Warm Up

1. Write a propositional logic expression for F in DNF
Fp.q1) (ORs of ANDs) form

Write a propositional logic expression for F in CNF

(ANDs of ORs) form
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Announcements

« HWIT
- Due tonight, 11:59 pm

¢« HWZ?

- Released tonight



Warm Up
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1. Write a propositional logic expression for F in DNF
(ORs of ANDs) form
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2. Write a propositional logic expression for F in CNF
(ANDs of ORs) form
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I~ Boolean Algebra & Circuits



Notation

* Logic is fundamental
- Computer scientists use it in programs
- Mathematicians use it in proofs
- Engineers use it in hardware
- Philosophers use it in arguments
« (Consequently, everyone has their own notation



Boolean Algebra

Another notation for logic. Preferred by some because it's compact.

Term Propositional Logic | Boolean Algebra
or \Y +

and A

not — ’

True T 1

False F 0
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(pAgAT)VsVatinBoolean Algebra is PQV + S+t



Digital Circuits

Computing with Logic
* T corresponds to 1, or high voltage
* F corresponds to 0, or low voltage

Gates
* Gates take inputs and produce outputs



Digital Circuits — Gates
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Digital Circuits — Example P ™| o J—oun
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‘ Predicate Logic



Motivation

Often we will work with statements of the form:
If x > 10, then x? > 100.
If x is even, x? is even.

Can you translate these to propositional logic?
NO. W ned @ Bunckion  shar (8 T/
diﬁpzvxd\wc& o X




Motivation

Propositional Logic
_ets us break down complex true or false statements into atomic parts
joined by connectives.

Predicate Logic
Lets us analyze complex true or false statements that are functions of
some underlying objects.




Predicate Logic

~ 3 Parts

1. Predicate (£ 1oQica) CONVZERVEO
2. Domain of Discourse
L/3. Quantifiers




Predicate

Definition:

A predicate is a _ W Hon Aok owlpwls fvue oy €alse,
= Y5 duhwd as™ |

Cat(x) := x Is a cat C aX C@a\/@—\e\dO =z 1

Even(x) := x is even ( r+ (A’V\d all) = ¥

LessThan(x,y) = x <y ENevi(u)=T

Sum(x,y,z) =x+y =z even(i1) = F

[sRaining := It is raining outside LSs™Mon(3,S) =T

L Pyoposinon \



Analogy

Propositions were like Boolean variables.
boolean 1tIsRaining = true

Predicates are like functions that return Boolean values.
public boolean Even(int x) {..} E Ven (%)

K% 2 =2=0



Predicate Translation: Example | o
Py iwe a\\)
x is prime or x% is odd, or x = 2

P'r'wyw (Z-() = X 1§ pY\W
odd (x) 1 = X iy odd
Egqualsta, b) : = A=l

\\Pr‘xww () Yodd (x2) Y €quals O&i)T
4 T B

T T =




Domain of Discourse

Definition:
The domain of discourse for a predicate is W_¢e+ o€ poSSible
M PUTS

Cat(x) — Possible domains include mamwnal<, animals ,  Ca&TS

recd |
LessThan(x, y) — Possible domains include _nuwbt¥ , _ In¥€qevs .

). 2 ) g,s ~—."Z, '110\‘,2;--,



Domain of Discourse: Example

What's a possible domain of discourse for these predicates?
1. Prime(x) := x is prime
INYeGRVS > |

2. Equals(x,y) := x and y are the same object

Real N wmbers,  0bjects | Peopl €

{ 3. EnrolledIn(x,y) = x is enrolled in course y
srwdonts £ counses



Quantifiers: Motivation

We tend to use variables for two reasons:

1. The statement is true for every x.
For every integer x, if x is even then x* is even.

—

2. There is some x for which the statement is true.
There is some problem x that computers cannot solve.



Quantifiers

¥x PG

+ Viscalledthe Uwnwevsal Quavintiey
e Readoutloudas "fov all X P ot x" .
e Vx P(x) means -fov evevy X W e dovmaing Plx) isvue

Jdx P(x)
e+ Jiscalled the ExXAeNTIA Quanhey
. Read out loud as "Iwye exists X Such Hod P oof

« 3x P(x) means T 1S sowg X v Hadowmaivi fov wh‘tclo
Plx) 1§ True.




Predicate Logic Summary

3 Parts
1. Predicate — Function that outputs true or false.

2. Domain of Discourse — Set of possible inputs to a predicate.

3. Quantifiers — A statement about when a predicate is true: V or 3



I~ Predicate Logic Translation



Domain of Discourse

English to Logic [mtegers

Even(x) := x is even
Equals(x,y) :=x =y
\LessThan(x, y) =x<y Y,

} ( Predicate Definitions h

Translate to predicate logic. Then evaluate if the statement is T or F.

