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Topics

Equivalence and circuits
A brief review of Lecture 02.

Checking equivalence
Applications and a basic brute-force algorithm.
Logical proofs
A method for establishing equivalence that extends to richer logics.
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Equivalence and circuits

A brief review of Lecture 02.


http://127.0.0.1:4000/courses/cse311/20sp/lectures/lecture02.html

Logical equivalence

A = B is an assertion that two propositions A and B have the same truth
values in all possible cases.

A = Band (A < B) = T have the same meaning.
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Important equivalences

DeMorgan’s laws Identity Associativity
—l(p/\q)E—lp\/—lq p/\TEp (p/\q)/\l’Ep/\(q/\r)
~(pV q) = —p A g pVFE=p PV@Vr=pv(gVr)
T Domination Distributivity
Law of implication
P g=-pVg pAF=F PA(@VEH=PAqQV(PAT)
. pvVT=T pV@Ar)=@PVgApPVr)
Contrapositive .
p—qg=-q— p Idempotence Absorption
Biconditional PAD=Dp pA(PVg =p
|con||ona_ PV =D PV (A =p
peoqg=@—>q9A(G—p) - :
ble negation Commutativity Negation
poubre nega PAG=qAPp pAp=F
p=""p pVg=qVp pV-p=T

We will always give you this list!



Digital circuits
Digital circuits implement propositional logic:

e T corresponds to 1 or high voltage.
e F corresponds to 0 or low voltage.

Digital gates are functions that

e take values 0/1 as inputs and produce 0/1 as output;
e correspond to logical connectives (many of them).



AND, OR, and NOT gates
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Combinational logic circuits: wiring up gates

P & - AND out
>

=~

VY

Values get sent along wires connecting gates.

P A(gA(rVs))



Combinational logic circuits: wiring up gates

P=aND
q out
_JanD

Wires can send one value to multiple gates.

PA7gQ) V(g AT)



Other useful gates

NAND gate NOR gate XOR gate XNOR gate
~(pAg) ~(p Vg p®q p<q
=D =D
p | g | out p | g | out p | g | out p | g | out
0|01 01011 01010 01011
0|1]1 01110 0|11]1 01110
11011 11010 101 1(0(0
11110 1(1|0 11110 11111




Checking equivalence

Applications and a basic brute-force algorithm.
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Why do we care about checking equivalence?

Many practical problems are solved by logical equivalence checking!
Hardware verification, program verification, query optimization and caching,
compiler optimization, ...
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behaves exactly like S, we check thatp < s = T.
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Why do we care about checking equivalence?

Many practical problems are solved by logical equivalence checking!

Hardware verification, program verification, query optimization and caching,
compiler optimization, ...

Example: verifying compiler optimizations
Given a sequence of instructions S and an optimized sequence P, we can

construct logical formulas s and p that encode their meaning. To verify that P
behaves exactly like S, we check thatp < s = T.

Demo: verifying compiler peephole optimizations with Alive
Is this optimization correct?

; Original program (S)

%a = Xor %y, %x ; a =y * x
$b = and %y, %x ; b = x & x
%c = ashr &b, 1 ; ¢ = b >> 1
gd = add %c, %a ; d = c + a

=>
; Optimized program (P)
$d = add %x, %y ; d = x + y
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Why do we care about checking equivalence?

Many practical problems are solved by logical equivalence checking!
Hardware verification, program verification, query optimization and caching,
compiler optimization, ...

Example: verifying compiler optimizations
Given a sequence of instructions S and an optimized sequence P, we can
construct logical formulas s and p that encode their meaning. To verify that P
behaves exactly like S, we check thatp < s = T.

Demo: verifying compiler peephole optimizations with Alive
Is this optimization correct?

ta s meray earem () No! The right shift (ashr) should
e (A be replaced with a left shift
%d=: add %c, %a ; d = ¢ + a (Shl),

; Optimized program (P)
$d = add %x, %y ; d = x + y
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Checking logical (and circuit) equivalence

Can we write an algorithm to decide if two propositions are equivalent?

What is the run time of the algorithm?

In theory, the news are bad ...

But in practice, the news are pretty good ...
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Every propositional variable has two possibilities (T, F). If there are n
variables, there are 2" rows in the truth table. So the running time is
exponential in the number of variables.

In theory, the news are bad ...
We know of no algorithm that performs better in general. If you found one, or
proved that it doesn’t exist, you’d solve a famous open problem in computer
science and win $1 million.

