Oh so you love the empty set?

Name three of its elements

CSE 311: Foundations of

Set Theory Computing |

Lecture 11



Announcements

 HW3 late deadline is today at 11:59 pm

 HW4 has been posted, due 11:59 pm on Wednesday



I~ Wrapping Number Theory



Recall

Let a, b, c,d and m > 0 be integers.
e Ifa=,, b thenb =, a.
e [fa=,,bandc=,d,thena+c=,b+d.

 Ifa=,, bandc =, d, then ac =, bd.

e Ifa=,bandb =, c, thena=,,c.
/ —

e a=,bitandonlyifa% m=>b%m.




Solving in Modular Arithmetic

Solve: 5+ x =14, 9(32 — 2)
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Se¥X = 270
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Solving in Modular Arithmetic

I 2 2 U
SO|V€M7 \03‘}:7"\0 7 4 1 8

Solution: x =44 3 (Guess and check)

S 7 8 4
S © 3

bf
2 9

None of our properties so far help us solve this.

There is an algorithm to solve this called the Extended Euclidean
L

Algorithm, if you're interested.

3 is called the multiplicative inverse of 7 modulo 10, i.e. the value x such

that 7x =4, 1.




‘ Set Theory



Motivation

Set theory is widely regarded as the foundation for all of mathematics.

In computing, there are applications in:
* Data Structures

« Databases
L/dldDd>e

* Programming Languages

Father of Modern
Set Theory
Georg Cantor
(1845 —1918)



Sets

Definition:

Asetisan _waovdeedd  coluchon of distin nch ob yects, called

QLUWINYS |
« We write XeA to say that __ X $ O eununt of A

« We write _ X ¢/‘r to say that _X_«§ o+ o eUpunt of A .

1)
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Set Notation €c=%£3,Q, ’Oa”“"“5

We'll write a set as a collection of elements inside curly braces {}.
Sets are often given variable names with capital letters.

k= %0,5,8,10%3 = £580163  Sers ore wnovleed

B= Sopwe, Cluny. g 3 Seds  [@A contain on
% PP l{]) " Doy Ut é’{
C=§ QG C01A3 S£abiCT pypent elemnts owe
Jared  once
D= ¢0,L23,... 3 Sets con e fnlye 0

INENniK



Common Sets

7 S e sed of {m—egers 2= &£..,-2,7,0, ,2,..3
N 15 W et of Natwal Numbers IN = %0,‘;2,5,-~§

Q o e et of yohwnal number) (Radin) ) )y
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Common Sets

R Real Numbers

N Natural

Numbers
®)




Sets can be elements of other sets
et /et Cw)ﬂqevxb

For example:

B = {1,2)

Then 1B, 2B And £ 3 €A, BEA, PcA




Sets Builder Notation

Another way to describe a set is using set-builder notation.

S={x:P(x)}means S i« We e+ pf all X & which ®x).
S UL,
For example:

e {x€Z:x>0}is_ tv e+ ob POS Ve \V)H’OJI@YLS

o {xEN:xESZ}|S WU—S@’\— ?Z,S?S) \‘)Il’}l.,..%

. {% :a,b €EZ b # O} is Y € of vativmal vwyw bers Z




Set Cardinality
The cardinality of a setis T number ok elewdniy UR A

The cardinality of a set A is often denoted | A

What is the cardinality of the following sets?

e A={x€Z : x=,1and —10 <x <10} Al=5
‘571’3)')5!6}

* B=90 R =0

= el = |



I~ Relationships Between Sets



Set Equality

Sets A and B are equal if iy o e saws elevwwent

In predicate logic, A = B is defined as:

A=8 = VYx(xehA < )((-}B>

A={1,2,3}
B = {3, 4, 5}
C=1{3, 4}

D={4,3,3} | Whichsetsareequal? (=D=¢€
E=1{3,4,3}
F={4, {3}}




Subset
Set A is a subset of B if Q\ICMV ewUnt of A ¢ anellhnunt
oF R

In predicate logic, A € B is defined as:

