CSE 311 : Problems for Midterm Review

This is a large set of problems intended to cover many of the topics we have seen so far this quarter. You should
not view this as an “exam” (e.g. there are far too many problems here to do in a single sitting) but we recommend
you treat individual problems in the style of an exam (so allowing yourself to look at resources as needed, but not
looking at the solutions until after you've attempted the problem).

1. Logic

(a) Show that the expression (p — ¢) — (p — r) is a contingency.

(b) Give an expression that is logically equivalent to (p — ¢) — (p — r) using the logical operators —, Vv, and A
(but not —).

(c) Determine whether the following compound proposition is a tautology, a contradiction, or a contingency:
((svp)A(sV-p) = ((p—=q) =)

(d) Show that the following is a tautology: (((—=pV ¢) A(pV ™)) = (¢ V 1)).

2. Boolean Algebra

Write a boolean algebra expression equivalent to (p — ¢) — r that is:

(a) A sum of products

(b) A product of sums

3. Predicate Logic

(a) Using the predicates:
Likes(p, f): “Person p likes to eat the food f.”
Serves(r, f): “Restaurant r serves the food f.”
Restaurant(r): “r is a restaurant.”
Food(f): “f is a food.”
Person(p): “p is a restaurant.”

translate the following statements into logical expressions. In your translations, let your domain of discourse
be “restaurants, food, people”

* Every restaurant serves a food that no one likes.

* Every restaurant that serves TOFU also serves a food which RANDY does not like.

(b) Let P(x,y) be the predicate “x < y” and let the universe for all variables be the real numbers. Express each
of the following statements as predicate logic formulas using P:

* For every number there is a smaller one.

7 is smaller than any other number.



* 7 is between a and b. (Don’t forget to handle both the possibility that b is smaller than a as well as the
possibility that « is smaller than b.)

* Between any two different numbers there is another number.

* For any two numbers, if they are different then one is less than the other.

(c) Let V(x,y) be the predicate “x voted for y”, let M (x,y) be the predicate “x received more votes than y”, and
let the universe for all variables be the set of all people. Express each of the following statements as predicate
logic formulas using V and M:

* Everybody received at least one vote.

¢ Jane and John voted for the same person. (you do not have to explicitly require that Jane and John did
not cast more that one vote)

* Ross won the election. (The winner is the person who received the most votes.)
* Nobody who votes for him/herself can win the election.

* Everybody can vote for at most one person.

(d) Find predicates P(x) and Q(x) and a domain of discourse such that Vz(P(z) & Q(z)) is true, but VxP(z) &
VzQ(x) is false.

4. Formal Proofs

Use rules of inference to show that if the premises Vz(P(z) — Q(x)), Va(Q(x) — R(x)), and —R(¢), where ¢ is in
the domain, are true, then the conclusion —P(7) is true. (Note: You do not need to give the names for the rules of
inference.)

5. English Proofs
(a) Prove that if n is even and m is odd, then (n + 1)(m + 1) is even.

(b) Prove or disprove:
* For positive integers x, p, and ¢, (x%p)%q = x%pq.

* For positive integers x, p, and ¢, (x%p)%q = (x%q)%p.

(¢) Prove that the sum of an odd number and an even number is an odd number.

6. Induction

n+2
21’L

(a) Prove the following for all natural numbers n by induction, Z % =2—
i=0

(b) Let T'(n) be defined by: T'(0) = 1, T'(n) = 2nT'(n — 1) for n > 1. Prove that for all n > 0, T'(n) = 2"nl.
(c) Letxy,xs,...,x, be odd integers. Prove by induction that x5 - - - z,, is also an odd integer.

(d) Use mathematical induction to show that 3 divides n® — n whenever n is a non-negative integer.



7. Euclidean Algorithm

(a) Use Euclid’s algorithm to help you solve 11z = 4(mod27) for .
(b) Find the multiplicative inverse of 2 modulo 9 (in other words, find a solution to the equation 22 mod 9 = 1.)
(c) Which integers in {1,2,...,8} have multiplicative inverses modulo 9?

8. Sets

Let your domain of discourse be integers (equivalently, your universal set i/ = Z). Define S = {z : x =2 (mod 5)}
and T = {z:2zx =4 (mod 5)}

(a) Show S CT

(b) Show T' C S. You may use the fact that 3 is the multiplicative inverse of 2 (mod 5).
Let S’ ={z:2=3 (mod 10)} and 7’ = {x : 2 = 6 (mod 10)}
(a) Show that S" # T".

(b) One of the following is true: S’ C T', T' C S’. Determine which is true, and prove it.



