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Equivalences,
Normal Forms

CSE 311: Foundations of
Computing |
Lecture 3




Announcements

« HWIT
- Due Wednesday, 11:59 pm
- Submit on Gradescope

« Office Hours begin today






Propositions

Propositions
» Propositions are T/F-valued variables
« Combine using logical connectives (—,V,A, —=,etc.)

+ Can be described by a truth table

Applications
« Understanding complex English sentences

« Simplitying Boolean logic in code



Logical Equivalence

A = B is an assertion that two propositions 4, B always have the same
truth values.

There are two generic methods to proving equivalence:

1. Make a truth table for both propositions T g
@Use a chain of logical equivalences A —_— N
A = ] <> = | =
N
- ) < > 2

W

[ >
. A



Recall: Equivalence Laws

Double Negation Contrapositive
TP =P p—>q="q—p
DeMorgan’s Laws Commutativity

®-(pVve =-pA-q pvg=qvp  P¥q=AFP
-(pAg) =-pV g PAGQ=qAD PQ :QP
Law of Implication Associativity LprE)*Y
p->qg=-pVg (pbvg)Vr=pv(@Vr) = p+(c‘t+\/)

PA@QAT=pA(QAT)



Exercise

Prove that p —» q = =q = —p using the logical equivalences rules we've
discussed so far. —

Do not use contrapositive in the proof.

=g = p = gV ap Law of Implication
=qV-p Double Negation
=-pVyq Commutativity

=p-q Law of Implication



I~ Logical Equivalences Cont.



Distributivity p-(qrv>=P-atrpy
AN

pAQ@VT) =(AQDV(PAT)
pVgAar)=(@VvaArpVr)

U




D VJU\A 4o Yo Clagy

Distributivity: Intuition
q: You yead &
noxe §

' ‘j()\[_ ‘Vea.a ‘\"W
Wx3 oo kK

(VD pA(@vr)=(@AQV (pAT)

You go to class, and you read the notes or the textbook. pA (G NV)

You go to class and read the notes, or you go to class and you read the
textbook. CpAGD vV (P AY)



ldentity
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pAT=0p
pVF=p
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Domination

— i€ (tog (rme) €
e0xlag X2 folse)Z | pVvT=T Ceodl
odlL > pAF=F 2
Zcodd D
. pV T pAF
T T F




ldempotency

pPVP=PD

PAD=D

pVp PAp
T T




Negation

pVap=T

pA—-p=F

pV -ap pA-—p
T F




Negation Intuition

pVap=T
pAN-p=F
It Is raining or It Is not raining. Always true

It Is raining and it is not raining. Always false



Absorption

PV @ADFP
pAN(PVq)=Dp

@ Coles - |
Case wwve p s T, TWn  pvpAag)

b oV § TV (T AgY whith (g T.

coase wwre p S &, Thuwn PV IipA o)
btcovme s £y (FAG) , Whith 18 F

—



Absorption

Exercise: Build the truth tables to confirm.

r

@ q | pAq <@ pvg |CpArlvae) -
T | T
T | F
F | T




I~ Logical Equivalence Examples



Ex 1: Prove (pA@Q)V(mp AqQ)V(apA=q) =P = q pi
(pAQ> NP A vV (IpAIg) = ((p VIP) AQ) Vv (paig)

‘T('\ps'. | 2(T A 2> V (—'P A Q) N egadinn
‘*Gvoup pvoposiiont  w/ 5 2 q Vv (p ATQ) \ounh’ha,
A \v e gahin |

Xatwmsetveg (v 1 z (qvap) A (qV 1q) PST.

A %\w\p\'\f\a all T/F 2 (qvap) AT N QgAY
¥ Wovlk forwowd s = E U % YLy
oo (e ward d -

z 1IpVG éovnmuiraﬁvaéL

a—
——
G

——————

law of Imphatin

pP—~4



Caveat 1: Associativity & Commutativity

Show that (p/\[ q)V(rvs)=rv(qVs)Vp, tollowing rules exactly.

(pvedvirve) = p vg v (v vs)) ASSOC .

= FV(% v (s v v)) comwwut.

= p v ClgVv N ) ASSOC.

+
= (CquDVY) VPp Commu.

=z (v v((QVv)) VP Com mUT.
v v (QVS) vp or dv of op-

W



Caveat 1: Associativity & Commutativity

Showthat (pvg)v(rvs)=rv(gVvs)Vp.
We will allow abbreviated associativity & commutativity steps.

