CSE 311 Lecture 02: Logic,
Equivalence, and Circuits

Emina Torlak and Sami Davies


https://homes.cs.washington.edu/~emina/
http://samidavies.com/

Topics

CSE 390Z
A workshop for CSE 311 students.

Propositional logic
A brief review of Lecture 01.

Classifying compound propositions
Converse, contrapositive, and inverse of implication.
Tautology, contradiction, contingency.

Logical equivalence

Equivalence, laws of logic, and properties of logical connectives.
Application: digital circuits

Gates, combinational circuits, and circuit equivalence.


http://127.0.0.1:4000/courses/cse311/20sp/lectures/lecture01.html

CSE 390Z

A workshop for CSE 311 students.



Logistics of CSE 390Z

Build a community within 311, learn collaborative problem solving tactics,
and practice study skills.

Meets Thursdays 3:30-4:50pm (maybe also 5:00-6:20pm).

For more information, email Nicole Riley at nrileyl6@uw.edu and check out
the course website.

To sign up, request an add code.


https://courses.cs.washington.edu/courses/cse390z/20sp/
https://tinyurl.com/CSE390Z

Propositional logic

A brief review of Lecture 01.


http://127.0.0.1:4000/courses/cse311/20sp/lectures/lecture01.html

Syntax and semantics of propositional logic

Syntax
Atomic propositions are “words” in propositional logic.
Propositional variables represent atomic propositions.
Compound propositions are “sentences” made with logical connectives:
LAV, P, —, <.

Semantics
A variable is either true (T) or false (F).
Truth tables show the meaning of compound propositions.



Connectives and truth tables
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Implication can be tricky but truth tables don’t lie

ey e pimpliesqg
e whenever p is true g must be true
FIRT e ifptheng
TIF|F e pissufficient forg
TITIT *p only Ifq

e gisnecessaryforp
In an implication p — ¢:

e piscalled the premise or antecedent.
e g is called the conclusion or consequence.



Implication can be tricky but truth tables don’t lie

ey e pimpliesg
e whenever p is true g must be true
FIRT e ifptheng
TIF|F e pissufficient forg
TITIT *p only Ifq

e gisnecessaryforp
In an implication p — ¢:

e piscalled the premise or antecedent.
e g is called the conclusion or consequence.

English translations for p — g where p is “It’s raining” and g is “l have my umbrella”.
If it’s raining, then | have my umbrella.
| have my umbrella if it’s raining.
It’s raining only if | have my umbrella.



Understanding biconditional (bi-implication)

Connective Write as Read as True when

Biconditional p < g “pifandonlyifg” p, ghavethe same truth value

Do g e piffg
e pisequivalenttoqg
T e pimplies g and g impliesp
e pisnecessary and sufficient for g

—| || TS
— | T | TR

F
F
T




Translating English sentences to logic

Garfield has black stripes if he is an p = “Garfield has black stripes.”
orange cat and likes lasagna, and he is an q = “Garfield is an orange cat.”
orange cat or does not like lasagna. r =“Garfield likes lasagna.”

| Step 1: abstract

(pif(qgandr))and (g or (notr))

| Step 2: replace English connectives with logical connectives

((qAr)=p)N(gV (—T))
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Understanding sentences with truth tables

plg|r|r|(@Vv(En)|(@Aar)|((gAr)—=p)|(gAr)—=p)A(gV (o)
FIF[F|T |T F T T
FIF|T|F |F F T F
FITIF|T |T F T T
FIT|T|F |T T F F
TIF|F|T |T F T T
T|F|T|F |F F T F
TIT|F|T |T F T T
T|T|T|F |T T T T

Garfield has black stripes if he is an
orange cat and likes lasagna, and he is an
orange cat or does not like lasagna.

p = “Garfield has black stripes.”
q = “Garfield is an orange cat.”
r = “Garfield likes lasagna.”
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Precedence of logical connectives

We’ll use the following precedence rules for propositional connectives:
LAV, >, .
All operators are right-associative.
When in doubt, use parentheses.

Example:=p - gV r < pVgAr

12



Precedence of logical connectives

We’ll use the following precedence rules for propositional connectives:
LAV, >, o,
All operators are right-associative.
When in doubt, use parentheses.
Example:=p - gV r < pVgAr
(7p) = qgVrepVgAar
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Precedence of logical connectives

We’ll use the following precedence rules for propositional connectives:
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All operators are right-associative.
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All operators are right-associative.
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Precedence of logical connectives

We’ll use the following precedence rules for propositional connectives:
LAV, >, o
All operators are right-associative.
When in doubt, use parentheses.
Example:=p - gV r < pVgAr
(7p) = qgVrepVgAar
(p) > gVrepV(GgAr)
(7p) = (qVr)e(PVI(gAT))
(p) = (qVr) e (@VgAT)

12



Classifying compound propositions

Converse, contrapositive, and inverse of implication.
Tautology, contradiction, contingency.

