CSE 311: Foundations of Computing

Lecture 4: Boolean Algebra, Circuits, Canonical Forms
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Last Time: Proofs of Equivalence

To show A is equivalent to B

— Apply a series of logical equivalences to
sub-expressions to convert Ato B

To show A is a tautology

— Apply a series of logical equivalences to
sub-expressions to convert Ato T



Logical Proofs

* Identity * Associative
-pAT=p - (vevr=pvigvr)
-pVF=p - (@PAQAT=pA(gAT)
* Domination * Distributive
-pVT=T -pAQ@Vr)=(@AQV(PAT)
- pAF=F -pV(@Ar)=(@VA(pVT)
* |dempotent * Absorption
- PVP=D -pVAg =p
- PAP=D -pA(pVg =p
* Commutative * Negation
- pVvVqg=qVp —pV-ap=T
—pAQ=qAp —pA=-p=F
Example:

LetAbe “—pV (pVDp)".
Our general proof looks like:

pV(pVp) =(
= (
=T

De Morgan’s Laws
—(PArq)=—pPV—q
—(Pva)=—pPAr—q

Law of Implication

bp—>q=-—-pvq
Contrapositive
p—>q=-—-q9—>—p

p<>q=@>q9(@q—>p)
Double Negation
p=——p



Logical Proofs

* Identity * Associative
-pAT=p - (vevr=pvigvr)
-pVF=p - (@PAQAT=pA(gAT)
* Domination * Distributive
-pVT=T -pAQ@Vr)=(@AqQV(pAT)
- pAF=F -pv@Ar)=(@VveA(Vr)
* ldempotent * Absorption
- pPVp=p -pvpAg =p
- PAP=D -pA(PpVQ =p
* Commutative * Negation
- pVvVqg=qVp —pV-ap=T
—pPAGQ=qAp —pA-p=F
Example:

LetAbe “—pV (pVDp)".
Our general proof looks like:

pVp

-pV (pVp)=(
( pV-p
T

De Morgan’s Laws

—(PArq)=—pPV—q
—(Pva)=—pPAr—q
Law of Implication

bp—>q=-—-pvq
Contrapositive
p—>q=-—-q9—>—p

p<>q=@>q9(@q—>p)
Double Negation
p=——p

) ldempotent

) Commutative
Negation



Prove these propositions are equivalent

Prove:pA(p > HN=pAr

pA(—-T)

=DAT

* Identity * Associative De Morgan’s Laws
-pAT=p -(pvevr=pv(qvr) -
-pVF=p —(@PAQAT=pA(qAT) _'gpi/\qu_'pzﬁq

* Domination * Distributive —~PVa)=—pPAr—q
—pVT=T -pA(@Vr)=(@AqQV(PAT) Law of Implication
—-pAF=F —-pVv(@Ar)=(@VgA(pVr) p—>q=-pvq

* ldempotent * Absorption Contrapositive
—PVDP=DP -pvipAq =p p—>q=—-9—>-p
—pADP=D —pA(pVvg) =p Biconditional

« Commutative * Negation p<q=@P>9AQ—>p)
-pVvVqg=qVp -pV-p=T Double Negation
- pPAgG=qAp —pA-p=F

p=—-p



Prove these propositions are equivalent

pAP->1)=EpA(-pVT)
=(@A-p)V(pAT)

Prove: p A (p — 1)

=FV(pAT)
=(pAr)VF
=DAT

=p ATl

Law of Implication
Distributive

Negation
Commutative
Identity

* Identity

—-pAT=p
—-pVF=p

* Domination

—pVT=T
—pAF=F

* |dempotent

—PVP=P
—PAP=DP

* Commutative

-—prvVq=qVp
—PAqQ=qAp

* Associative

-(vevr=pv(gvr)
- (@A AT=pA(qAT)

* Distributive

—pA(@Vvr)=(@AqQV(pAT)
-pvV@Ar) =@V A(Vr)

