CSE 311: Foundations of Computing

Lecture 4: Boolean Algebra, Circuits, Canonical Forms
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Boolean Logic

Combinational Logic
— output = F(input)

Sequential Logic
— output, = F(output, ;, input,)
* output dependent on history
» concept of a time step (clock, t)

Boolean Algebra: Another notation for logic consisting of...
— a set of elements B = {0, 1}
— binary operations {+, « } (OR, AND)
— and a unary operation {’ } (NOT)



Boolean Algebra

* Usual notation used in circuit design

 Boolean algebra
— a set of elements B containing {0, 1}
— binary operations{ +, ¢ }
— and a unary operation {’ }
— such that the following axioms hold:

Forany a, b, cin B:

1. closure: atbisinB ae*bisinB

2. commutativity: atb=b+a a*b=Dbea

3. associativity: at(b+c)=(a+b)+c a*bbec)=(acb)ec

4. distributivity: at(bec)=(a+b)e(a+c ac*(b+c)=(ac*b)+(a-c)
5. identity: at0=a a*l=a

6. complementarity: ata =1 a*a=0

7. null: atl=1 a*0=0

8. idempotency: ata=a a*a=a

9. involution: (@) =a



A Combinational Logic Example

Sessions of Class:

We would like to compute the number of lectures or
quiz sections remaining at the start of a given day of
the week.

— Inputs: Day of the Week, Lecture/Section flag
— Output: Number of sessions left

Examples: Input: (Wednesday, Lecture) Output: 2
Input: (Monday, Section) Output: 1



Implementation in Software

public int classesLeftInMorning(weekday,
switch (weekday) {
case SUNDAY:
case MONDAY:
return lecture flag ? 3 : 1;
case TUESDAY:
case WEDNESDAY:
return lecture flag ? 2 : 1;
case THURSDAY:
return lecture flag ? 1 : 1;
case FRIDAY:
return lecture flag ? 1 : 0;
case SATURDAY:
return lecture flag ? @ : 0O;

lecture flag) {



Implementation with Combinational Logic

Encoding:
— How many bits for each input/output?
— Binary number for weekday
— One bit for each possible output

Weekday Lecture?

L]




Defining Our Inputs!

Weekday Input:
— Binary number for weekday
— Sunday = 0, Monday = 1, ...
— We care about these in binary:

Weekday Number Binary

Sunday 0 (000),
Monday 1 (001),
Tuesday 2 (010),
Wednesday 3 (011),
Thursday 4 (100),
Friday 5 (101),
Saturday 6 (110),



Converting to a Truth Table!

case SUNDAY or MONDAY:

return lecture flag ? 3 :

case TUESDAY or WEDNESDAY:

return lecture flag ? 2 :

case THURSDAY:

return lecture flag ? 1 :

case FRIDAY:

return lecture_flag ? 1 :

case SATURDAY:

return lecture flag ? 0 :

Weekday Lecture? | ¢, ¢, ¢, ¢
SUN 000 %
SUN 000 1
MON 001 %)
MON 001 1
TUE 010 %)
TUE 010 1
WED 011 %)
WED 011 1
THU 100 -
FRI 101 %)
FRI 101 1
sat 110 -

111




Converting to a Truth Table!

case SUNDAY or MONDAY:

return lecture flag ? 3 :

case TUESDAY or WEDNESDAY:

return lecture flag ? 2 :

case THURSDAY:

return lecture flag ? 1 :

case FRIDAY:

return lecture_flag ? 1 :

case SATURDAY:

return lecture flag ? 0 :

Weekday Lecture? | ¢, ¢, ¢, ¢
SUN 000 % © 1 ©o o
SUN 000 1 © 0 0 1
MON 001 5 © 1 o o
MON 001 1 @ 0 o0 1
TUE 010 (%] © 1 ©0 o0
TUE 010 1 © 0 1 o0
WED 011 %) © 1 ©0 o
WED 011 1 © 0 1 o0
THU 100 - @ 1 ©0 o

FRI 101 %) 1 0 ©0 o0

FRI 101 1 @ 1 ©0 o
sat 110 - 1 0 © 0

111 - 1 0 ©6 o0




Truth Table to Logic (Part 1)

d,d,d,
000

Let’s begin by finding an expression
for c;. To do this, we look at the rows
where ¢c; = 1 (true).
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Truth Table to Logic (Part 1)

d,d,d, L ¢ € G E
SUN 000 9 0
1

0 1

MON 001 0 o 1 o]0
TUE 010 %) © 1 ©0})606
TUE 010 1 © 0 1736
WED 011 %) © 1 0760
WED 011 1 O 0 1]6
THU 100 - O 1 ©0]6
FRI 101 %) 1 0 0§}6
FRI 101 1 O 1 ©0]60
SAT 110 - 1 ©0 0§}6

