Number Theory Cont.

1~12
o'clock

0~11
o'clock

CSE 311: Foundations of
Computing |
Lecture 10



Announcements

« HW?2 solutions and Number Theory Reference Sheets are at the front

« HWS3 is due tonight at 11:59 pm






Modular Arithmetic

Divides
For integers a, b, we say a | b (“a divides b") iff there exists some integer
ksuchthatb=ka. S |25 -3 14 7t 22

Division Theorem
For any integer a and positive integer d, there exist unique integers q,r

with 0 <r <d suchthata=qd + .

Congruence
For integers a, b and positive integer m, we say a =, b ift m | (a — b).
a e = pb°%m




Notation

We will work with the notation a =, b.
I8 (19+33)-5=,525 =1 260 =, 0

In practice, you'll often see the notation a = b (mod m).
(19+4+33):-5=52-5=260= 0, (mod 10)




Properties of Mod

Let a, b, c,d and m > 0 be integers.
e Ifa=,, b thenb =, a. X%
e [fa=,,bandc=,d,thena+c=,b+d.

 Ifa=,, bandc =, d, then ac =, bd.

 [fa=,, bandb=,,c thena=,,c.



~ ' Modular Arithmetic Proofs



. Definition
Prove or Disprove alb:=3k €L (b= ka)

+ Claim 1: For integers a, b, c if b | a and ¢ | a then bc | a.

T Claim 2: For integers a,b,cifa|banda|cthenalbc.

Poll Everywhere
pollev.com/anjalia




. Definition
Prove or Disprove alb:=3k €L (b= ka)

Claim 1. For integers a, b,c if b | a and c | a then bc | a.

s clawm e favee. (onader A=12, b=6, C=4%.
whn bld ok cla bw be ¥ a.
™TMis b 0 coumewexample fo +vie claim |



Definition
a|b:=3k € Z (b = ka)

Prove or Disprove

|

Claim 2: For integers a,b,cifa| b and a | c then a | bc.

Led 0y ¢ be  arlo\hovy integers. Suppore alb
ond al\(C. &‘8«3 ek of oliviges, Alweve exisiShkegers
:}1)4 el Aok b=Adl anad C:O{‘a‘- COESROUV bc:

bec = (o\k3(ap= aCOtlca;B

Since Ak, p Art Wteoeys, ak& & on integer. So a Jbe

e Ab.C wWLwvt arplihory, e clowm hola g
i




Forintegersa,band m > 0,a =, bifandonlyifa% m=b % m

= ek U\ M>06 be avbirvavy integers. Suppose A=mb.

0 m | Co-bD. So Ywre exisys come wnkeg<r & Such Hhat
a-o=mk. SO a=MkKtb, By twe DWViSion TwneoreMm,

0O =g m:+ (o %om) for some integer % 3 and 0 aolomn < m Jo:

£ = o ?:-‘ b°/om
mito = gm i-(o/om)a b‘:SYh*CYj =
b= C’(M’KY}'\“(Q /om> gv
b= (g-EOM ~ Ca°lom) 04 Y2

By ¥ DIVision Theovem, we WNave a %o = b /om,

SWice dilaam weve arbibvow, tu claimholds.



mlca-l) € mxX = a—b
Forintegersa,b andm >0, a =, bitandonlyifa% m = b % m.

& Le¥ O, bym>0 VCavbirvowy miegers. Suppote aFovn =b%ewm).
b= § + (b%em) fov COML Nieger g. conCidey —b"

0% = mq + (atlomd —(Ms + (L7om) )

= m4~m5+ [Q%)W]) — (_ﬁém)

= wm (q-g) Sinu % = b %oy
S\Wite q.S ave wdegtys, {-S s Gh integer. So m| (a-b).
So  aSmlb  S\Wu abiwm were avbitvavy, e claim holds.




Summary: Properties of Mod

Let a, b, c,d and m > 0 be integers.
e Ifa=,, b thenb =, a.
e [fa=,,bandc=,d,thena+c=,b+d.

 Ifa=,, bandc =, d, then ac =, bd.

 Ifa=,, bandb=,,c thena=,,c.

e a=,bitandonlyifa% m=>b%m.



‘ Primes & GCD



. . 213, S 7]]);)?) - -
Prime and Composite L ’

Definition:
An integer p > 1 is prime iff _{&x (‘m\tf\’ positive dwisovs Qe )

ond .

An integer p > 1 is composite iff __ i W& o¥ prive .




44

-
— -

1
Greatest Common Divisor % 2

Definition:
The Greatest Common Divisor of integers a and b (denoted gcd(a, b)) is

e \Qrdest miegey ¢ such Yo cla and  clb

For Example:
2cd(99,18) = = 4 acd(7,11) = |
gcd(100,125) = 2S gcd(13,0) = |3



Calculating the GCD: Approach 1

Fundamental Theorem of Arithmetic: _€vevy posiTive Wtegey

%rﬂ&)—ev Aan 1 has o wmgwe PY \ 1@ tactsyi2zahown .
D0O=2-2-S-S 712- 2 - 2.2-3-3

Approach 1to finding gcd(a, b): gco\ (100, 22)

* Find the prime factorization of a 160 = S-8
 Find the prime factorization of b 72 = 2:2-2-3-3
* |dentify all common prime factors.

*  Multiply the common prime factors together. 4
This is the GCD. @




Calculating the GCD: Approach 2

Claim: _TOC posvhive nte9Rrs b, ged (@ b) = ged (b, a%b)
= qed (b, H)  Qed(ho,30) = 9cd(30,20)
- = 9cd (20, 10>
5 ch(l()) o>

- .16

For example:

—_—

We'll prove this in a minute. But first: how can we use this fact to devise
an algorithm for computing ged(a, b)?



Calculating the GCD: Approach 2

Euclid’s Algorithm. To find ged(a, b):
« Repeatedly use gcd(a, b) = gcd(b, a % b) to reduce numbers
« Stop once you reach ged(g, 0). Return g.

For Example:
5cd(660,126) = %cd( 26 , 30)

= %cd(BO, L) /\

Efficient

= qu([o> OB
= 0



Euclid’'s Algorithm In Java



Proof of Claim

Claim: For positive integers a, b, ged(a, b) = ged(b, a % b).

How do you show that two GCDs are equal?

e Fiyck congidly Sone arloiira comwmon divisor of
A and b, call \+d. Pove d & a commomn diviser of-
b angd a®lb.

"t conc\dly sowi avlo\\-m\'g_ comwmon ol ivisoy of

o ond a%b, call itd. Pave d (s a common divicor oF
AX b

« Syl WY C0s uwe e o



- L VY J

Claim: For positive integers a, b, gcd(a, b) = gcd(b,a % b).
Lex 0,0 Ve By YAy posifive \'V\‘nf%ev&. By Pivision Thweovem,
o = qb \ Ca0/0b2 «Fov SO ‘\Vl{-faev @,
(et d be avbitvawy angl suppose dib and dla%hb. wWe aim
to ghow d la. "By At of divies, b=dk and a°lb=dj Fov
COWRL 14egers Ty, <. Observe:

& = Qb+ (a,b) = q Lded ~(d) = A(qk+y)

Qinte q (k) § ave ints Qy+5 ‘can nt. So d la. |
dla and 0“)0- Twen a=dm and b=dV) Lov sovl Wt M

o= —qlb = dm=- gdn = d (m-gn)
QG Wi, dy v (Ve WS, Th-qW is G W go A a%b

S\Appow

Co arlb nove e cawl  common diVISrS  al b, A%y, Thus

ey hove xwe sovme GED . Qed (@ Y= ged (o, a/vbd,
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