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Announcements

« HW1 grades posted on Gradescope, printed copies of the solutions

are at the front

« HW?Z2 is due tonight at 11:59 pm



~ | Review: Direct Proof



Direct Proof

Direct proof is one strategy for proving statements of the form

Vx (P(x) - Q(x)).

It involves:

» Taking an arbitrary x in the domain
* Assuming P(x) Is true

* Proving that Q(x) is true



. Definitions
Direct Proof Example 0dd(x) = 3k(x = 2k + 1)

Prove: "The product of two odd integers is odd.”
vxvy ((0dd(x) A 0dd(y)) > 0dd(xy))

Let x and y be arbitrary integers. Suppose that x and y are odd. Then by definition
of odd, there exists some integer k such that x = 2k 4+ 1, and some integer j such
thaty = 2j + 1.

Then multiplying x and y, we can see that:
xy=0Qk+1)-Qj+1)=4kj+2j+2k+1=2Qkj+j+k)+1

Since k,j are integers, 2kj + j + k is an integer. So xy is 2 times an integer plus 1.
So by définition of odd, xy is odd.

Sg}ge x,y were arbitrary, we have shown that the product of two odd integers is
0



I~ Proof Strategy: Contrapositive



L P>Q =z 2@—=1P
Proof by Contrapositive ’ !

Proof by contrapositive is another strategy for proving statements of the

form " (PG — G\(X>>

The strategy is to N (7 Alx) — ~ P(Y)>




.. Definitions
Proof by Contrapositive [Odd(x) = 3k(x = 2k + 1) J

Prove: For an integer x, if 3x + 2 is odd, then x is odd.

What's the claim in logic? Yy ( 0dd(3x+2) — 0dd (s<3>

Try to prove this claim with a direct proof.
Ley x bt Gn avb'mart] MHeoer.  Cuppote gy 3x+2 (S odd .
By dot o8 odd, e exisr oy negfv e Mth that

547 = FE+\
3X+2-2k+]
g\( = 21‘ —l

X = Lk it
s



. . Definitions
Proof by Contrapositive [Odd(x) = 3k(x = 2k + 1) J
vx (Eren(x) = EVen(3x+2))
Prove: For an integer x, if 3x + 2 is odd, then x is odd. Vx(0dd(3x + 2) - 0dd(x))

We prove by contvaposive.  Lex X e an Owlo‘\’rvav\j i€ oev,
Supyore gy X\ fven. 7VUU’\]0~& hed. OF everr Ihure e€xigr§
gowmL K ORY )‘Q\,(Ll/) oy X=ZK. (ownsideyr 3K+72:

3xt2 = 3(Qe)+2 = bk+Z =2 (3e+1)
S\ e §S an WMHger, ¥t 15 On wnteglr. S0 b\ﬂ olut. o¢
eveny A +7 (s VY. TMw Wl X wad o\vb\’rvwlg, tor

i\

ML agevs X, X VN YW 3ZX4Z S ey, So Hae

(DWVOWOS Ve a\W no\ds ) .o, o Qll MHq{rs x, F 3x+2 s pdol
Tran X\ odd.



Proof by Contrapositive

How do we identify when to use a direct proof vs. a proof by
contrapositive?

Try a direct proof first. If it seems challenging, then consider the
contrapositive.



Another Proof by Contrapositive [55:&'2?2 Elk(x=2k)J
¥n(Even(n®) = evenlm)) = W (0dd(n) — 0dd( n3))

Prove by Contrapositive: For an integer n, if n3 is even, then n is even,

We YOYE LY contvaposihr . Lev I e an Gvio\"VOn nieger.

Swppoe  *Wod N odd. l@v)f Enihon of odd,” =21y fov

some  inteoer K. consider vs -

A3 e (2ka)3 = (240 (2v6)° = B3« 1265 > Lt = 2(a1+ b¥°+3¢)4)

Swie k480 anoey, Uy ipp* 43k 1$ an nveger. o b\} A0 tint oo
o odd, w3t 0dd. G n owal Qrbivavy, tor Al 1 Y200t

nod noasodd, W3 odd Tuud e contrapetiive  algo
WO\ALS -



Remark: Proof by Contrapositive

Just like we can show p — q is true by using a direct proof of =g — —p,
we can use our other logical equivalences. -

Suppose for example the original claim is of the formp — (g v r) Then
the contrapositive would be:

P — (gvv) = (g vv) —= Tp

= (agA r) = Ap

So the proof by contrapositive would be of the form:
Sppre 74 and .. (w1



I~ Proof Strategy: Biconditional



= —> A=
Proof of a Biconditional Peq = Pastane

Recall that biconditionals are statements of the form:

VYx (Pl &= QA(x))

The strateqgy is to prove such statements is to brgw G \mpdi ciov

\ W o divechong,

¥x (PO = A A X (RO =P



2Xt3=1 X=¢

Proof of a Biconditional Lox-i ng = 2g
ey [ 2x+3 =\S e 7&3(0 tﬂﬂa

Prove: For anTnteger x,2x+3=15ifandonly if x = 6.