111 - 1 0 o]0




Truth Table to Logic (Part 1)

d,d,d, L ¢ ¢ G E
SUN 000 9 0
1

0 1
MON 001 0 o 1 o0jo
TUE 010 % o 1 olfo o
Substituting DAY for the
TUE 010 1 6 6 11}¢@ binary representation.
WED 011 %) @ 1 ©0]60
WED 011 1 © 0 136
THU 100 - © 1 ©0})606
FRI 101 %) 1 0 o01]6
FRI 101 1 © 1 ©0})606
SAT 110 - 1 © o]0
111 - 1 ©0 ©01]6




Truth Table to Logic (Part 1)

d,d,d, L ¢ € G E
SUN 000 0 0
1

0 1

MON 001 %) o 1 © n
i @ R Splitting up the bits of the day;
e O10 ' ° o 1}°9 S0, we can write a formula.
WED 011 0 o 1 oloe
WED 011 1 o o 1o
THU 100 - o 1 olo
FRI 101 0 1 o oloeo
FRI 101 1 o 1 olo
saT 110 - 1 o0 olo

111 - 1 o olo




Truth Table to Logic (Part 1)

d,d,d, L ¢ ¢ G E
SUN 000 %) %)
SUN 000 1

MON 001

Y
=

d, *d,’°d, °L
Replacing with

Boolean Algebra...

Q)

0 1

O ©

0 1
TUE 010 %) © 1 ©0})606
TUE 010 1 © 0 1736
WED 011 %) © 1 0760
WED 011 1 O 0 1736
THU 100 - O 1 ©0]6
FRI 101 %) 1 0 0§}6
FRI 101 1 O 1 ©0]60
SAT 110 - 1 ©0 0§}6
111 - 1 0 o]0




Truth Table to Logic (Part 1)

d,d,d, L G ¢ C E
SUN 000 %) %)
1

0 1
0 1
TUE 010 (%] © 1 ©0})606
E 910 1 o o 1le Either situation causes c;to be
true. So, we “or” them.
WED 011 %) @ 1 ©0]60
WED 011 1 o 0 1]0 C3 =dy°dy *dy'°L+dyd; °dy L
THU 100 - © 1 ©0})606
FRI 101 %) 1 0 o01]6
FRI 101 1 © 1 ©0})606
SAT 110 - 1 © o]0
111 - 1 ©0 ©01]6




Truth Table to Logic (Part 2)

C3 C3=d2’.d1’.d0’.L+d2’.d1’.d0.L

Now, we do c..




Truth Table to Logic (Part 3)

ololc

d,d,d, L C Now, we do c,:
SUN 000 1 ojJo0fJo 1
MON 001 1 ojJojo 1
TUE 010 1 ejJoj1 o
WED 011 1 'ofl0OfJ1 o
FRI_101 0 11000 0
SAT 110 - 1§09 0

111 - 1 @ 0

c; =d, *d, *dy*L+d, *d, *dy°L

C2 =d2’.d1.d0’.L+d2’.d1.d0.L



Truth Table to Logic (Part 3)

ololc

d,d,d, L C Now, we do c,:
SUN 000 1 ojJo0fJo 1
MON 001 1 ojJojo 1
TUE 010 1 ejJoj1 o
WED 011 1 'ofl0OfJ1 o
2?2
FRI_101 0 11000 0
SAT 110 - 1§09 0

111 - 1 @ 0

c; =d, *d, *dy*L+d, *d, *dy°L

C2 =d2’.d1.d0’.L+d2’.d1.d0.L



Truth Table to Logic (Part 3)

d,d,d,
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Now, we do c,:

d,*d,’*d,’ *L’

d, *d, *d,°L’

dy *d,*d, L’

d, *d,*d,°L’

No matter what L is,

we always say it's 1.

So, we don’t need L
in the expression.

d,ed,’ *d,

d,ed,’ °dy°L

C3 =d2’.d1’.do,.L+d2,.d1,.do.L
C2 =d2’.d1.d0’.L+d2’.d1.d0.L



Truth Table to Logic (Part 3)

SUN 000 %) 11 0

SUN

TUE

WED ©011 0 O 1] 0

WED

THU

FRI

FRI

SAT

d,d,d,

000

100
101
101
110
111

ololc

C
0
ofjofo 1
0
ojJojo 1
0
o1 o
0
LlojJol1l o
e/ 1/0 o
1lelo o
o/ 1/0 o
1Jefo o
1@@

Now, we do c,:

d, *d,’ °d, *L’

d, *d, *d,°L’

dy *d,*d, L’

d, *d,*d,°L’

No matter what L is,

we always say it's 1.

