CSE 311: Foundations of Computing

Lecture 4: Boolean Algebra, Circuits, Canonical Forms
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Boolean Logic

Combinational Logic
— output = F(input)

Sequential Logic
— output, = F(output, ,, input,)
CSg * output dependent on history
3 CC( e concept of a time step (clock, t)

Boolean Algebra: Another notation for logic consisting of...
— a set of elements B = {0, 1}
— binary operations{+, «} (OR, AND)
— and a unary operation{’} (NOT)



Boolean Algebra

* Usual notation used in circuit design

 Boolean algebra
— a set of elements B containing {0, 1}
— binary operations {+, ¢ }
— and a unary operation { ' }
— such that the following axioms hold:

Forany a, b, cin B:

1. closure: atbisinB ac*bisinB

2. commutativity: atb=b+a a*b=bea

3. associativity: at(b+c)=(@a+b)+c ac(bbec)=(a*b)ec

4. distributivity: at(bec)=(a+bhb)e(a+c ac*(bb+c)=(ae*b)+(a-c)
5. identity: at0=a a*l=a

6. complementarity: ata=1 a*a=0

7. null: at1=1 a*0-=0

8. idempotency: ata=a ac*a=a

9. involution: (@) =a



A Combinational Logic Example

Sessions of Class:

We would like to compute the number of lectures or
quiz sections remaining at the start of a given day of
the week.

— Inputs: Day of the Week, Lecture/Section flag
— Output: Number of sessions left

Examples: Input: (Wednesday, Lecture) Output: 2
Input: (Monday, Section) Output: 1



Implementation in Software

public int classesLeftInMorning(weekday,
switch (weekday) {
case SUNDAY:
case MONDAY:
return lecture flag ? 3 : 1;
case TUESDAY:
case WEDNESDAY:
return lecture flag ? 2 : 1;
case THURSDAY':
return lecture flag ? 1 : 1;
case FRIDAY:
return lecture flag ? 1 : ©;
case SATURDAY:
return lecture flag ? 0 : 0;

lecture_flag) {



Implementation with Combinational Logic

Encoding:
— How many bits for each input/output?
— Binary number for weekday
— One bit for each possible output

Weekday Lecture?

L[] ]




Defining Our Inputs!

Weekday Input:
— Binary number for weekday
— Sunday = 0, Monday =1, ...
— We care about these in binary:

Weekday Number Binary

Sunday 0 (000),
Monday 1 (001),
Tuesday 2 (010),
Wednesday 3 (011),
Thursday 4 (100),
Friday 5 (101),
Saturday 6 (110),




Converting to a Truth Table!

case SUNDAY or MONDAY:

return lecture flag ? 3 :

case TUESDAY or WEDNESDAY:

return lecture flag ? 2 :

case THURSDAY:

return lecture flag ? 1 :

case FRIDAY:

return lecture flag ? 1 :

case SATURDAY:

return lecture flag ? 0 :

/[
7
Weekday Lecture? (¢, ¢, ¢, ¢
SUN 000 0 O | O O
SUN 000 1 D © O (
MON 001 0 O (1 O ©
MON 001 1
TUE 010 0 O\ O O
TUE 010 1
WED 011 0 O VvV 0 O
wep 011 1
THU 100 O |\ © ©
|l o 6 O
101
SAT 110 - | © © o
111 -




Converting to a Truth Table!

/
74
?

case SUNDAY or MONDAY: Weekday Lecture? | ¢, ¢ ¢ &

return lecture_flag ? 3 : 1; SUN 000 (%] © 1 ©0 o0

case TUESDAY or WEDNESDAY: SUN 000 1 0 0 0 1
return lecture_flag ? 2 : 1;

case THURSDAY: MON 001 0 © 1 o0 o

return lecture_flag ? 1 : 1; MON 001 1 ) ) ) 1

case FRIDAY:

return lecture_flag ? 1 : 0; TUE 010 0 9 1 9 9

case SATURDAY: TUE 010 1 O © 1 ©
return lecture flag ? 0 : 0;