* Absorption

-pVAg =p
-pA(pV@ =p

* Negation

De Morgan’s Laws
—(pArg)=—pVv—q
—(pva)=—pr—q

Law of Implication

bp—>q=-pvq

Contrapositive

p—o>q=—-q9—>—p

Biconditional

p<q={@>q9(Qq—>p)
Double Negation
p=——p



Prove this is a Tautology: Option 1

(pAT)—>(rvp)

Use a series of equivalences like so:

(pAT) > (rVp)

Identity
—-pAT=p
-pVF=p

Domination
—pVT=T
— pAF=F

Idempotent
—PVpP=EP
—PAP=PD

Commutative
—pPVqa=qVp

—PAGQ=qAp

Il
-]

Associative
-(vevr=pv(qvr)

- (@A AT=pA(qAT)
Distributive
-pA@Vvr)=(@AQV (AT
-pv@Ar)=(@VA(VT)
Absorption

-pvpAgQ =p
-pA(PVg =p

Negation

—pVap=T

—-pA-p=F




Associative
-(@vgevr=pviqvr)

Prove this is a Tautology: Option 1 |- weronr=rmann

Distributive
-pA@Vvr)=(@AQV (AT
-pv@Ar)=(@VA(VT)
(p /\ r) % (r\/ p) Absorption
-pvpAgQ =p
-pA(PVg =p
Negation

Use a series of equivalences like so: CpVop=T

—-pA-p=F

-(pAT)V (rvp) Law of Implication
(-pV-r)V(rvp) De Morgan
apV (=rV (rVvp)) Associative

(pAT) > (rVp)

Identity = —p V ((—IT V 7") V p) Associative

_ 5355 =-pV(pV(arvr)) Commutative
Pominadion =(=pVp)V(arvr)  Associative

-pVvT=

— pAF=F =(pV-ap)V(@rVv-ar)  Commutative (twice)
'Ciessoge;tp = TVT Negation (twice)

- pApP=p =T Domination/ldentity
Commutative

- pvVqg=qVp

—PANQ=qADp




Prove this is a Tautology: Option 2

(pAT)—>(rvp)

Make a Truth Table and show:

(pAT) > (rVvp) =T

PAT

rvp

(pAT) > (rVvp)

== S

m| =S |||

m(m| 7|~

e R |

- - |-




Boolean Logic

Combinational Logic
— output = F(input)

Sequential Logic
— output, = F(output, 4, input,)
* output dependent on history
e concept of a time step (clock, t)



Boolean Logic

Combinational Logic
— output = F(input)

Boolean Algebra: another notation for logic consisting of...
— a set of elements B = {0, 1}
— binary operations{+, * } (OR, AND)
— and a unary operation {’} (NOT)



Boolean Algebra

* Usual notation used in circuit design

 Boolean algebra
— a set of elements B containing {0, 1}
— binary operations{ +, ¢ }
— and a unary operation { ' }
— such that the following axioms hold:

Forany a, b, cin B:
1. closure:

2. commutativity:
3. associativity:

4, distributivity:

atbisinB

atb=b+a
at(bb+c)=(@a+b)+c
atbbec)=(@a+b)e(atc

5. identity: at0=a
6. complementarity: ata =1
7. null: atl1=1
8. idempotency: ata=a

9. involution: (@) =a

DYDY WD

(@°*b)ec
(@eb)+(a-c)



A Combinational Logic Example

Sessions of Class:

We would like to compute the number of lectures or
quiz sections remaining at the start of a given day of
the week.

— Inputs: Day of the Week, Lecture/Section flag
— Output: Number of sessions left

Examples: Input: (Wednesday, Lecture) Output: 2
Input: (Monday, Section) Output: 1



Implementation in Software

public int classesLeftInMorning(int weekday, boolean islLecture) {
switch (weekday) {
case SUNDAY:
case MONDAY:
return isLecture ? 3 : 1;
case TUESDAY:
case WEDNESDAY:
return isLecture ? 2 : 1;
case THURSDAY:
return isLecture ? 1 : 1;
case FRIDAY:
return isLecture ? 1 : 0;
case SATURDAY:
return isLecture ? 0 : O;



Implementation with Combinational Logic

Encoding:
— How many bits for each input/output?
— Binary number for weekday
— One bit for each possible output

Weekday isLecture

L]




Defining Our Inputs!

