CSE 311: Foundations of

Direct Proof | comptng!

Lecture 6




Announcements

« HW1 solutions at the front
 HWZ2 due Wednesday, 11:59 pm

« Thank you for your feedback!



Review: Predicate Logic

3 Parts

1. Predicate — Function that outputs true or false.
Prime(x) = x is prime

2. Domain of Discourse — Set of possible inputs to a predicate.
E.g. Integers

3. Quantifiers — A statement about when a predicate is true
For all: v There exists: 3



~ ' Theorems and Proofs



Theorems and Proofs

Definition:
Atheoremis & svalewuny that Can be o o e tvue |

Aproofis_Q valid gyoqument tat esvab)ihes o
SSaMment 4o e tring




Theorems and Proofs e all

Examples of theorems include... /

* Given aright triangle with side lengths a, b and hypotenuse c,
a’ + b? = c? Pvthaopean TWorem

* There are infinitely many prime numbers.

* There exists a problem that cannot be solved by a program.

Hatw 7
a\h\n@ P yo\le W) HAve exighs



Integer

Definition:
Anintegeris & Y&\ number wWith no tachvnal pay+

G.g- ~\1, 0, 32



20 = 2-10; T8 =3 (-4)

Odd and Even - » - =
Definitions:
An integer x is even iff _tWve eXICYS S wmHeger k Such that
X< 2K |
(E\/&V\ (x) = AKX (x=22%) ( Lovmain ywirecers)

An integer x is odd iff _{were exitks powe inteaey K quch +hat.
(Ddd(ﬂ" ¥ (x= ;lzt)) X=3k+)

Jl: -8 + |
1\_0_%: d-(-1o)x ) ¢
¥ 54

<L



I~ Proof Strategy: Direct Proof



Direct Proof

Direct proof is one strategy for proving statements of the form

x (P00 — Q0D

Fove (P A QR = PCy,2) )



Our First Direct Proof

Prove: “For all integers x, if x is even, then x* is even”

What's the claim in logic? (domain - ‘\V\er%e’l‘)
VX C ENEN(X) —s evenlx?) )

How would we prove this claim?  Scvatehwov e
Suppose X L even
\“ =2 for n¥y K
¢z = {Yg2 = 1- (i—)é"l

X% {y 0veW




] ] X=10 [Deﬁnitions }
Our First Direct Proof ., ¢ Even(x) = 3k(x = 2k)
X >,
e Y%=(2.9)% = 4-25=2.50
Prove: “For all integers x, if x is even, then x? is even.” Vx (Eyﬁnix) - Even(xz))
Lexr X be Qn arbwmnai quer Supy)oae X 18 even,

SqMaring ot sides;, we coh <z thar:
¥2 = (2k)* = Hk* = 2 (2k?)

I |

Swe K iy 0w integev, 21?2 15 an iniger. So ¥% is 2

oS Gn DQEr. By dofniron OF even, 2 (s even,
Snke Y was c\vb‘\hfav‘ds we an conclude
otk fov ) iméegers X, b X S even dn

¥z \§ e¢n. U




Direct Proof Template

Declare an arbitrary variable for each Vv.

Assume the left side of the implication.

Unroll the predicate definitions.

Manipulate towards the goal.

Reroll definitions into the right side of the
implication.

Conclude that you have proved the claim.

Prove: Vx (Even(x) - Even(x 2))

Let x be an arbitrary integer.
Suppose that x is even.

Then by definition of even, there exists some
integer k such that x = 2k.

Squaring both sides, we see that:
x? = (2k)? = 4k?* = 2 - 2k?

Because k is an integer, then 2k# is also an
integer. So x? is two times an integer.

So by definition of even, x* is even.

Since x was an arbitrary integer, we can conclude
that for all integers x, if x is even then x? is even.



Direct Proof Template

» Declare an arbitrary variable for each V quantifier

* Assume the left side of the implication

* Unroll the predicate definitions

* Manipulate towards the goal (using creativity, algebra, etc.)
 Reroll definitions into the right side of the implication

« (Conclude that you have proved the claim




Another Direct Proof

Prove: "The product of two odd integers is odd.”
Fov oW odd indegers X and odd Wegers g, XYy 1§ ool

What's the claim in logic?