Vx ( xe A — Xe& B)

A={1 2 3}
B={3 4, 5)
C=1{3, 4}

D=1{4,3,3} | Which sets are subsets? A A
E={3, 4, 3}
F=1{4, {3} CeB DER < <8 CedD D&C




Set Equality and Subsets

A=RHB

ASBABCA

A is a subset of B B is a subset of A

OlyAn O}



\ € A

E vs. C
£13 ¢ A

A={1,23} B={2} C={o(2]

e P CA? Uesg $2 ££1,2,33 \/acuouu\a(

- PeA? No B EC tnough

e« 2CB? NO

e« 2€B? WUec

« BEA? nNO B < A fough

- BeC(? Yes



‘ Set Operations

Combining Sets



= ZQ]\ayCi AUB= fanbwczd§

Set Operations B- £¢.d3 ANR= éc3
Union: AU B Intersection: A N B
AUB={x:x€AVx € B} ANB={x:x€ANANx € B}

' §




A=¢2a.b)cd A\RB= %qrb%

Set Operations B= ¢c,d3 A=Sef..7
Set Difference: A\ B Set Complement: A = A°
A\B={x:x€AAXEB) (with respect to the universe U)

A={xeU: x ¢& A}




Set Operations

Erik Brynjolfsson &
@erikbryn

It's remarkable that as recently as 11 years ago, the
sum of all human knowledge could be provided in just

two books.
MARK H. McCORMACK
What They
TwEl.I'\%.II-ITv gJ Teach You at
AT HARVARD Harvard
BUSINESS Business
ECUE  Schod @

| Notes from a

s UL ON OF CAPIT, t
PHILIP DELVES BROUGHTON :

Street-Smart Executive
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. /Definitions )
Exercises AUB={x:xE€AVxE B
ANB={x:x€AANx €B}
A\B={x:x€ANx & B}

Using only 4, B, C and set operations, make the following sets. The
universe is all integers.

- {1,2,3,456} AVUBLC

* 3] Anc = AN B

. (1,2) A\B = AN c = COA=BNA
See If you can do it without using set difference! C% vy ?




Powerset

Powerset: P{A}

PA) ={X:XCc A} @

The powerset of A is the set of all subsets of A.

\/2
Py = § 8, T13, £23, ¢L,233 M

PAab,ch) = ¢ ;5) € a3 £o3, c3, £q,3, $b¢3, §aq,cs
° fa\b\(,?.? 8



Cartesian Product

Cartesian Product;: A X B

AXB=1{(a,b):a€AbEB}

The cartesian product of A with B is the set of ordered pairs of the form
(a,b), where a € A and b € B. [a, D) eR x A

(a\\) Q/ AxB

It A =1{1,2} and B = {a, b, c} then:
AXB = %C\\q)l (\\‘b}) (\\C), (7\0), (Zab)) (2|C>§

RxR=" 1w rtal plone | %



Exercises

Compute the following:

(12yx0= ¢

P2} x{1,3) = P(€ (2,0, (2,3)3)
= £ 4, €203, €(2,3)3, §(2V,(2,3)33

@ g, €033

|P({L,2}) x P({3,4,5})| = 32
A 3




‘ Set Proofs



Two Claims

Determine if the following claims are true or false.
Claim 1: For all sets A,B,C,if A€ (BUC)thenAS BorAcC.

Claim 2: For all sets A,B,C it holdsthat AN BNnC € AU B.



Claim 1

Claim 1: For all sets A,B,C,if A€ (BUC)thenAS BorACcC.



: Definiti
Claim 2 D ennen |

Claim 2;: For all sets A,B, C it holdsthat AN BNnC € AUB.
Proof Strategy




: Definiti
Claim 2 D ennen |

Claim 2: For all sets A,B, C it holdsthat AN BNnC € AUB.

Proof




Anonymous Feedback

https://tinyurl.com/cse311feedback



https://tinyurl.com/cse311feedback
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