13



Implication and friends

Implication
P —4q
Converse
q—p
Contrapositive
g — 7P
Inverse
P — g

How do these relate to each other?

Pla|p—=q|g—pP|7P|7q | 7= 7P| P> g
FI|F T | T
FIT T |F
T|F F T
T|T F | F
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Implication and friends

Implication
P —4q
Converse
q—p
Contrapositive
g — 7P
Inverse
P — g

How do these relate to each other?

Pla|Pp—=q|q—->p | P74 | 7> P |P>q
FIF|T T T |T|T T
FIT|T F T |F |T F
T|F|F T F |T |F T
TIT|T T FIF [T T
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Implication and friends

Implication
P —4q
Converse
q—p
Contrapositive
g — 7P
Inverse
P — g

How do these relate to each other?

Pla|p—=q|q—-p | P4 | 7> P |P>q
FIF|T T T |T|T T
FIT|T F T |F |T F
T|F|F T F |T |F T
TIT|T T FIF [T T

An implication and its contrapositive have the same truth value!




Tautology, contradiction, and contingency
A compound proposition is a

e Tautology if itis always true;
e Contradiction if it is always false;
e Contingency if it can be either true or false.

P =g Ap
pVp

p®p
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Tautology, contradiction, and contingency
A compound proposition is a

e Tautology if itis always true;
e Contradiction if it is always false;
e Contingency if it can be either true or false.

P —=>aAp
This is a contingency. It’s true whenp = g = T and falsewhenp = T,q = F.

pvp
This is a tautology. It’s true no matter what truth value p takes on.

p®p
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Tautology, contradiction, and contingency
A compound proposition is a

e Tautology if itis always true;
e Contradiction if it is always false;
e Contingency if it can be either true or false.

P = aqAp

This is a contingency. It’s true whenp = g = T and falsewhenp = T,q = F.
pvp

This is a tautology. It’s true no matter what truth value p takes on.
pOp

This is a contradiction. It’s false no matter what truth value p takes on.
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Logical equivalence

Equivalence, laws of logic, and properties of logical connectives.
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Equivalence of compound propositions

A and B are logically equivalent, written as A = B, if they
have the same truth values in all possible cases.

PANGg=PpA(G
PANG=4gAp

PAGQFEGVD

17



Equivalence of compound propositions

A and B are logically equivalent, written as A = B, if they
have the same truth values in all possible cases.

PNGg=pAg
Two formulas that are syntactically identical are also equivalent.

PANG=4qAPp

PAGQFEGVD
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Equivalence of compound propositions

A and B are logically equivalent, written as A = B, if they
have the same truth values in all possible cases.

PNGg=pAg
Two formulas that are syntactically identical are also equivalent.
PANG=gAp
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Equivalence of compound propositions

A and B are logically equivalent, written as A = B, if they
have the same truth values in all possible cases.

PNGg=pAg

Two formulas that are syntactically identical are also equivalent.
PANG=gAp

These two formulas are syntactically different but have the same truth table!
PAGQFEGVPD

Whenp = Tandg = F,p A gisfalsebutp V gis true!

17



A = BversusA < B

A = Bis an assertion that A and B have the same truth tables.

e Thisis not a compound proposition (sentence) in propositional logic!
e |tis also sometimes called a semantic judgement.

A < Bisaproposition that may be true or false depending on the truth
values of the variables that occurin A and B.
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A = BversusA < B

A = Bis an assertion that A and B have the same truth tables.

e Thisis not a compound proposition (sentence) in propositional logic!
e |tis also sometimes called a semantic judgement.

A < Bisaproposition that may be true or false depending on the truth
values of the variables that occurin A and B.

A = Band (A < B) = T have the same meaning.

A and B are equivalent when A < Bis a tautology.
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Important equivalences: DeMorgan’s laws
“pAgQ =PV g

(pVg)=-pAg

How do we check that an equivalence A = B holds?

19



Important equivalences: DeMorgan’s laws

A(pAg)="pV g

(pVg)=-pAg

How do we check that an equivalence A = B holds?

Use truth tables to check that A «<» Bis a tautology:

plg|p|7q | pVg|pAg|(PpAg | "(pPAg) < (7pV q)
FIF|T |T
FIT|T |F
TIF|F |T
TIT|F |F
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A(pAg)="pV g

(pVg)=-pAg

How do we check that an equivalence A = B holds?

