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Warm-up: Predicate Logic

Express each of these system specifications using predicates, quantifiers, and logical
connectives. For some of these problems, more than one translation will be
reasonable depending on your choice of predicates.

(a) Every user has access to an electronic mailbox

(b) The system mailbox can be accessed by everyone in the group if the file system
is locked.

(c) The firewallis in a diagnostic state only if the proxy serverisin a diagnostic
state.

(d) Atleast one routeris functioning normally if the throughput is between
100kbps and 500 kbps and the proxy server is not in diagnostic mode.



Warm-up: Predicate Logic Solutions

(a) Every user has access to an electronic mailbox.

Let the domain be users and mailboxes. Let User(x) be “xis a user”, let Mailbox(y) be “yis a
mailbox”, and let Access(x, y) be “x has access to y”.

Vx (User(x) > (3y (Mailbox(y) A Access(x, y))))

(b) The system mailbox can be accessed by everyone in the group if the file system is locked.
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(a) Every user has access to an electronic mailbox.

Let the domain be users and mailboxes. Let User(x) be “xis a user”, let Mailbox(y) be “yis a
mailbox”, and let Access(x, y) be “x has access to y”.

Vx (User(x) > (3y (Mailbox(y) A Access(x, y))))

(b) The system mailbox can be accessed by everyone in the group if the file system is locked.

Solution 1: Let the domain be people in the group. Let CanAccessSM(x) be “x has access to
the system mailbox”. Let p be the proposition “the file system is locked.”

p > Vx CanAccessSM(x).
Solution2: Let the domain be people and mailboxes and use Access(x, y) as defined in the
solution to part (a), and then also add InGroup(x) for “xis in the group”, and let

SystemMailBox be the name for the system mailbox.

FileSystemLocked - Vx (InGroup(x) > Access(x, SystemMailBox)).



Warm-up: Predicate Logic Solutions
_%
(c) The(fLir;wall isina diaw Enly if the proxy server is in a diagnostic state.

Let the domain be all applications. Let Firewall(x) be “x is the firewall”, and let ProxyServer(x)
be “xis the proxy server.” Let Diagnostic(x) be “xis in a diagnostic state”.

@y ((Firewall(x) A Diagnostic(x)@lsroxyServer(y) > Diagnostic(y))
s T
(d) At least one router is functioning normally if the throughput is between 100kbps and
500 kbps and the proxy serveris not in diagnostic mode.




Warm-up: Predicate Logic Solutions

(c)

The firewall is in a diagnostic state only if the proxy server is in a diagnostic state.

Let the domain be all applications. Let Firewall(x) be “x is the firewall”, and let ProxyServer(x)
be “xis the proxy server.” Let Diagnostic(x) be “xis in a diagnostic state”.

Vx Vy ((Firewall(x) A Diagnostic(x)) > (ProxyServer(y) > Diagnostic(y))

At least one router is functioning normally if the throughput is between 100kbps and
500 kbps and the proxy serveris not in diagnostic mode.

Let the domain be all applications and routers. Let Router(x) be “xis a router”, and let
ProxyServer(x) be “x is the proxy server.” Let Diagnostic(x) be “xis in a diagnostic state”. Let p
be “the throughputis between 100kbps and 500 kbps”. Let Functioning(y) be “y is
functioning normally”.

—_—

p /\V)(—-_E_r_cmy&ver(x) V = Diagnostic(x))) > 3y (Router(y) A Functioning(y))
A (PSLOA D GOY



Practice Final: 1. Regularly Irregular

Let ~ ={0, 1}. Prove that the language L = {x € 2* : #,(x) < #,(x)} is irregular.



Practice Final: 1. Regularly Irregular Solution
Let 2 ={0, 1}. Prove that the language L = {x € X* : #,(x) < #,(x)} is irregular.

Suppose, for the sake of contradiction, that L ={x € X*: #,(x) <#,(x)} is regular. Then thereis a
DFA M such that M accepts exactly L.

LetS=[TODO]

Because the DFA is finite, there are two (different) strings x, y in S such that x and y go to the
same state when read by M. [TODO].

Consider the string z=[TODO] .

Since x, y led to the same state and M is deterministic, xz and yz will also lead to the same state
q in M. Observe that xz=[TODO] ,so xz € L but yz=[TODO] ,so yz & L. Since q is can be only

one of an accept or reject state, M does not actually recognize L. That’s a contradiction!