WED 011 (%] © 1 © o0

WED 011 1 @ 0 1 ©

THU 100 - © 1 © o

FRI 101 (%] 1 0 o0 o0

FRI 101 © 1 © o

SAT 110 - 1 0 o0 o

111 - 1 0 o0 o0




Truth Table to Logic (Part 1)

d,d,d, L ¢ € G Let’s begin by finding an expression
SUN 099 0 o 1 o for c5. To do this, we look at the rows
where c; = 1 (true).
MON 001 (%) © 1 ©
TUE 010 %) @ 1 ©
TUE 010 1 © 0 1
WED 011 %) e 1 ©
WED 011 1 o 0 1
THU 100 - © 1 ©
FRI 101 0 1 o o
FRI 101 @ 1 ©0
SAT 110 - 1 © o
111 - 1 o o




Truth Table to Logic (Part 1)

<d2d1d0> L G & G 20 d\"/o ks =0 .é@

SUN 000 (%] O 1 © dl
DAY == SUN && L ==
MON 001 0 e 1 © -
DAY == MON &&L ==
TUE 010 %) @ 1 ©
TUE 010 1 O 0 1
WED 011 (%] © 1 ©
WED 011 1 O 0 1
THU 100 - O 1 ©
FRI 101 (%] 1 o o
FRI 101 @ 1 ©o
SAT 110 - 1 o0 o

111 - 1 o o




Truth Table to Logic (Part 1)

d,d,d,

SUN

SUN 000

MON

MON 001

TUE

TUE

WED

WED

THU

FRI

FRI

SAT

000 O 1 ©
001 (%) O 1 ©O
010 0 O 1 o
010 1 O 0 1
011 0 O 1 o
011 1 O 0 1
100 - O 1 ©
101 0 1 © o0
101 O 1 o
110 - 1 © 0
111 - 1 © o0

= ol

d,d,d, == 000 && L ==

d,d,d, == 001 && L ==

Substituting DAY for the
binary representation.



Truth Table to Logic (Part 1)

d,d,d, L G ¢ ¢ 0'7,'
SUN 000 ) 9 1 © —
d,==0&&d, ==0&&d,==0 && L ==
MON 001 0 2 1 0
d,==0&&d; ==0 &&dy,==1&&L ==
i i o0 Splitting up the bits of the day;
e o10 ! ° 0 1 S0, we can write a formula.
WED 011 0 o 1 o
WED 011 1 o o 1
THU 100 - 2 1 0
FRI 101 %) 1 © ©
FRI 101 @ 1 ©
SAT 110 - 1 © 0
111 - 1 o o




Truth Table to Logic (Part 1)

d,d,d, L G ¢ G
SUN 000 %) e 1 0
MON 001 0 o109 a BooIZan Alggebra...
TUE 010 %) @ 1 ©
TUE 010 1 O 0 1
WED 011 (%] © 1 ©
WED 011 1 O 0 1
THU 100 - e 1 o
FRI 101 (%] 1 o o
FRI 101 e 1 ©
SAT 110 - 1 o0 o
111 - 1 o o




Truth Table to Logic (Part 1)

d,d,d, L ¢ € G

0 6 1 ©

@ 1 ©

TUE 010 0 o 1 0o
WE 010 1 o o 1 Either situation causes c;to be

true. So, we “or” them.

WED 011 %) o 1 0
WED 011 1 © o0 1 C3 =dy °dy °dy’°L+dyedy *dypeL

THU 100 - e 1 ©

FRI 101 %) 1 o o

FRI 101 o 1 0o

SAT 110 - 1 o0 o

111 - 1 o0 o




Truth Table to Logic (Part 2)

C3 =d2’.d1’.do’.L+d2’.d1’.do.L

Now, we do c..

d) A ody oL
4
dlf'd‘" do .L




Truth Table to Logic (Part 3)

d,d,d, Now, we do c,:

(@]

n
&
=
i
o]
Q]
o]

=
o
Z
S
AV
=
!H

O oo

-
=
m
&)
=
)
(OR |o

o -
© OO0 IO IO © O © -

iH

THU 100 - %)
FRI 101 0
FRI 1061 %)
SAT 110 %)
111 - %)