But in practice, the news are pretty good ...
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Checking logical (and circuit) equivalence

Can we write an algorithm to decide if two propositions are equivalent?
Yes! Generate the truth tables for both propositions and check if they are the
same for every entry.

What is the run time of the algorithm?
Every propositional variable has two possibilities (T, F). If there are n
variables, there are 2" rows in the truth table. So the running time is
exponential in the number of variables.

In theory, the news are bad ...
We know of no algorithm that performs better in general. If you found one, or
proved that it doesn’t exist, you’d solve a famous open problem in computer
science and win $1 million.

But in practice, the news are pretty good ...
Provers like Z3 can solve equivalence checking problems with millions of
variables and formulas. And that’s enough for many real applications!
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Logical proofs

A method for establishing equivalence that extends to richer logics.
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Proof: use known equivalences to derive new ones

To show that A is equivalent to B
Apply a series of logical equivalences to subexpressions
to convert A to B.

To show that A is a tautology
Apply a series of logical equivalences to subexpressions
to convertAtoT.
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Example: show that A is equivalent to B

LetAbep V (p A p),and let B be p.

pvV (pAp)

P

DeMorgan’s laws
“PpAgQ =PV g
“(PVg=PpAg

Law of implication
pP—>q="PVg

Contrapositive
pP—=>q9g=79—>7p

Biconditional
peq=@ =9 AN@g—p)

Double negation
p=""D

Identity
pAT=p
pVF=p

Domination
pANF=F
pvVIT=T

Idempotence
PAP=EPp
PVPEPp

Commutativity
PANGQ=4qAp
PVg=EqgVp

Associativity
PAQDQAr=pA(@AT)
V@ Vr=pv(gVvr)

Distributivity
PA@VI)=E@PAQNVPAT)
pV@AN=@PVg@aAPVT)

Absorption
pAPVqg=p
pPVPAQ =P

Negation
pPAp=F

pV-p=T
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Example: show that A is a tautology
LetAbe—pV (pVp).

PV{Vp) =
=T
DeMorgan’s laws Identitzl\ L Associajivit)y/\ A
" A9 =PV g va;p qu)v;;pv(qv:)
PV a) =" AT v =r pe
Law of implication Domlnatllc:m_ i Distributivity ~
Do g=-pVg pATES p/\(qu)f(p/\q)\/(p/\r)
. pvT=T pV@Ar)=@EVgAPVr)
Contrapositive d . " t'
_ n rption
p—qg=-q— p empoec_e sorptio ~
Biconditional PAPEP PNV EPp
_ PVP=p pPVPAgQ =P
peoqg=P—>q AN —p) . :
Double nesation Commutativity Negation
& PAGQ=qAp pA-p=F

p=-"p pVg=qVp pvV-p=T
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Example: show that A is a tautology
LetAbe—pV (pVp).

pV(pVp) =-pVp Ildempotence
=T
DeMorgan’s laws Identity Associativity
~PAqG)=-pV g pPAT=p @PAQAFr=pA(@AT)
PV q) = —p A—g pVF=p pPVvgVr=pv@Vr)
Law of implication Domination Distributivity
D g=-pVg PAF=F PA@VIH)=EPAgQV(PAT)
Contrapositive pvT=T PVUAN=E@VOAPYVT)
D> qg=-qg— p Idempotence Absorption
R PAP=EDP pApPVqg=p
Biconditional PVp=p PV AG =p
pog=@—=>q9A@G—Dp) - :
) Commutativity Negation
Double negation PAGEqGAD pPA-p=F

p=""p pVqg=qVp pVv-p=T
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Example: show that A is a tautology
LetAbe—pV (pVp).

-pV(pPVp) = -pVp I|ldempotence
= p V - ip Commutativity
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DeMorgan’s laws Identity o
“(pAg)=-pV g pCF:p
“(pVqg) =pAg {9 | =p
Law of implication Dommi\tlgn i
_ » —
p — q = TP V q
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Example: show equivalence with a truth table and proof
PAP = q@ =pAq

Atruthtableforp A(p > g) @ pAg=T.