Therefore, L is an irregular language.
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accept orreject state, M does not actually recognize L. That’s a contradiction!

Therefore, L is an irregular language.



Practice Final: 2. Recurrences, Recurrences

Define

ifn=20,1
T(n)—{n irn =0,

AT (1%]) + n otherwise

Prove that T(n) <n3forn=3



Practice Final: 2. Recurrences, Recurrences Solution

We go by strong induction on n. Let P(n) be “T(n) < n3” for n=3.
Base Cases.

Induction Hypothesis.
Induction Step.

Conclusion.
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We go by strong induction on n. Let P(n) be “T(n) < n3” for n=3.
Base Cases. When n = 3:

When n=4:

When n =5:

Induction Hypothesis.

Induction Step.

Conclusion.
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We go by strong induction on n. Let P(n) be “T(n) < n3” for n=3.

Base Cases. Whenn=3: T(3) =4T ([2|) +3=4T (1) +3=7<27=3%
Whenn=4: T(4) = 4T (|5 J)+4 AT (2) + 4_28<64 43,
Whenn=5: T(5) = 4T (|3]) +5=4T(2) +5 =29 < 4%
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Induction Step.

Conclusion.
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We go by strong induction on n. Let P(n) be “T(n) < n3” for n=3.
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Whenn=5: T(5) =4T (|3]) +5 = 4T ( )+5—29<44

Induction vaothe5|s Suppose P(3) AP(4) A--- AP(k) for some k =5.
Induction Step.

)
2
2
P(

Conclusion.
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We go by strong induction on n. Let P(n) be “T(n) < n3” for n=3.
Base Cases. Whenn=3: T(3) =4T ([2|) +3=4T (1) +3=7<27=3%

4
2
Whenn=5: T(5) = 4T (|3]) +5=4T(2) +5 =29 < 4% T £ K_%
Induction Hypothesis. Suppose P(3) AP(4) A--- AP(k) for some k = 5. Oe) =

Induction Step. 7 ;) — 4 k%lJ)jL k+1, because k + 1 > 2.

+k+1, by TH.

+k+1, by algebra.

§4<T +k+1, by def of floor.

+k+1, by algebra.

= (k + 1)((k2+ D+ 2). by algebra.
& (k+1D((k+1)2+ (kE+1)2)

< 5 ;
= (k+1)3, by algebra

because (k + 1)% > 2.

Conclusion.
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We go by strong induction on n. Let P(n) be “T(n) < n3” for n=3.

Base Cases. Whenn=3: T(3) =4T ([2|) +3=4T (1) +3=7<27=3%
Whenn=4: T(4) =4T (|5]) +4=4T(2) +4 =28 < 64 = 4,
Whenn=5: T(5) =47 (|2]) +5—4T(2)+5: 29 < 4%,

Induction Hypothesis. Suppose P(3) AP(4) A--- AP(k) for some k = 5.

Induction Step. ;. ; 1) — 41 Q—k ; ID +k+1, because k + 1 > 2.
k+1])\°
<4l |—=—|) +k+1, by IH.
~ 13
<4 <%> +k+1, by def of floor.
7 3
=4 <(A2+—31)> +k+1, by algebra.
3
= (k+1) +k+1, by algebra.

2
_ (k+1)((k+1)*+2)
5 !
< +D((k+ 1)2 + (k+1)?)
< 5 ;
= (k+1)3, by algebra

by algebra.

because (k + 1)% > 2.

Conclusion. Thus, since the base case and induction step hold, the P(n) is true for n = 3.




Practice Final; 3. All The Machines!

Let X ={0, 1, 2}. ConsiderL={w € St Every 1in the string has at least one 0
before and after it}.

(a) Give a regular expression that represents A.
(b) Give a DFA that recognizes A.

(c) Give a CFG that generates A.



Practice Final: 3. All The Machines! Solution
(b) Give a DFA that recogni




Practice Final: 3. All The Machines! Solution
(b) Give a DFA that recognizes A.




Practice Final: 3. All The Machines! Solution

(a) Give aregular expression that represents A.

(Ou2)*(0(0Uu1luU2)*0)*(0U 2)*

(c) Give a CFG that generates A.



Practice Final: 3. All The Machines! Solution

(a) Give a regular expression that represents A.

