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Claim len(x y)=len(x) + len(y) for all ∗.

Define Let 𝑃(𝑦) be “len(x⋅y)=len(x) + len(y) for all 𝑥 ∈ Σ∗. “

We prove 𝑃(𝑦) for all 𝑦 ∈ Σ∗ by structural induction.
Base Case:
Inductive Hypothesis:
Inductive Step:

Σ∗:Basis: 𝜀 ∈ Σ∗.
Recursive: If 𝑤 ∈ Σ∗ and 𝑎 ∈ Σ then 𝑤𝑎 ∈ Σ∗

Binary Trees
Basis: A single node is a rooted binary tree.

Recursive Step: If 𝑇ଵ and 𝑇ଶ are rooted 
binary trees with roots 𝑟ଵ and 𝑟ଶ, then a 
tree rooted at a new node, with children 
𝑟ଵ, 𝑟ଶ is a binary tree.

𝑇ଵ 𝑇ଶ

size(    )=1
size(              ) = 

size(𝑇ଵ) + size(𝑇ଶ) + 1

height(   ) = 0
height(             ) = 

1+max (height(𝑇ଵ),height(𝑇ଶ))

𝑇ଵ 𝑇ଶ

𝑇ଵ 𝑇ଶ
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Regular Expressions
Basis:
𝜀 is a regular expression. The empty string itself matches the pattern (and nothing 
else does).
∅ is a regular expression. No strings match this pattern. 
𝑎 is a regular expression, for any 𝑎 ∈ Σ (i.e. any character). The character itself 
matching this pattern. 
Recursive 
If 𝐴, 𝐵 are regular expressions then (𝐴 ∪ 𝐵) is a regular expression

matched by any string that matches 𝐴 or that matches 𝐵 [or both]).
If 𝐴, 𝐵 are regular expressions then 𝐴𝐵 is a regular expression.

matched by any string 𝑥 such that 𝑥 = 𝑦𝑧, 𝑦 matches 𝐴 and 𝑧 matches 𝐵.
If 𝐴 is a regular expression, then 𝐴∗ is a regular expression.

matched by any string that can be divided into 0 or more strings that match 𝐴.

More Examples
0∗1∗ ∗

0∗1∗

0 ∪ 1 ∗ 00 ∪ 11 ∗ 0 ∪ 1 ∗

00 ∪ 11 ∗