P=>q|pANP—=>q9@ |pAg|pA(pP—>qg ©PpAg
T F F T

—A| T TS
—| T ] TR

T F Foo|T
F F Foo|T
T T T T




Example: show equivalence with a truth table and proof

PANP—>q =pAg

pAQP—q)

PAq

DeMorgan’s laws
“(pAg) =PV g
“(pVg=-PAg

Law of implication
pP—=>9g="PVg

Contrapositive
pP—=>q9=79g—=>Pp

Biconditional
peoqg=@—=>q9A@G—p)

Double negation
p=""P

Identity
pPAT=p
pVF=p

Domination
pAF=F
pvT=T

Idempotence
PAP=Dp
PVP=EPp

Commutativity
PANG=qGAp
pPvVqg=4gVp

Associativity
WA@QQAT=EpA(GAT)
Vg Vr=pvgVvr)

Distributivity
pPA@VI)=E@PAQNVPAT)
pV@Ar)=@PVgAPVT)

Absorption
pPAPV@=Ep
pVPAQ=p

Negation
pA-p=F

pvVp=T
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Example: show tautology with a truth table and proof

P Ag) — (qVPp)

Atruthtablefor(p Ag) - (Vv p) =T.

Plg|pPpAglgVp|(PAg — (@YD)
FIF|F F T
FIT|F T T
T|F|F T T
T|ITI|T T T




Example: show tautology with a truth table and proof

P Ag) — (qVPp)

(pANg) = (qVp)

DeMorgan’s laws
“(pAg) =PV g
“(pVqg =PpAg
Law of implication
pP—>qg="PpVg
Contrapositive
pP—=>q9=79—>7p
Biconditional
poqgq=pP—->9N@g—p)
Double negation
p=""p

Identity
pAT=p
pVF=p

Domination
pAF=F
pvT=T

Idempotence
PAP=Pp
PVPD=DPp

Commutativity
PANGg=4qAp

pvVqg=qVp

Associativity
PADAr=pA(gAT)
@evVgVr=pv(gVr)

Distributivity
pA@VI)E@PAQV(PAT)
PVY@AN=E@PVOAPVT)

Absorption
PAPVq =p
pViPAgQ =p

Negation
pA-p=F
pVv-p=T
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Example: show tautology with a truth table and proof

P Ag) — (qVPp)

(pPAg) — (gVp) Law of implication

“(pAg)V(gVp)

= (-pVq)V(gVp) DeMorgan
=T
DeMorgan’s laws Identity Associativity
~“(pAg)=-pVg PAT=p PAQATr=pA(GAT)
“(pVg) = pA—g pVFE=p (pVvgVr=pv(@Vvr)
Law of implication Domination Distributivity
P> qg=-pVg pPAF=F pPA@VT)=PAgQNVPAT)
Contrapositive pVIE=ET pV@@AN)=@VPAPVT)
po>g=-qg— p Idempotence Absorption
Ap = AN(pVqg) =
Biconditional pop = P ) = P
_ PVPD=DPp pV(PAg) =p
peogq=@—=>9A@G—Dp) . :
Double nesation Commutativity Negation
ou =g_|_| PAGq=qgAp p/\—|pEF
p=""r pVqg=gqVp pvV-p=T
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Example: show tautology with a truth table and proof
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o PAP=p pPANPVqg =p
Biconditional PVp=p PV(OAQ =p
peogq=@—=>9A@G—Dp) . :
. Commutativity Negation
Double n_egatlon PAG=qAp pPA-p=F
p=p pPVg=qVp pVp=T
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Example: show tautology with a truth table and proof

PAg) — (qVp)
PANg —(@qVp) =-PAgV(VPp)

(pV-g)V(gVp)
PV (qgV(qVp))
pV((~qgVqVp)
PV PV(qVqg)

DeMorgan’s laws
“(pAg) =PV g
“(pVqg =PpAg
Law of implication
pP—>qg="PpVg
Contrapositive
pP—=>q9=79—>7p
Biconditional
poqgq=pP—->9N@g—p)
Double negation
p=""p

Law of implication
DeMorgan
Associativity
Associativity
Commutativity

Identity Associativity

pAT =p PAQQAT=pA(QAT)

pVF=p (VvgVr=pvgVvr)
Domination Distributivity

pAF=F pPA@VT)=(PAgQV(PAT)

pvT=T pV@AN=@EVgApPVr)
Idempotence Absorption

PAP=p PANPVqg =p

PVP=p pVWAg =p
Commutativity Negation

PANG=qAp pAN-p=F

PVg=qVp pVp=T
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pV((~qgVqVp)
PV @PV(qVqg)
(pVp)V(gVq)

DeMorgan’s laws
“(pAg) =PV g
“(pVqg =PpAg
Law of implication
pP—>qg="PpVg
Contrapositive
pP—=>q9=79—>7p
Biconditional
poqgq=pP—->9N@g—p)
Double negation
p=""p

Law of implication
DeMorgan
Associativity
Associativity
Commutativity
Associativity