So, we don’'t need L
in the expression.

d,ed,’ *d,

d,ed,’ °dy°L

c; =d, *d, *dy L+d, *d, *dyeL
C2 =d2’.d1.d0’.L+d2’.d1.d0.L

¢, =dy*d,/*dy *L’ +d, *d, *dgeL’ +dy *d °dy *L’ +d, *d,*dgeL’ +dyed, *dy +dyed, *dyeL



Truth Table to Logic (Part 4)

¢, =dy*d,/*dy *L’ +d, *d, *dyeL’ +
d,ed,edy *L’ +d, *d,*dgeL’ +
dyed, *d, +d,ed, *dyeL

¢, =d,*dy*d, °L+d, *d,*dy°L

C3 =d2’.d1’.d0’.L+d2’.d1’.do.L

Finally, we do c,:

d,ed,’ *dgy°L’

d,°d,*d,’

OO0 g o © P O R O P © BB
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d,ed,*d,




Truth Table to Logic (Part 4)

Co =d,ed, *d,L’ +d,°dy*d, +d,ed,d,

¢, =d,y*d,/*dy*L’ +d, *d, *dyeL’ +d, *d,*d,°L’ +d, ed,*dyeL’ +d,ed, *dy +d,ed, *d,°L
c, =d,*d,*dy*L+d, °d,*d,°L

c; =d, °d, *dy *L+d, *d, *d,°L

Here’s c; as a circuit:

-
do l@t AND




Boolean Algebra

* Usual notation used in circuit design

 Boolean algebra
— a set of elements B containing {0, 1}
— binary operations{ +, ¢ }
— and a unary operation {’ }
— such that the following axioms hold:

Forany a, b, cin B:

1. closure: atbisinB ae*bisinB

2. commutativity: atb=b+a a*b=Dbea

3. associativity: at(b+c)=(a+b)+c a*bbec)=(acb)ec

4. distributivity: at(bec)=(a+b)e(a+c ac*(b+c)=(ac*b)+(a-c)
5. identity: at0=a a*l=a

6. complementarity: ata =1 a*a=0

7. null: atl=1 a*0=0

8. idempotency: ata=a a*a=a

9. involution: (@) =a



Simplification using Boolean Algebra

uniting:
10. a*b+ac*b =a 10D. (a+b)e(a+b’)=a
absorption:
11.a+ta-*b=a 11D. a* (a+b)=a
12.(a+b’)eb=ac°b 12D.(a* b)+b=a+b
factoring:
13.(a+b)e (@’ +c)= 13D.a*b+a ec=
aecta b (@+c)e (@ +b)
consensus:
14. (a*b)+(bec)+(a” *c)= 14D.(a+b) e (b+c) e (@’ +c¢c)=
aeb+a *c (@+b)e (@ +c

de Morgan’s:
15.(a+b+..)=a b .. 15D.(a* b .)=a+b +..



2. commutativity: atb=b+a a*b=bea
3. associativity: at(b+c)=(a+hb)+c a*bec)=(@*b)ec
. 4, distributivity: at(bec)=(@a+b)*(a+c) ac*(b+c)=(a*b)y+(acc
5. identity: at+t0=a a*l=a
Proving Theorems &t 3127
7. null: at+tl1=1 a*0=0
8. idempotency: ata=a a*a=a
9. involution: (@)Y =a

Using the laws of Boolean Algebra:

prove the Uniting theorem: XoeY+XeY = X
XeY+ XeoY =

prove the Absorption theorem: X+XeY = X

X + XeY =



2. commutativity: atb=b+a a*b=bea
3. associativity: at(b+c)=(a+hb)+c a*(bec)=(a*b)ec
. 4, Qistriputivity: a+t (b_- c)=(a+b)e*(atc) a : E{)::) =(a*b)+(acc
Proving Theorems  &amiman 3137 e
o invonution: " @y za arane
Using the laws of Boolean Algebra:
prove the Uniting theorem: XoeY+XeY = X
distributivity XeY+XeY = Xe(Y+Y)
complementarity = Xel
identity = X
prove the theorem: X+XeY = X
identity X + XoeY = Xel + XeY
distributivity = Xe(1+Y)
commutativity = Xe(Y+1)
null = Xel

identity



Proving Theorems

Using truth table:

For example, de Morgan’s Law:

X Y X Y | (X+Y) XeY
e+ Yy =X oY 0 0 1 1| 1 1
NOR is equivalent to AND 0 1 1 0 0 0
with inputs complemented 1 0 0 1 0 0
1 1 0 O 0 0

(X ° Y)I =X +Y X Y X, Y, (X ® Y)’ X’ + Y’
NAND is equivalent to OR O 0 1 1 1 1
with inputs complemented (1) (1) (1) ? % %
1 1 0 O 0 0




Simplifying using Boolean Algebra

c3=d2’¢ed1l’ed0’L + d2’'ed1’+dO-L
=d2’¢d1’¢(d0’ + dO)°L

=d2'ed1 e 1L
= d2'ed1’ L
d2 —Inoi
AND
d1 —Inoi | |