(0U2)*(0(0U1U2)* (0uU2)*

(c) Give a CFG that generates A.

$>0S8|28|T
T OROT| X
R>0|1]|2
X->0X|2X|¢€



Practice Final: 4. Structural CFGs CFG

Consider the following CFG: S > €| SS | S1 | S01. Another way of writing the
recursive definition of this set, Q, is as follows:

e cco0 Qnyis 3%6)9

o IfSEQ,thenS1€QandS01€Q Wrsive Jte
o IfS,TeQ,thenSTEQ. j yeLursiie P

Prove, by structural induction that if w € Q, then w has at least as many 1’s

as0’s —

—



Practice Final: 4. Structural CFGs Solution
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Practice Final: 4. Structural CFGs Solution
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Practice Final: BONUS Set Proof

A={x:x = k(mod 4)}, B={x:x=4r+k for some integer r}. Prove A=B for all integer k
X g

Led W be an ovbitrary ateger
AL Jetc ment
Jed o be an arbi VAT in A |
Az Kk(mog &) —7 k= a (mag ‘4) — L"’) N
y= o -k for some inteYtr r —

btz — o =tk Al o
ne B #r = Koq
4C-r) = —(k-a)

$(-7v) = n- k



Practice Final: BONUS Set Proof

A={x:x = k(mod 4)}, B={x:x=4r+k for some integer r}. Prove A= B for all integer k
B <A -
{ Ty
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b=pr4ll for some mttyer v | |
bel dr ~ rzb-lk = 4lb-k a8 ks an mteyCr
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elomend in B




Practice Final: 5. Tralse!

For each of the following answer True or False and give a short explanation of your
answer.

(a) Any subset of a regular language is also regular.
(b) The set of programs that loop forever on at least one input is decidable.
(c) If R € AforsomesetA, thenAis uncountable.
(d) If the domain of discourse is people, the logical statement
Ax (P(x) > Yy (xZy > =P(y))

can be correctly translated as “There exists a unique person who has property P”.

(e) Ix (Vy P(x,y)) > Vy (Ix P(x, y)) is true regardless of what predicate P is.



Practice Final: 5. Tralse! Solution

(a) Any subset of a regular language is also regular.

-
o1 =
X K
O |

/



Practice Final: 5. Tralse! Solution

(b) The set of programs that loop forever on at least one input is decidable.

Fal$ ¢



Practice Final: 5. Tralse! Solution

(c) If R € Aforsome setA, thenAis uncountable.
Trul l
o, . "Rosume A e Cowpdablp
§urjetdo n f: v - Resutne A is ¥y

$3) A -AR
N
%&/
S

vew N — O 8.



Practice Final: 5. Tralse! Solution

(d) If the domain of discourse is people, the logical statement

Ax (P(x) > Yy (xZy > =P(y))
can be correctly translated as “There exists a unique person who has

property P”.



Practice Final: 5. Tralse! Solution
(e) IAx (Vy P(x, y)) > Vy (3x P(x, y)) is true regardless of what predicate P is.



Practice Final: 6. Regularly Irregular
The following is the graph of a binary relation R.

< .
<%

Y
> @ -

(a) Draw the transitive-reflexive closure of R.

(b) LetS={(X,Y): X, YEP(N)AXC YV}
Recall that R is antisymmetric iff ((a,b) ERAa#b)~> (b,a) €R.
Prove that S is antisymmetric.
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(a) Draw the transitive-reflexive closure of R.




Practice Final: 6. Regularly Irregular Solution

(b) Lets:{(x,Y):x,yep(N)/\/x\gj\y_}.\ WA )& j\ T
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Practice Final; 8. Modern DFAs

Let 2 ={0, 1, 2}. cem AR

5 A7
Construct a DFA that recognizes exactly strings with a 0 in all positions iy k\\(\
where/%3 3 0. \(’6’0 (7 A

YQREX \ OCCERY D'\ 1
< O —> D‘—\% ‘\%O‘\\’L
\ O\ &
L { O\L \ @

D\\\\) O\\;'T_’jé VV."» é__/ :
O 00D @)



Practice Final: 8. Modern DFAs Solution

Let 2 ={0, 1, 2}. Construct a DFA that recognizes exactly strings with a 0 in all positions i where
%3 =0.



That’s All, Folks!

Any questions?