Identity Associativity

pAT =p PAQQAT=pA(QAT)

pVF=p (VvgVr=pvgVvr)
Domination Distributivity

pAF=F pA@Vr)=(PAqgV(pAF)

pvT=T pV@Ar)=pPEVgAPVr)
Idempotence Absorption

PAP=p PAPVq =p

PVPp=p pVWAg =p
Commutativity Negation

PANG=qAp pAp=F

PVg=qVp pVp=T
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PANg —(@qVp) =-pPAgV(gVPp)

(pV-g)V(QVp)
PV (qgV(qVp))
pV((~qgVqVp)
PV @PV(qVqg)
(pVp)V(gVq)
(pV-p) VgV g

T

DeMorgan’s laws
“(pAg) =PV g
“(pVq =PpAg
Law of implication
pP—>qg="PpVg
Contrapositive
pP—=>q9=79—>7p
Biconditional
peoqgq=p—->q9N@g—p)
Double negation
p=""p

Law of implication
DeMorgan
Associativity
Associativity
Commutativity
Associativity
Commutativity (twice)

Identity Associativity

pAT =p PAQAT=pA(QAT)

pVF=p (VvqgVvr=pvgVvr)
Domination Distributivity

pAF=F pA@Vr)=(@PAqg V(AT

pvT=T pV@Ar)=pPEVgAPVr)
Idempotence Absorption

PAP=p PAPVq =p

PVPp=p pVWAg =p
Commutativity Negation

PANG=qAp pAp=F

PVg=qVp pVp=T
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Example: show tautology with a truth table and proof

P Ag) — (qVPp)

“(pAqV(gVPp)
(pV-g)V(QVp)
PV (qgV(qVp))
pV((~qgVqVp)
PV @PV(qVqg)
(pVp)V(gVq)
(pV-p)VgVg)
TVvT

-

(pANg) = (qVp)

DeMorgan’s laws
“(pAg) =PV g
“(pVqg =PpAg
Law of implication
pP—>qg="PpVg
Contrapositive
pP—=>q9=79—>7p
Biconditional
poqgq=pP—->9N@g—p)
Double negation
p=""p

Law of implication

DeMorgan
Associativity
Associativity
Commutativity
Associativity

Commutativity (twice)

Negation (twice)

Identity
pAT=p
pVF=p

Domination
pAF=F
pvT=T

Idempotence
PAP=Pp
PVPD=DPp

Commutativity
PANGg=4qAp

pvVqg=4qVp

Associativity
PADATr=pA(gAT)
PVvgVvr=pvgvr)

Distributivity
PA@GVHN=Q@PAQVPAT)
pV@@AN)=@VPAPVT)

Absorption
PAPVq =p
pVWAg =p

Negation
pA-p=F
pVp=T
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Example: show tautology with a truth table and proof

PAg) — (qVp)
PANg —(@qVp) =-PAgV(VPp)
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pV((~qgVqVp)
PV PV(qVqg)
(pVp)V(gVq)
(pV-p)VgVg)
TVvT

-

DeMorgan’s laws
“(pAg) =PV g
“(pVqg =PpAg
Law of implication
pP—>qg="PpVg
Contrapositive
pP—=>q9=79—>7p
Biconditional
poqgq=pP—->9N@g—p)
Double negation
p=""p

Law of implication

DeMorgan
Associativity
Associativity
Commutativity
Associativity

Commutativity (twice)

Negation (twice)
Idempotence

Identity
pAT=p
pVF=p

Domination
pAF=F
pvT=T

Idempotence
PAP=Pp
PVPp=EDPp

Commutativity
PANGg=4qAp
PVg=4qgVp

Associativity
PADAr=pA(gAT)
@evVgVr=pv(gVr)

Distributivity
pA@VI)E@PAQV(PAT)
PVY@AN)=E@PVOAPVT)

Absorption
PAPVq =p
pVWAg =p

Negation
pA-p=F
pVv-p=T
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Truth tables versus proofs

Proofs are not smaller than truth tables where there are a few propositional
variables.

But proofs are usually much smaller when there are many variables.

We can extend the proof method to reason about richer logics for which truth
tables don’t apply.

Theorem provers use a combination of search (truth tables) and deduction
(proofs) to automate equivalence checking.
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Summary

Checking equivalence has many real-world applications.
Verification, optimization, and more!

There are two ways to check equivalence of propositional formulas.
Brute-force: compare their truth tables.
Proof-based: apply equivalences to transform one into the other.
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