= Ller X e arb\MVavy. Suppole 2x+3 =15. Ten Mbivacttng
3, 2x=17, pivdwmg v 2, y=bL, Sww X way drhikowy,
For AN QRIS X, (£ 2¥ 43215 an x=|,

& Lr x e GOWNOWY. Suppol® Y=, Wy ypulhping by
2, ZX =\7, AAO('\V\@ 3,8x 62215, Sl X wag
Qv birowy | for all nMORYL X, \E X =, syup 23215,



Remark: Biconditional Proofs

Each direction of the biconditional proof can use whichever proof type fits
best (direct, contrapositive, etc.).

Consider the claim: For an integer n, 3n + 3 is odd iff n is even.

= ¥n( 04d (2n+3) — Evenln))  (onnaposifwe
\ Q. ¥n ( 0dd(n) — evenizn+3))

& Yn( &venin) — odd(§m+3)> Dweck



. . Definitions
Another Proof of a Biconditional {Even(x) = 3k(x = 2k) J
Odd(x) = 3k(x = 2k + 1)

Prove: For an integer n, 3n + 3 is odd iff n is even.

=7 Wt pyove \ovh, CONTY APOSHIVE . SUppose N 1S odd. Twun =2k

: ~ AL K N :
for comue wiegry K \o\} Aknivion of odd. consg\deyr 3INtTI

Z2nx = 3 (2px\)+ 3 - Gk +23+3= VLKL = 2 (3¥+3)

Swnce K 18 Qn inyeqer, 3K+ iy R ey SO \o\é\ ou£. ot even,

AN+ N VIN- S\ i wald  arbvwary, fov all WWERKS 7, VS
sdd M 3ngR 1S evtn. TThul AW LOVHvOopasihve a\to holds.

1S
& Supyore N Sven. TWhn =Rk foy sbve  fndelRr k. Than considdy
RAREY 2na 3 = 3(2¥)+3 = Lus 3= Z2(3¥ £1) x|

Sw £ & o WIRGRY, 3¥K) 1S OGN INCORY. o 3Ins3z ¢ odd

‘ VO fov QA\\ YVyeoRYs N fF "o
b‘9 Mt 6%k odd.- Svik Wiy OVl WZ)) L +NWQ){ oEns



Definitions
Another Proof of a Biconditional {Even(x) = 3k(x = 2k) J
Odd(x) = 3k(x = 2k + 1)

Prove: For an integer n, 3n + 3 is odd iff n is even. lPYO\/c AW\ ivm-ea\d7

=) e+ n bt an avb\h’awj iV\\'Pqeh Suppose 3IN+3 14
1dd. Twn by Mt of odd, P exuw  Joww
WO Swch Ahatr 3IntR = Tt

3N+3 =2k +)
3N = 2¥v -2
N =2 —2 -2wn
n= 2(k - —-n) _‘
S Je and gt faeqers, le—1-n 18 AN MHQLT.

So N is even by ot of even. Sinle n WAl o bINAvY, V%Z”:‘(”




Remark: Multiple Biconditionals

Suppose you wanted to provep & q < r. Wy ( pix) &> GO \2(<))

How many sub-proofs would you need? Oniy 31

L:P™>q4, =P, P>, r—=>pP, g, ¥>4

1 op=g 1P s Q7 T4

3: p=q9 14>y, vY—>p



Proof Strategies So Far

 Direct Proof

* Proof by Contrapositive v
 Proof of Biconditional

* Proof by Cases

* Proof of Existence :5
 Disproof

Material for HW3 will be finished on Friday’s lecture. The assignment will
be posted tonight so that you can get started.



	Slide 1: Proof by Contrapositive, Proof of Biconditional
	Slide 2: Announcements
	Slide 3: Review: Direct Proof
	Slide 4: Direct Proof
	Slide 5: Direct Proof Example
	Slide 6: Proof Strategy: Contrapositive
	Slide 7: Proof by Contrapositive
	Slide 8: Proof by Contrapositive
	Slide 9: Proof by Contrapositive
	Slide 10: Proof by Contrapositive
	Slide 11: Another Proof by Contrapositive
	Slide 12: Remark: Proof by Contrapositive
	Slide 13: Proof Strategy: Biconditional
	Slide 14: Proof of a Biconditional
	Slide 15: Proof of a Biconditional
	Slide 16: Remark: Biconditional Proofs
	Slide 17: Another Proof of a Biconditional
	Slide 18: Another Proof of a Biconditional
	Slide 19: Remark: Multiple Biconditionals
	Slide 20: Proof Strategies So Far

