(4) € P(B).

Proof
Ler AR veavbinary sets. Suppose A< B. (et Y be o loitvory .

SMppose X € PA). Twn by detinon  0f powerset, XEA.

wWe hove XEA ond AcB We Aimdo ewiow XEB. ler ye X

e awoirovy). 8w yeX and XSA, twu Y eA - S\We Y €A
and A8 W Y EeB. Swe y is avbivary, X£B.

By dek of powersetr, Qe Ke, X&ePB. Snwe X

Was aviolvan, FA) £ P(B). Sne A3 were AliNan ﬂ;;t | ;ga'\m
D 'y



Symbols and Sets

Note that when writing set proofs, we follow various conventions.

We DO tend use symbols like €, €, U, N, X etc. (instead of writing out the
symbol in English).
E.g. "Let x € A be arbitrary”

We DO NOT tend to use symbols like A, v, = (but rather write them out in
English).**
E.g. "Thenx € A and x € B” '1<3(£—,/< A XGB>

**There are exceptions to this if logical symbols provide clarity when applying
eqluivalence rules (Absorption, DeMorgan’s Laws, etc.). The proof of Claim 3
will be an example of that.



Exercises

Which of the following statements are true?
fx € AN B then (x € A) N (x € B). False

(xea) A (xer)

It x € C\D then (x € C) A =(x €D). True
KeC and YD
tX cP(A)thenX € A. False \¢ U—ﬁ[_ﬁ_\,T o X &7
“vwne

t(a,b) EEXFthena€eEandb€F.

e .



‘ Set Equality Proofs



Claim 3 (DeMorgan’s Law for Sets)

Claim 3: Forallsets A, B,AUB=A NnB

Intuition (Venn Diagram)

(L Definitions
A=B=ACSBABCcA
AUB={x:x€AVx€E B}
ANB={x:x€AANx € B}

\A={xeU xgA

N

J




4 Definitions )

. A=B=ASBABCcA
C|a|m 3 AUB={x:x€AVx€E B}

ANB={x:x€ANx €EB}
Claim 3: Forallsets A,B,AUB =4 NB \d=txeU:xed) Y,

Proof Strategy
* Let A, B be arbitrary sets.

e ProvethatAUB € A N B.
e ProvethatA NBCS AU

.UU



4 Definitions )

' A=B=ACSBABCA
Cl.alm 3 — = = AUB={x:x€ AV x € B}
Claim 3: For all sets A,B, AUB = A N B. ANB={x:x€AAxEB}
Proof (Method 1) \A={xeW x¢4 Y

vex AR e avo\WV vy Sevs. N ‘
c ng\— we show AUR < Ane. ley ¥ &€ AU e av\oxwav’d 8\6_

det ot wwmpewem (X ¢ AVB), By def of wnion, T(XEA V XeB).
BY DeMov%ah& Law, YXéA A X B- By def of wwfnp\amm%, Xe A
ond XEB. By dof of imtersechion, X e A NB. s x way
owwour%, Ave < A NB. _

2 Nexk wWe shwow A nNB = ﬂ_@ Let xeA NR b avb’mrwld. B\a_
A€ ok Nierseehn, Ye A ord xX€B . So vy ALt of com)p -

TxeA) Aa(xeB). By DeMorgan's low, 1 (xe4 vxeR). By
dak of uniov, T (xe AV, B\ddﬂf-o{wmp\amem‘ X¢ AUg .



Proving Set Equality: Method 1

One way to prove that X =Y isto showthat _ X&£Y and

Yy ¢ X




Proving Set Equality

 In the previous example, there was a lot of repetitive work to show =
and &

« Can we show & directly?



Claim 3 )

Claim 3: For all sets A, B, AUB = A N B.

Proof (Using Method 2)
Ley A\ be ar\o\%mnj ey, L8t X e Q&

XEAVB = 1 (x€AULB) pet of Complnmunt

= 9 (x€A V xeRB) pet of Union
= 5 (ke A A I(YEBR) @M0v9an‘s Law
XeEA N XER Def of Complmont

XE Z NG (le£ of [verseChon

n wptvavy object. Tyun:

Wi

W

S X WAL ovbNavy, we hove Swown AVB = A NB8.
S\ice A8 were  arbivary, e claim Dold.(.



Proving Set Equality: Method 2

Another way to prove that X =Y is to show that __ {ev awn

)

WoWWvavy ewemeny x, XeX = .- X & Y

\0\(/) & cwhawn ot equivalenceg .



. Definitions
Claim 4 AXB ={(a,b):a€Ab € B)
AUB={x:x€ AV x € B}

Claim 4: Forall sets A,B,C,AX(BNC)=(AXB)N(AXC)
Intuition (Diagram)




AUB={x:x€AVx€B}

. Definitions
Claim 4 (xﬁ\j) L%fB AXB={(ab):a€EAbE B

Claim 4: For all sets A,B,C, A X (BNC) = (51’5 B) N (AXC).
Proof (Method 2)
Le} 4,5, C 10we Vb YVary se¥sS. (ex (Y, 2) be an avioiirarvy paiy.

6\5.236 Ax (RN WeA A 2e8nNcC Def of X
ueA N 2cQ N 2e(C Det ol N

-—
-
-—
L]
=
-—

= WEA A YEA AN 2eB N z2ec \dﬁMPokth

= YehA N ZEB A yeA N ze( ASSOC & Cominut
= (4, 2)E@xB) A (YD eAxc  Vek of X

= (4 2) e (AxB) N (AxC) De+ o+ N



Exercises

Which of the following statements are true?
For all sets A,B: AU (AN B) = A.

Forallsets A, B,CifACSBUCthenAcC BorACcCC.

ForallsetsA,B,CifAcCcBandA<c CthendA< BnC.

Forall sets A,B,C: (AUB)XC=(AXC)U (B XC()



	Slide 1: Set Theory Cont.
	Slide 2: Announcements
	Slide 3: Review
	Slide 4: Sets
	Slide 5: Set Operations
	Slide 6: Set Operations
	Slide 7: Set Operations
	Slide 8: Subset Proofs
	Slide 9: Claim 1
	Slide 10: Claim 1
	Slide 11: Proving Subsets
	Slide 12: Claim 2
	Slide 13: Claim 2
	Slide 14: Symbols and Sets
	Slide 15: Exercises
	Slide 16: Set Equality Proofs
	Slide 17: Claim 3 (DeMorgan’s Law for Sets)
	Slide 18: Claim 3
	Slide 19: Claim 3
	Slide 20: Proving Set Equality: Method 1
	Slide 21: Proving Set Equality
	Slide 22: Claim 3
	Slide 23: Proving Set Equality: Method 2
	Slide 24: Claim 4
	Slide 25: Claim 4
	Slide 26: Exercises