Use truth tables to check that A «<» Bis a tautology:

plqg|P|7q | PVg | pAg|(pAqg) | (PpAg < (pVg)
FIF|T |T |T F T T
FIT|T |F |T F T T
TIF|F | T |T F T T
TIT|F |F |F T F T
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Important equivalences: DeMorgan’s laws
“pAgQ =PV g
“(pVgqg =PpAg

How do we check that an equivalence A = B holds?

Use truth tables to check that A «<» Bis a tautology:

plqg|P|7q | PVg | pAg|(pAqg) | (PpAg < (pVg)
FIF|T |T |T F T T
FIT|T |F |T F T T
TIF|F | T |T F T T
TIT|F |F |F T F T

Fun fact: you can also use a theorem prover to check that =(A < B) is a contradiction!


https://rise4fun.com/Z3/6G1Q

Important equivalences: law of implication

P—=>4g="PVg

plgq|p—=>q| | PVqg|P—->9 < (PpVyg
FIF|T T |T T
FITI|T T |T T
TIF|F F | F T
TITI|T F | T T




Important equivalences: law of implication

P—=>4g="PVg

plgq|p—=>q| | PVqg|P—->9 < (PpVyg
FIF|T T |T T
FITI|T T |T T
TIF|F F | F T
TITI|T F | T T

More equivalences related to implication
p—=>4qg="9—>"p
peog=@ =9 AQG—=p)
pP<qg=7p < g



Important equivalences: properties of connectives

Identity
pAT=p
pVF=p

Domination
pAF=F
pvT=T

Idempotence
PAP=EPp

PVDP=EPp

Commutativity
PANGQ=qAp
pPvqg=qVp
Associativity
PA@QAT=pA(GAT)
PVgVvr=pvigVvr)
Distributivity
pA@VH=@PAQ V(AT
pV@AN)=@VgAPVr)

Absorption
pPAPV@ =P
pVPAQ=p

Negation
pAp=F
pvVp=T

Double negation
p=""p

21



Application: digital circuits

Gates, combinational circuits, and circuit equivalence.
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Computing with logic
Digital circuits implement propositional logic:

e T corresponds to 1 or high voltage.
e F corresponds to 0 or low voltage.

Digital gates are functions that

e take values 0/1 as inputs and produce 0/1 as output;
e correspond to logical connectives (many of them).

23



AND gate

AND connective

Pla|pArg
FIF|F
FIT|F
T|F|F
TIT|T
p
—JAND}—out

“Block looks like the D of an AND.”

AND gate

p—

AND,

qg—

out

P
0
0
1
1

= | Ok | O

= | O | O
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OR gate

OR connective OR gate
P|q9|pPVq P | q | t—)or)—out
F|IF|F 0ololo
FIT|T ol1l1
TIF|T 11011
T|T|T 11111

P )or)—au

“Arrowhead block looks like Vv.”



NOT gate

NOT connective NOT gate
P —p pP Pout
F | T 011
F 10

Pout

Also called an inverter.



Blobs are OK!

You may write gates using blobs instead of shapes.

(
(
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Combinational logic circuits: wiring up gates

P B - AND out
>

=~

VY

Values get sent along wires connecting gates.
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Combinational logic circuits: wiring up gates

P & - AND out
>

=~

TAAY

Values get sent along wires connecting gates.

pA(gA(rVs))

28



Combinational logic circuits: wiring up gates

P=aND

q out

AND

Wires can send one value to multiple gates.
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Combinational logic circuits: wiring up gates

P=aND
q out
_JanD

Wires can send one value to multiple gates.

PA7gQ) V(g AT)
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Checking (circuit) equivalence

Describe an algorithm for checking if two logical expressions (or circuits) are
equivalent.

What is the run time of the algorithm?

Why do we care?

30
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Checking (circuit) equivalence

Describe an algorithm for checking if two logical expressions (or circuits) are

equivalent.
Compute the entire truth table for both of them!

What is the run time of the algorithm?
There are 2" entries in the column for n variables.

Why do we care?
Program and hardware verification reduces to logical equivalence checking!

30



Summary

Propositions can be tautologies, contradictions, or contingencies.
Tautologies are always true.
Contradictions are never true.
Contingencies are sometimes true.

Propositions are equivalent when they have the same truth values.

Use truth tables or laws of logic to establish equivalence.

Digital circuits implement propositional logic!
F/T correspond to 0/1 (low/high voltage), respectively.
Gates implement logical connectives.
Combinational circuits implement compound propositions.
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