¢y =d, od *dy *L+d, *d, *dyeL
C2 =d2’.d1.do’.L+d2’.d1.d0.L
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Truth Table to Logic (Part 3)

d,d,d, L C c, ¢ Now, we do c,:
SUN 000 1 0 1
MON 001 1 0 1
TUE 010 1 1 ©0
WED 0911 1 O ’
THU 100 - 0 2?97 JL’O"I‘JO
FRI 101 Q 0 0
FRI 101 1 0 dyed, *do°L
SAT 110 0 0
111 - 0 0

¢y =d, od *dy *L+d, *d, *dyeL
C2 =d2’.d1.do’.L+d2’.d1.d0.L



Truth Table to Logic (Part 3)

d,d,d,

Now, we do c,:
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dy*d,*dy *L’

dy *d,*dy°L’
No matter what L is,
we always say it’s 1.

d,*d, *d,
> "% 5o, we don’t need L

il_\

FRI__ 101 0 in the expression.
FRI 101 0| dyed, *do°L
SAT 110 0

111 - (%]

¢y =d, od *dy *L+d, *d, *dyeL
C2 =d2’.d1.do’.L+d2’.d1.d0.L



Truth Table to Logic (Part 3)

(Pnzce,dwc..e .

o ‘\'ﬂ)\\\m s ¥

d,d,d,

I i®in

O Rl © Rl o

iQI
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Now, we do c,:

dy*d, *d, *L

dy*d, *dgL’

dy*d,*dy *L’

dy *d,;*dy° L’

No matter what L is,

we always say it’s 1.

So, we don’t need L
in the expression.

d,*d, *°d,

dyed,’ *dyeL

C3 =d2’.d1’.d0’.L+d2’.d1’.d0.L
C2 =d2’.d1.do’.L+d2’.d1.d0.L

¢, =dy*d/*dy L +d,*d, *dgeL’ +d, *d,dy*L +d, edyodyeL’ +d,od, *dy +d,od, *dy°L



Truth Table to Logic (Part 4)

¢, =dyod, *dy oL +d,*d, *dy°L’ +

d,d,d, L ¢, G ¢ 4, e dyody oL +dy *dyedgelL +
SUN 000 0 1 e o dyed, o dy +dyed, *dgeL
SUN 000 1 © o0 1 c, =d, *d °dy*L+d,°d °d,°L
MON 001 0 1 o © c; =d,*d,/*dy°L+d,*d, *d,°L
MON 001 1 e o0 1
TUE 010 0 1 o ©
TUE 010 1 @ 1 ©
WED 011 %) 1 o0 0
WED 011 1 o 1 0
1 o o Finally, we do c,:
[T ¢ o

dyed,*d,

dy*d,d,



Truth Table to Logic (Part 4)

S, -© f- er(M ‘J—.\,.

Co =dyod, odye L’ +dyed, d,

"+dyed;edg

¢, =d,*d,*dy L +d, *d, *dgeL’ +d, *ds*dy*L +d, edy*dyeL’ +d,ed, *dy +d,ed, *dyeL

c, =d, e

ed,eL
s =dy od, *dy *L+d, *d, *dy°L

Here’s c; as a circuit:
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Boolean Algebra

* Usual notation used in circuit design

 Boolean algebra
— a set of elements B containing {0, 1}
— binary operations {+, ¢ }
— and a unary operation { ' }
— such that the following axioms hold:

Forany a, b, cin B:

1. closure: atbisinB ac*bisinB

2. commutativity: atb=b+a a*b=bea

3. associativity: at(b+c)=(@a+b)+c ac(bbec)=(a*b)ec

4. distributivity: at(bec)=(a+bhb)e(a+c ac*(bb+c)=(ae*b)+(a-c)
5. identity: at0=a a*l=a

6. complementarity: ata=1 a*a=0

7. null: at1=1 a*0-=0

8. idempotency: ata=a ac*a=a

9. involution: (@) =a



Simplification using Boolean Algebra

uniting:
10. a*b+a-+b =a 10D. (a+b) e (a+b’)=a
absorption:
11.ata*b=a 11D. a* (at+b)=a
12.(@a+b’)*b=a-b 12D.(a* b’)+b=a+b
factoring:
13.(a+b) (@’ +c)= 13D.a*b+a *c=
aecta b (@tc)e (@ +hb
consensus:
14.@*b)+(bec)+(@a *c)= 14D.(a+b) e (b+c) e (@' +¢) =
a*b+a ec (@+b)e(@a+c
de Morgan'’s:

15.(a+b+.)=a *b « .. 15D.(a*be.)=a +b +..