Weekday Input:
— Binary number for weekday
— Sunday =0, Monday =1, ...
— We care about these in binary:

Weekday = Number Binary

Sunday 0 (000),
Monday 1 (001),
Tuesday 2 (010),
Wednesday 3 (011),
Thursday 4 (100),
Friday 5 (101),
Saturday 6 (110),



Converting to a Truth Table!

case SUNDAY or MONDAY:

return islLecture ? 3 :
case TUESDAY or WEDNESDAY:

return islLecture ? 2 :
case THURSDAY:

return islLecture ? 1 :
case FRIDAY:

return islLecture ? 1 :
case SATURDAY:

return islLecture ? O :

Weekday islecture| ¢, ¢, ¢, ¢
SUN 000 (%]
SUN 000 1
MON 001 %]
MON 001 1
TUE 010 %)
TUE 010 1
WED 011 %]
WED 011 1
THU 100 -
FRI 101 %)
FRI 101 1
SAT 110 -

111




Converting to a Truth Table!

case SUNDAY or MONDAY:

return islLecture ? 3 :
case TUESDAY or WEDNESDAY:

return islLecture ? 2 :
case THURSDAY:

return islLecture ? 1 :
case FRIDAY:

return islLecture ? 1 :
case SATURDAY:

return islLecture ? O :

Weekday islecture| ¢, ¢, ¢, ¢
SUN 000 %) © 1 ©0 o0
SUN 000 1 @ 0 0 1
MON 001 %) © 1 ©0 o0
MON 001 1 @ 0 0 1
TUE 010 (%] © 1 ©0 0
TUE 010 1 @ 0 1 0
WED 011 %) © 1 ©0 o0
WED 011 1 © 0 1 0
THU 100 - © 1 ©0 0

FRI 101 (%] 1 o o0 o

FRI 101 1 © 1 ©0 0
SAT 110 - 1 0 o0 o

111 - 1 o0 o0 o




Truth Table to Logic (Part 1)

d,d;d,

Let’s begin by finding an expression
for c3. To do this, we look at the rows
where ¢; = 1 (true).

R RO R O 0 0 © o oloe e
® ® P ®© P ® P © Rlo Rl
©® ® ® ® ® R O® R O]

®© ® ® ® ® ® ® ® O



Truth Table to Logic (Part 1)

ddxd L G C G E
SUN 000 9 9

0 1
DAY == SUN && L ==
MON 001 0 o 1 olo|
DAY == MON && L ==
TUE 010 (%] © 1 ©0}609
TUE 010 1 © 0 1196
WED 011 %) © 1 ©0]6
WED 011 1 © 0 1]6
THU 100 - © 1 ©0}609
FRI 101 (%] 1 o0 o]0
FRI 101 1 © 1 0§69
SAT 110 - 1 o0 o]0
111 - 1 0 o0} 6




Truth Table to Logic (Part 1)

ddd L G € C E
SUN 900 0 0

0 1
dzd1do == 000 && L ==
MON 001 0 o 1 olo
dyd1do == 001 && L ==
e 010 ° ° 1 9y@ Substituting DAY for the
TUE 010 1 6 0 1160 binary representation.
WED 011 %) O 1 ©0}6
WED 011 1 O 0 19§86
THU 100 - © 1 ©0}609
FRI 101 (%] 1 o0 o]0
FRI 101 1 © 1 0§69
SAT 110 - 1 o0 o]0
111 - 1 0 o0} 6




Truth Table to Logic (Part 1)

dzdldo L CO c1 cz E
SUN 000 0 0

0 1

MON 001 0 0 1 0 m
I i S b Splitting up the bits of the day;
eI ! ° 0 1160 S0, we can write a formula.
WED 0911 0 o 1 olo
WED 0911 1 o o 116
THU 100 i, o 1 olo
FRI 101 0 1 o olo
FRI 101 1 o 1 olo
SAT 110 i, 1 o olo