(pvg)v(rvs)=rv(gVvs)Vvp Associativity & Commutativity

—




Caveat 1: Associativity & Commutativity

Show that =pvp =T.
VD =

Showing all steps:
Tpvp = pV p Commut.

What we allow:

'IP vp =71 Neﬂcuh'o\n
= 7 Ne%ah'cm




Caveat 2: Applying a rule twice

Expand (p = q) V (g — r) using the Law of Implication.

Showing all steps:
(p>q) v (g>r) = (pvgd v @) LO-2

Iy

L.

C*—lp\/gL> \% C"‘lq\(r> L.

\

What we allow:
CP’»C{) v CQ—~JV3 = (WP\/CD VCTQVV)
\:0.1‘ 2




Caveat 3: Applying rules to any proposition

We can apply equivalence rules to any proposition.

» (pvgAr)Vv(pVvgAar)=_pNG AV dempoRNCY
¢ 4 a(ro-aq)=_Y — 1 % Doule Ngqa how

=2 (MpANIG) VS



Tautology, Contradiction, & Contingency

Definition: |
A proposition is a tautology if _it Q\W&\J% Hvue .

E.Q. PV 1D

A proposition is a contradiction if __1¥ 1S O\\\N(’A%ls £0l3e

-
E.Q. |\0/\ P /‘ P@\Q

A proposition is a contingency if _# C@n be einey 1oy E

E.Q. ?\’%



Ex 2: Show (p Aq) = (q VvV p) Is a tautology

C\a/\C’O — (QVP)

Y Use L-0-1. 4o get
vidh of —»

¥ Soup \\w VOIS
400524’\/\1\/

—
—

,\7 —3(1P\/ 1C(> v (4Vp)

—
—

)

—
-
—

v.0-1.
De quaw‘g

1 (pAgd ¥ (VP

(P\/—lp) v (qV1q) Commut &

_ AssoC,
T ", om \NaLten

(\dawxpo\revwzp



Ex 3: Simplify =p = ((s Ap) V (=5 A p))

Poll Everywhere .
pollev.com/anjalia Log'\n uw ewmal)

Not counted for points!




Ex 3: Simplify =p = ((s Ap) V (=5 A D))

—p = ((sAP)V(asAp)) =-p - ((sV=s)Ap) Distributivity

=-p - (TAp) Negation
=-ap>p Identity
=-pVp Law of Implication
=pVp Double Negation

=7p ldempotency



‘ Normal Forms



Normal Forms

Given any truth table, can we create a propositional logic expression that
generates that truth table? @

F(p.9)

) @CP/\OQ
F

@ C1pv g2 A (P NVEg)

TS
= TR




Disjunctive Normal Form (DNF)

ORs of ANDs.

1.

Read the true rows of the truth table

2. AND together all settings in a true row
3. OR together the true rows

F(p,q)

T

a3

| TR

@

e— P G
é——~‘|P /\6(Y

|‘(E/\g3 v (1p Ag) }



Conjunctive Normal Form (CNF)

ANDs of ORs

1. Read the false rows of the truth table
2. OR together the negation of all settings in a false row

. AND together the false rows (( p /\-ut) v (1 P A‘1Q§>

p q F(p,q)

T | T T
M ®] ¥

F | T T
®|®] ¢

-
—~
=

-

o—
—
—
m—
—
c—

‘ICP/sz A W(WPAnq)
Cipv Q) AlpNg)

* pr\/q)/\ (pVg > Z




Normal Forms

* Don't simplity CNF / DNF further

« These are standard forms — everyone's CNF / DNF formulas will be
the same (up to commutativity)




I~ Boolean Algebra & Circuits



Notation

* Logic is fundamental
- Computer scientists use it in programs
- Mathematicians use it in proofs
- Engineers use it in hardware
- Philosophers use it in arguments
« (Consequently, everyone has their own notation



Boolean Algebra

Another notation for logic. Preferred by some because it's compact.

Term Propositional Logic | Boolean Algebra
or \Y +
and A :
not — ’
True T 1
False F 0

(p AqAT) VsV atinBoolean Algebra is P-a-\r +S+ 1'7/




Digital Circuits

Computing with Logic
* T corresponds to 1, or high voltage
* F corresponds to 0, or low voltage

Gates
» (Gates take inputs and produce outputs



Digital Circuits — Gates

AND Gate OR Gate NOT Gate

P~ P 'b
AND ouT ouT P o— OUT




O

Digital Circuits — Example

pom

0

Q T

Write =p A (=g A (r v s)) as a circuit.
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