2. commutativity: atb=b+a a*b=b-+*a

3. associativity: at+(b+c)

=(at+b)+c ar*(bec)=(@a*b)ec

: 5. dontiy: T e L Al
PrOVIHg Th eo re mS Z:gampgmentarity: -aaia’:l g 3:3
5. involution: " @y za wrane
Using the laws of Boolean Algebra:
prove the Uniting theorem: XeY+XeY = X
XeY+XeY = X-(¥4¥') Datt

- ><’1 C‘M/Y"‘L

- X {M»M—)

prove the Absorption theorem: X+ XeY = X
X + Xo¥ = X4 eXy ideby
- X (1) dok
2 X (:(J,l\ :‘:»]';w
= X jhemddt



2. commutativity: atb=b+a a*b=b-+*a
3. associativity: at(b+c)=(a+h)+c a*(bec)=(a*b)rc
. 4. distributivity: a +(b_- c)=(a+b)=(atc) a : gl_):;) =(a*h)t(a-*c)
Proving Theorems &t 33273 1T
5. involution: @y e arana
Using the laws of Boolean Algebra:
prove the Uniting theorem: XeY+XeY = X
distributivity XeY +XeY = Xe(Y+Y)
complementarity = Xel
identity = X
prove the theorem: X+XeY = X
identity X + XeY = Xel + XeY
distributivity = Xe(1+Y)
commutativity = Xe(Y+1)
null = Xel
identity = X



Proving Theorems

Using truth table:

For example, de Morgan’s Law:

X4YY =X oY X Y X Y | (X+Y) XeY
+ 14 — 14 ° 4
NOR is equivalent to AND 8 (1) % é é 8
with inputs complemented 1 0 0 1 0 0
1 1 0 O 0 0
(Xo Y)Y =X +Y X Y X Y| (XeY) X +Y
NAND is equivalent to OR 0O 0 1 1 1 1
with inputs complemented (1) (1) (1) (1) % %
1 1 0 O 0 0




Simplifying using Boolean Algebra

/"—__M
c3=d2’ed1’*d0’eL + d2’ed1l’edO-°L

= 42'+d1’+(d0’_+ d0)-L 7 m

=d2'ed1’e1-L L (o
=d27-d1’-L , Qe

d2 —@o—‘
A@7
d1 —@o—- [




1-bit Binary Adder
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0 + 0 = 0 (with Cy; = O)
0 + 1 = 1 (with Cyy; = O)
1 + 0 = 1 (with Cyy; = O)
1 + 1 = 0 (with Cyyy = 1)



1-bit Binary Adder

A 0 + 0 =0 (with Cy;;y = 0)
+B O0+1=1(withCy,;=0)
S 1+ 0 =1 (with Cyyr =0)
(Cour) 1+1=0(withCy;r=1)

Idea: To chain these together, let's add a carry-in



1-bit Binary Adder

‘+
» W >

(Cour)

Idea: To chain these together, let's add a carry-in

(Cin)

‘+
»im >

(Cour)

0 + 0 = O (with Coyr = 0)
0 + 1 = 1 (with Coyr = 0)
1 + 0 = 1 (with Coy; = 0)
1 + 1 = 0 (with Cqyr = 1)

COUT CIN

ATATAFATA

A[lAJAIA
BlIB| B} B

A
B

SIIS|S|S

S




1-bit Binary Adder

* |nputs: A, B, Carry-in [\[\C}J{JC{‘[\

e Qutputs: Sum, Carry-out Allallallalla
B|B|/BIB]|B
sisiisls|s

A B CIN COUT S

0 0 0 0 0

0 0 1 0 1

0 1 0 0 1
A—

0 1 1 1 0 B— S

1 0 0 0 1 C.., — COUT
IN

1 0 1 1 0

1 1 0 1 0

1 1 1 1 1




1-bit Binary Adder

° . -1 Cour Civ
Inputs: A, B, Carry-in AN AN
e Outputs: Sum, Carry-out Allallallalla
B|B||B|B|B
siisiis|ls|s