111 - 1 0 o0} 6




Truth Table to Logic (Part 1)

ddxd L G C G E
SUN 000 9 9

0 1

WL peplacing with
MON 001 0 e 1 olo BooIZan Algebra...
TUE 010 %) O 1 ©0}6
TUE 010 1 O 0 19§86
WED 011 %) O 1 ©0}6
WED 011 1 O 0 19§86
THU 100 - O 1 ©0}6
FRI 101 0 1 0 o]6
FRI 101 1 © 1 ©o]6
SAT 110 - 1 o o})e

111 - 1 o oo




Truth Table to Logic (Part 1)

ddxd L G C G E
SUN 000 9 9

0 1

MON 001 0 o 1 olo|
TUE 010 (%] © 1 ©0}609
TUE 010 1 © 0 1196
WED 011 %) © 1 ©0]6
WED 011 1 © 0 1]6
THU 100 - © 1 ©0}609
FRI 101 (%] 1 o0 o]0
FRI 101 1 © 1 0§69
SAT 110 - 1 o0 o]0
111 - 1 0 o0} 6

How do we combine them?



Truth Table to Logic (Part 1)

d,dsdo L G € G E
0

0 1
0 1
TUE 010 (%] © 1 ©0}609
E ol0 1 o o 1018 Either situation causes c;to be
true. So, we “or” them.
WED 011 %) O 1 ©0}6
WED 011 1 o o 110 C3 =dy *dy*dp'°L+dy*dy°dp L
THU 100 - © 1 ©0}609
FRI 101 (%] 1 o0 o]0
FRI 101 1 © 1 0§69
SAT 110 - 1 o0 o]0
111 - 1 0 o0} 6




Truth Table to Logic (Part 2)

C3 C3 =d2"d1”do"|.+d2’°d1”do°|.

Now, we do C..




Truth Table to Logic (Part 3)

dyddq L owlelec
SUN 000 1 "o0jJolo
MON 001 1 ojolo
TUE 010 0 e 10
TUE 010 1 olo]1
WED 011 (%] o1 1 ©

WED

THU
FRI 101

FRI 101
SAT 110
111

=

ojoj
01

1]0e]o
010

140]0
140]09

C3

(OB [N BN R BN 1Y e

[
Q)
o IO

®© OO0 I

Now, we do c4:

C3 =d2"d1"do"|.+d2”d1”do'|.
C; =dy °dsedg°L+dy °dyedpeL



Truth Table to Logic (Part 3)

d,d,d, L Co m C, C3 Now, we do c4:
SUN 000 1 ‘ofjojo 1
MON 001 1 ofjojo 1
TUE 010 0 . 1/0 o dy' *d;°dg’*L’
TUE 010 1 olo]1 o
WED 011 0 . 1/0 o dy *dyedgeL’

WED

THU
FRI 101

FRI 101
SAT 110
111

=

ojoj
01

1]0e]o
010

140]0
140]09

[
Q)
o IO

®© OO0 I

272

dyed, *dyeL

C3 =d2"d1"do"|.+d2”d1”do'|.
C; =dy °dsedg°L+dy °dyedpeL



Truth Table to Logic (Part 3)

dyddq L owlelec
SUN 000 1 "o0jJolo
MON 001 1 ojolo
TUE 010 0 e 10
TUE 010 1 olo]1
WED 011 (%] o1 1 ©

WED

THU
FRI 101

FRI 101
SAT 110
111

=

ojoj
01

1]0e]o
010

140]0
140]09

C3

(OB [N BN R BN 1Y e

[
Q)
o IO

®© OO0 I

Now, we do c4:

dy ed, *dy * L’

dy ed, *dgyeL’

dy ed,°d, L’

dy °dyedyeL’

No matter what L is,

we always say it’s 1.