Yx vy ((odd() A oddiy)) — 0ddGxyd)

How would we prove this claim?
v e} X ‘“j ‘0@ aylo‘vhravg e gers .
« sty X £ Ljaz/e o old
- Show XY i§ odd



. x = 171 =2- B%) [ pefinitions
Another Direct Proof 4= S =2-2+ | |0dd®) =3k =2k+1)

Prove: “The product of two odd integers is odd.”
vx¥y ((0dd(x) A 0dd(y)) - 0dd(xy))
lex X and Y be oviowvo i""’eﬂe"s' Suppose Fhatr X anol
W 0Vt cdd.” So oy def. ot odd, x=2r+¢1 “or sore
wieger k. \%\3 dot of odd, Y=2i+1 for some nkeger 3.
Tmen mu\hpltomg ¥ ond Y We con ¢ceg +Hhat:
XY = (ZIL+\)(25’r\)—4l<JrlM+Z$+\ 2(2kjx k+\))1—l
Sivwee k and { are \V\4€QPVS Zkj rk+t]
an \V\‘H’ﬂ@)" TWuS le 16 2 Yiwves On )V\)-PQ‘PV

pwms 1. S0 g o, Of odd, xy ¢ odd. S Xdamd %
W 2Tt yio\lwoavy, we v\o\ve own Mgy TP Wt of...



A note on Domain of Discourse

“The product of two odd integers is odd.”

Domain: Integers \TDomain: Odd Integers

Translation: ranslation:

¥ ¥y ((0d00) £ 0ddg) ~>00dY) oy Wy (pddl Cry) )

Proof Outline: | Proof Outline; "k q
-k Xy bearb. \nfegen ||| - Ler X ond b]e be ovblivan
— Asswniyg X & Y ave od d odal integers

- Show XV ¢ odd. —Show X\j & odd,



A note on Translation to Logic

« We first translate the claim to predicate logic because:
- The translation makes it precise what we are proving

- The translation hints at the structure of the proof

e.g. for each Vv, introduce an arbitrary variable

« In practice, computer scientists identify the proof claim and structure without

predicate logic translation

« Eventually we'll stop asking you to translate to logic first



3, = 0"
Square
Definition:
An integer x is square iff _ e eX\$ys  an miegev  E Quch Aot
Y=K?

. Sgmove (x) = Jk (Xsﬂ




. Definitions
Yet Another Direct Proof [Squareu) = 3k (x=k2)}

Prove: The product of two square integers is square.

Q- q =3

What's the claim in logic?

x V\a, ( (squovet) A SquaveCy))-> SQWW(\(%

Prove this claim.



. Definitions
Yet Another Direct Proof [Squareu) = 3k (x=k2)}

Prove: “The product of two square integers is square.”

vnvm ((Square(n) A Square(m)) - Square(nm))

Let o 0nd wbe Ovboirvary nkegers. Suppore at n and
m Gve  SQUlre. By, deeinithon of squave, n=a* for Soe
gy o ancdl n=ip? oy Sowk mpeger . TR
W\\AH‘\"{J\VjW\O\ N oand vn, Wi con gL
nm=G6*.b”° = (abd®
Sinee & ond b Ove  integfrs, Qb 18 On

WARORY- RO Yoy Mt O€ SQUAYE, hm W Square

‘ ‘ F 4w pywdUth
eve avb\vCivy W have hown 4%?. p
%\V\(X nm w L]) o€ two cauont xw}egeyg ) Séﬂla}’t’.



I~ Proof Strategy: Contrapositive



. Definitions
A Direct Proof? [Odd(x) Sk = 2k o 1) }

Prove: For an integer x, if 3x + 2 is odd, then x is odd.

What's the claim in logic?

Prove this claim.



Proof by Contrapositive

Proof by contrapositive is another strategy for proving statements of the

form

The strategy is to




. .. Definitions
Proof by Contrapositive [Odo{@!ﬁ = 3k(x = 2K+ 1 J

Prove: For an integer x, if 3x + 2 is odd, then x is odd.



Another Proof by Contrapositive {Efﬂfi??i ak@:mJ

Prove by Contrapositive: For an integer n, if n3 is even, then n is even,
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