Derive an expression for S

A’ *B'*Cp
A *BeCpy

S=A+B*Cy+A*B*C, +
A°B’°CIN’ A.B7.CIN7+A.B.CIN

A*B*Cy



1-bit Binary Adder

° . -1 Cour Civ
Inputs: A, B, Carry-in AN AN
e Outputs: Sum, Carry-out Allallallalla
B|B||B|B|B
siisiis|ls|s

Derive an expression for Cg;

A’*B°Cy
Cour=A'*B°Cyy+A-B'*Cy+

A*B’*Cy, A*B*Cyp' +A*B-Cy

A*B-Cy
A*B-Cy

S=A"*B'*C\y+A’*B*C +A*B'*Cy\'+A*B-C),



1-bit Binary Adder

* Inputs: A, B, Carry-in [\[\C}J{JC{‘[\

e Outputs: Sum, Carry-out Allallallalla
B|B|B|B|B
sis|lsls|s

A B CIN COUT S
0 0 0 0 0
0 0 1 0 1
2 1 (1’ 2 cl) S=A"*B'*Cy+A*B*Cy +A*B*C\ +A*B*Cy,
1 0 0 0 1 | Coyr=A"*BCp+A*B*Cy+A*B*Cy' +A*B°C),
1 0 1 1 0
1 1 0 1 0
1 1 1 1 1




Apply Theorems to Simplify Expressions

The theorems of Boolean algebra can simplify expressions

— e.g., full adder’s carry-out function

Cout

A'B Cin + AB’Cin + AB Cin"+ A B Cin

A'BCin + AB'Cin + ABCin” + ABCin + ABCin

ANBCin + ABCin + AB'Cin + ABCin” + ABCin
(N +A)BCin + AB'Cin + ABCin’ + ABCin
(1)BCin + AB'Cin + ABCin” + ABCin

B Cin
B Cin
B Cin
B Cin
B Cin
B Cin
B Cin

+

++ + 4+ + +

AB Cin + ABCin" + ABCin + ABCin

AB Cin + ABCin + ABCin” + ABCin

A(B +B)Cin + ABCin” + ABCin

A(1)Cin + ABCin” + ABCin

ACin + AB (Cin"+ Cin)

ACin + AB(1) _

AGCin + AB adding extra terms

creates new factoring
opportunities



A 2-bit Ripple-Carry Adder

Cin Cout




Mapping Truth Tables to Logic Gates

Given a truth table:

1. Write the Boolean expression

2. Minimize the Boolean expression
3. Draw as gates

4. Map to available gates

®

_L_L_L_LOOOO>

F = ABC'+ABC+AB'C+ABC
@l - AB(C'+C)+AC(B'+B)
— AB+AC

o

NOtAID @ NOtA™

A
Co

A
CoHo—

sle

_L_LOO_L_Loow
-~ OoO—= 0 =0 = ol
- O =+ O = 2 O Ol

T




Canonical Forms

* Truth table is the unique signhature of a Boolean
Function

 The same truth table can have many gate realizations
— We've seen this already
— Depends on how good we are at Boolean simplification

e Canonical forms
— Standard forms for a Boolean expression
— We all come up with the same expression



Sum-of-Products Canonical Form

* AKA Disjunctive Normal Form (DNF)
* AKA Minterm Expansion ©

Add the minterms together

F= A'B'C + ABC + AB’C + ABC' + ABC’

Read T rows off Convert to
truth table Boolean Algebra

= 001 == A'B’C

= 011 = A'BC

> 1 0] mep AB’C

ey 110 mep ABC’