For every integer x, if x is even, then x = 2.

\V/X (€\Iev\ (x) — éq\,ta\g(x)z)> c F
e.q. x=4

There are integers x and y such that x < y.

Ax 3y (tessThan(oy)) = T



L . E | . h ( Predicate Definitions )
Domain of Discourse Even(x) := x is even
Og 1C to N g 1S {Integers } LessThan(x,y) =x <y

KOdd(x) = x Is odd y

Translate to English. Then evaluate if the statement is T or F.
3x(0dd(x) A LessThan(x, 5)) @
were is an odd '\Vljrequ less +Van S 4. x=3

vy(Even(y) A 0dd(y))
All ‘\V)chers are even and odd. @



4 )
Predicate Definitions

D in of Di
Exa m p | es Ln?emam . } Even(x) := x is even Greater(x,y) :=x >y
gers . . .7
Odd(x) := xisodd  Prime(x) := x is prime
\

Translate to English. Then evaluate if the statement is T or F.
Jx Even(x)  Twye \§ OV LVE€N (niegeY . @

vx0dd(x) A1) wtegevs ove odd. @

&

3x (Even(x) A 0dd(x)) Tweve i§ A (it hor 't even X odd. @

Vx (Even(x) v 0dd(x)) Al '\mkgev& Gve oven ov odd.

Vx Greater(x + 1,x) fuv e\mma T X N Y| > X @
3x(Even(x) APrime(x)) Tyt (& G mt. Phad!s even & pywme. @



‘ Domain Restriction



Domain Restriction

Definition:
Domain restriction is <\ >re(/\rm\cr\4€ of I\WI\*\\’W\ OM Y

lom an of diylourse 4o a svnaiw Ged of OiojfdJ



4 )
} Predicate Definitions

Cat(x) := x is a cat

DO Ma | N Re Str| Ct|o N [Domain of Discourse

Animals

Blue(x) := x is blue
\ %

All cats are blue.

W C CoFE)A—Bhebe) ) W X (Catcx) = B )

There is a blue cat.

Ax (Cadt) A BW (X))



DO Ma | N Re Str| Ct|o N [Domain of Discourse

Animals

|

-
Predicate Definitions

Cat(x) := x is a cat

Blue(x) := x is blue

~

Vx(Cat(x) — Blue(x)) VS. Vgc(Cat(x) A Blue(x))

AWl cars ave bine. Al animals ave biwe
Cars.

EIx(Cat(x) — Blue(x)) VS. Elx_iL(_Iat( x) A Blue(x))

3 x( 1 C04(x) Y BIwe(x)) gre

Thave & AN animal ot & ot
A cot oV 1S blhe.

Tip: Avoid — under 3 in most situations

(S A blw cas



P 9 P=>9q
V and vacuous truth + ¢ 2
- » e 1T
vx(Cat(x) — Blue(x)l)means “all cats are blue”. £ Ja T

One way to check if Vx P(x) is true is to “loop” over every element of the domain
and check that P(x) is true.




Domain Restriction

Translations often sound more natural if we:

@ Notice domain restriction patterns. /¥ ( Mouse Ge) — | —\ \

2. Avoid using variables when we can.

3. Drop the “for all” or “there exists” when we can.

For example:
‘v’x(Cat(x) — Blue(x))
X For all animals x, if x is a cat then x is blue.
VAll cats are blue.



Food

DO Ma | N Re Str| Ct|o N [Domain of Discourse

|

/Predicate Definitions
Fruit(x) := x is a fruit

Tasty(x) := x is tasty
kRipe(x) = x IS ripe

J

Translate these sentences using a natural-sounding translation.

Elx(Fruit(x) A Tasty(x))
Tweve {5 G ey fruid
Soywe €y unts awe Ms%a\

Vx ((Fruit(x) A —|Ripe(x)) — —|Tasty(x))

AW YUty Yakx  GRren’s vipe
aen’ + Jrocyna.



Quantifier Scope S

e O,
E X (P(x) A Q(xDJ VS EILxP(x) A3dx Q(x)‘ \

Domlin = lndegevs

Pix):=  (x=1) x 1§ odd
AlX) : = (x=2) x s even



Section Tomorrow

Practice with equivalences & translating
- \

Q‘uantifiers can be nested!
There is a person that all people love.

3xVy(Love(y,x))
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