So, we don’t need L
in the expression.

dyod, *d,

dyed, *dyeL

C3 =d2"d1"do"|.+d2”d1”do'|.
C; =dy °dsedg°L+dy °dyedpeL



Truth Table to Logic (Part 3)

d,d,d L owlelec
SUN 000 1 [(o0jejo
MON 001 1 ojolo
TUE 010 (%] o1 1 ©
TUE 010 1 olo]1
WED 011 %) O 1] 0

WED

THU
FRI 101

FRI 101
SAT 110
111

=

ojoj
01

1]0e]o
010

140]0
140]09

C3

(OB [N BN R BN 1Y e

[
Q)
o IO

®© OO0 I

Now, we do c4:

dy ed, *dy * L’

dy ed, *dgyeL’

dy ed,°d, L’

dy’ °dsedgeL’

No matter what L is,

we always say it’s 1.

So, we don’t need L
in the expression.

dyod, *d,

dyed, *dyeL

C3 =dy °d, °dy’°L+dy*d °dp°L
Co =d2"d1'do"|.+d2”d1'do°|.

C1 =d2’.d1’°do’.|.’ +d2’°d1’°do°|.’ +d2"d1'd0’°|.’ +d2’°d1°do.|.’ +d2'd1”do’ +d2.d1’°d0°L



Truth Table to Logic (Part 4)

Cq =d2’.d1’°d0"|.’+d2”d1’.d0°L’ +

dathdy . Cof @ @ G dy edsedy sl +dy edsodyeL’ +
SUN 000 %) @1 © 0o dyed,’ *dy +dyed, *dgeL
SUN 000 1 @109 0 1 cy=dyedsedy*L+dyedsedpeL
MON 001 0 @1 o o Ccz =dy °dy °dy’°L+dy°dy °dpeL
MON 001 1 g9 0 1
TUE 010 %) g1 © 0
TUE 010 1 g9 1 0
WED 011 %) g1 © 0
WED 011 1 g9 1 0
MU 100 i ol1 o o Finally, we do co:
1 06 0 o dyedy *doel’
(081 0 0
dy+dydy
1 06 0 o dy°d;°d,




Truth Table to Logic (Part 4)

Co =d2°d1’°do°|.’ +d2’d1°do’ +d2°d1’do
c1 =d2’.d1’.do’.L’ +d2’.d1’.d0.L’ +d2’.d1.d0’.L’ +d2’.d1.do.L’ +d2.d1’.do’ +d2.d1’.d0.L
C; =dy°dsedg eL+dy°dyedp°L

C3 =d2’°d1’°do’°|.+d2’°d1’°do°|.
Here's c; as a circuit:
—{NO
d, NPT

NO
dy

dolNo AND
Ny

W

o>




Boolean Algebra

* Usual notation used in circuit design

 Boolean algebra
— a set of elements B containing {0, 1}
— binary operations{ +, ¢ }
— and a unary operation { ' }
— such that the following axioms hold:

Forany a, b, cin B:
1. closure:

2. commutativity:
3. associativity:

4, distributivity:

atbisinB

atb=b+a
at(bb+c)=(@a+b)+c
atbbec)=(@a+b)e(atc

5. identity: at0=a
6. complementarity: ata =1
7. null: atl1=1
8. idempotency: ata=a

9. involution: (@) =a

DYDY WD

(@°*b)ec
(@eb)+(a-c)



Simplification using Boolean Algebra

uniting;:
10. a*b+a-b =a 10D. (@a+b)e(a+b)=a
absorption:
11.a+ta*b=a 11D. a* (at+hb)=a
12.(a+b’)eb=ac°b 12D.(a* b)+b=a+b
factoring:
13.(a+b) e (@’ +c¢)= 13D.a*b+a e c=
aecta b (@tc)e(@+b
consensus:
14.(@a*b)+(bec)+(a °c)= 14D.(a+b) e (b+c) e (a’'+c¢c)=
a*b+a ec (@t+b)e(@+c
de Morgan’s:

15.(a+b+..)=a * b e .. 15D.(a* b e ..)=a +b +..



Simplifying using Boolean Algebra

c3=d2 +d1’*d0’sL + d2'ed1’+dOeL
=d2' ed1’+(d0’ + dO)eL
=d2 edl’ sl
=d2'ed1’sL

d2 —iNOT
AND_‘
d1 —INoT>o | |