Rr|lRr|[Rr|Rr|lo|lo|lo|lo] P

Rr|lr|lO|lO|FrRP|RP|O|OC]I @

Rrl|lOoO|lRr|lO|lR|O|lR]|O]1 O

Rrlr|lr|lolr|lolr|o]|l=m

p— ] ] ] — ABC




Sum-of-Products Canonical Form

Product term (or minterm)
— ANDed product of literals - input combination for which output is true
— each variable appears exactly once, true or inverted (but not both)

A B C | minterms _ _
0 0 o |ABC F in canonical form:
0 0 1 |ABC F(A, B,C) = AB'C + ABC + AB'C + ABC' + ABC
0 1 0 |ABC | N
0 1 1 | ABC canonical form # minimal form
1 0 0 |ABC F(A, B,C) =ABC+ ABC + AB'C + ABC + ABC'
1 0 1 | ABC = (A'B'+ AB + AB’ + AB)C + ABC’
1 1 0 |ABC = ((A' + A)(B' + B))C + ABC'
1 1 1 | ABC =C+ ’ABC
= ABC' + C

= AB + C



Product-of-Sums Canonical Form

 AKA Conjunctive Normal Form (CNF)
 AKA Maxterm Expansion @

Multiply the maxterms together

F =
A B C F Read Fc;?ws off Negq@t)e all Cogzrt to
truth table bits Boolean Algebra

0 0 0 0 SN —

0 0 1 1

0 1 0 W — —

0 1 1 1

1 0 0 0 |y — —

1 0 1 1

1 1 0 1

1 1 1 1




Product-of-Sums Canonical Form

 AKA Conjunctive Normal Form (CNF)
 AKA Maxterm Expansion @

Multiply the maxterms together
F=(A+B+C)(A+B +C)(A"+B+0()

® @ ®

Read F rows off Negate all Convert to
truth table bits Boolean Algebra

ey ) =P ] ] ] =P A + B + C

— 010 = 101=—>A+B' +C £ F

e ] 00w 01 ] A" + B + C

Rr|lRr|[Rr|Rr|lo|lo|lo|lo] P

Rrl|lOoO|lRr|lO|lR|O|lR]|O]1 O

Rr|lr|lO|lO|FrRP|RP|O|OC]I @
RrlRr|Rr|lO|lRr|O]lRr|[O] =




Product-of-Sums: Why does this procedure work?

Useful Facts:
e We know (F’) =F
« We know how to get a minterm expansion for F’

F'=ABC' + ABC' + AB'CC

Rr|lRr|[Rr|Rr|lo|lo|lo|lo] P
Rr|lr|lO|lO|FrRP|RP|O|OC]I @

Rrlo|lRr|lO|lFR|O|R]|O] O

Rrlr|lr|lo|lr|lo|lr|o]|l =




Product-of-Sums: Why does this procedure work?

Useful Facts:
e We know (F’) =F
« We know how to get a minterm expansion for F’

F'= AB'C' + ABC' + AB'C’
Taking the complement of both sides...
(F) = (AB'C' + ABC' + AB'C)’
And using DeMorgan/Comp....

F — (AIBICI)I (AIBCI)I (ABICI)I

Rr|lRr|[Rr|Rr|lo|lo|lo|lo] P
Rr|lr|lO|lO|FrRP|RP|O|OC]I @

Rrlo|lRr|lO|lFR|O|R]|O] O

Rrlr|lr|lo|lr|lo|lr|o]|l =

F=(A+B+C(A+B +C)A"+B+ C)



Product-of-Sums Canonical Form

Sum term (or maxterm)
— ORed sum of literals - input combination for which output is false
— each variable appears exactly once, true or inverted (but not both)

A B C | maxterms F in canonical form:

0 0 0 |A+B+C F(A,B,C) =(A+B+C)(A+B"+C)(A+ B+ ()
0 0 1 |A+B+C

0 1 0 |A+B+C canonical form = minimal form

0 1 1 |A+B+C F(A,B,C) =(A+B+C)(A+B +C)(A+B+C)
1 0 0 |A+B+C =(A+B+C)(A+B +0C)

1 0 1 |A+B+C (A+B+C)(A+B+C)

1 1 0 |A+B+C =(A+C)(B+C

1 1 1 |A+B+C



